CONSTRUCTIONS OF BETA ELEMENTS OF STABLE
HOMOTOPY OF SPHERES

KATSUMI SHIMOMURA

Let p be a prime number p greater than three. We work in the stable homotopy
category S, of spectra localized at the prime p. Consider the Adams-Novikov
spectral sequence converging to the stable homotopy groups 7. (S°) of spheres with
FEs-term

s,t s,t
By = Exty} pp)(BP.; BP.),

where BP denotes the Brown-Peterson spectrum. In [1], Miller, Ravenel and Wilson
defined the generalized Greek letter elements in the Es-term. In particular, we have
the beta elements.

Theorem 1 ([1, Th. 2.6]). There are generators
Bepr i1 € I N L )
of order p"*! form >0, pts>1,j>1,i>0 subject to
1) j<p"ifs=1,
2) plj<ptHpt i -1, and
3) Ap—i—1 <.j ifpl+1 |]
We abbreviate B3,/;1 and Bs/1,1 to Bsye and fs.

It is an interesting problem which of them survives in the spectral sequence. So
far, the following elements are known to be permanent cycles:
a) fBs for s >1in [12],
b) Bsps for s >1and t <p,and t < pif s=1in [2], [3],
c) Bspze for s >1and t < 2p, and t <2p —2if s =1 in [2], [4],
d) Bsp2se for s>1and t < p? — 2 in [11],
e) Bynspfors>1,n>31<t<2"?p andt <2" ?*(p—1)ifs=1,
in [6], [7],
£)  Bsp2/p,2 for s > 2 in [4], and
8) Bspnjupz fors>1,n>3,1<u<2"? andup<2" *(p—1)ifs=1,
in [6], [7].
Furthermore, Ravenel showed that 3,»/,» cannot be a permanent cycle for n > 1
(¢f. [9, 6.4.2. Th.]). Thus, the beta elements Sgpn /; for 2" 2p <t < p" +p"~ ! —1
and t < p™ if s = 1 are left undetermined.
Consider the subsets of the Fa-term:

sBOk?(JL(S?u) = %%ka(sv u) U %1Oka(57u)v
Bra(s,0) = {Bapnyeik>1, >0, 1<t<2%)
BL (5,u) = {Bakpnjipo:k>1, n>1, t>1, tp < 2"t}

Let K, denotes the cofiber of a*: %YM — M for the mod p Moore spectrum M
and the Adams map «. Then, BP,(K,) = BP./(p,v}), and we consider an element
fsu € me(Ky) such that BP.(fs ) = v5 € BP.(K,).

1



2 KATSUMI SHIMOMURA

Theorem 2 ((Oka [6], [7]). If fs.u € m.(K,,) exists, then every element of Boka(s, u)
survives to m(S).

We here consider the subsets:

B(p'u) = B, u) UB (' u),
%O(pi’u’) = {/BspiJr"/t:SZl, n >0, 1§t§2nu—2}
‘Bl(pi,u) = {Bspi+"/tp,2 :s>1,n>1,t>1, tp < on—1y, _p}

We further consider the cofiber W of the beta element 3; € mp,—2(S?), and an
element fpi , € m.(W A K,) such that BP,(fs.) = v5 € BP,(W A K,). Then, we
have a similar theorem.

Theorem 3. If f,i , € m.(W AK,) exists, then every element of B(p',u) survives
to m.(S).

In [11, Th. 1.7], we showed the existence of f,2 2 € T (W A K2) for p > 5,
though there does not exist f,2 ,2 € 7, (Kp2) shown by Ravenel.

Corollary 4. Let p > 5. Then, B(p?,p?) yields a beta family of m.(S).

In other words, we have following beta elements generating subgroups of 7. (S):
) Bepnyfors>1,n>21<t<2"?p®—2 and
g) Bspnjupefors>1,n>3,1<u<2"p—1.

This improves Oka’s results if the prime number p is greater than five.
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