PROJECTIVE BUNDLES OVER SMALL COVERS AND THE BUNDLE
TRIVIALITY PROBLEM

SHINTARO KUROKI AND ZHI LU

ABSTRACT. This paper investigates the projective bundles over small covers. We first give a
necessary and sufficient condition for the projectivization of a real vector bundle over a small
cover to be a small cover. Then associated with moment-angle manifolds, we further study the
structure of such a projectivization as a small cover by introducing a new characteristic function
on simple convex polytopes. As an application, we characterize the real projective bundles
over 2-dimensional small covers by interpreting the fibre sum operation to some combinatorial
operation. We next study when the projectivization of Whitney sum of the tautological line
bundle and the tangent bundle over real projective space is diffeomorphic to the product of two
real projective spaces.

1. INTRODUCTION

A real projectivization P(&) over a closed manifold M is defined by a vector bundle £ over M
via antipodal maps on fibers of associated sphere bundle S(£) (we also call a real projective bundle
over M in this paper). In [2], Borel and Hirzebruch computed the total Stiefel-Whitney class of
P(€), which has been applied to the study of the equivariant cobordism (see [9]). In his paper [28],
Stong introduced a special kind of real projective bundles (i.e., Stong manifolds, also see Section
4), which can be used as generators in the Thom unoriented cobordism ring N,.

As the topological version of real toric manifolds, Davis and Januszkiewicz introduced and stud-
ied a class of particularly nicely behaving manifolds M™ (called small covers), each of which admits
a locally standard Z35-action such that its orbit space is a simple convex n-polytope P™, where

7 ={-1,1}" is a real torus. This establishes a direct connection among topology, combinatorics
and commutative algebra etc. In this paper, we first consider the following natural questions:

Problem 1. Let P(£) be a real projective bundle over a small cover. When is also P(§) a small
cover? If so, how can we characterize its topology?

With respect to Problem 1, we have

Theorem 1.1. Let P(§) be a real projective bundle over a small cover. P(§) is a small cover if
and only if the equivariant vector bundle & decomposes into the Whitney sum of equivariant line
bundles, i.e., E=71 B B Ye—1 D Vk-

Associated with moment-angle manifolds, we further study the structure of a real projective
bundle P(§) as a small cover. As an application, we characterize the real projective bundles (as
small covers) over 2-dimensional small covers. The 1st main result is stated as follows:

Theorem 1.2. Let P(€) be a real projective bundle over 2-dimensional small cover M? with its
fibre RP*=Y. If P(€) is a small cover, then P(£) can be constructed from real projective bundles
P(k) over RP? and P(C) over T? by using the fibre sum gast

The 2nd main result is about the projectivization of a real vector bundle £ over RP™ which
might not be a small cover. Let 7gpn» be the tangent bundle over RP™. The following relation is
well-known:

(1.1) €P® RPn = (n+ 1)y,
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where € is the trivial line bundle over RP™ and (n+ 1)~ represents the (n+ 1)-times Whitney sum
of the tautological line bundle ~. This relation (1.1) shows that

Ple®mrpn) 2 P((n+1)7) ZP((n+1)(y®7)) 2 P((n+ 1)) ZRP" x RP™.

Therefore, the projectivization of € @ Trpn always satisfies bundle triviality, so it also is a small
cover. Since there are exactly two line bundles over RP"”, i.e., the trivial bundle ¢ and the
tautological line bundle v, a question arises, saying how about the projectivization of v & mrpn.
(Note that this might not be a small cover). This is just the question asked by Richard Montgomery
motivated from his interest of the study of singularities [5], which is stated as follows:

Problem 2 (R. Montgomery). When does P(y @ mgp=) have the trivial bundle structure? In
other wards, when is P(y @ Trpn) diffeomorphic (or homeomorphic) to RP™ x RP™?

The answer is given as follows:

Theorem 1.3. Let v be the tautological line bundle and Tgpn be the tangent bundle over RP™.
Then, the following two statements are equivalent:

(1) P(y @ trpn) is diffeomorphic to RP™ x RP";

(2) n=0,2,6.

In particular, we also have that if n = 0,2,6 then P(y @ Trpn») is a small cover.

The organization of this paper is as follows. In Sections 2 and 3, we recall the basic facts about
small covers and projective bundles. In Section 4, we give a proof of Theorem 1.1, and we also give
the following two characterizations of projective bundles of small covers: (1) the characterization
by the twisted product with real moment-angle manifolds; (2) the combinatorial characterization
using simple convex polytopes and some function, like Davis-Januszkiewicz’s small cover. In
particular, to do (2), we introduce a new characteristic function on simple convex polytopes,
called projective characteristic functions. In Section 5, we prove Theorem 1.2. To do this, we use
the characterization (2) and introduce a new combinatorial operation which is the combinatorial
analogue of the fibre sum, called a projective fibre sum. In Section 6, we classify all topological
types of projective bundles over RP? and T2. In Section 7, we prove Theorem 1.3 and propose a
question which we call bundle triviality problem. This problem is motivated by the question asked
by Richard Montgomery. This paper gives the detailed proof for the results stated in [15] and also
adds some results about the topological triviality problem.

Throughout this paper, all cohomologies and equivariant cohomologies will work on Z/2Z coeffi-
cients. For a convenience, H*(—) means H*(—;Z/27), and similarly for equivariant cohomologies.

2. BASIC PROPERTIES OF SMALL COVER

In this section, we recall the notion of a small cover and the basic facts of its equivariant
cohomology.

2.1. Definition of small covers. Let M™ be an n-dimensional, smooth, compact, connected
manifold, and P™ a simple convex n-polytope, i.e., precisely n facets (codimension-1 faces) of P™
meet at each vertex. Put Zo = {—1,1}. A Z&-action on M (for some 1 < ¢ < n) is said to
be locally standard if M is covered by Z5-invariant open charts {(U;, ¢;)} such that each chart
;i : Uy = R™ induces weakly equivariant homeomorphism from U; to an open subset 2 C R™ with
the standard Z5-action, i.e., the action induced from an injection Z§ — Z%, where the Z3 action
on R” is standard. We call M™ a small cover if M admits a Zy-action such that

(a): the ZZ-action is locally standard, and
(b): its orbit space has the structure of a simple convex polytope P", i.e., the corresponding
orbit projection map 7w : M™ — P™ is constant on Zj-orbits and maps every rank %k orbit
(i.e., every orbit isomorphic to Z5) to an interior point of a k-dimensional face of the
polytope P*, k=0,1,..., n.
It is easy to see that 7 sends Z5-fixed points in M™ to vertices of P™ by using the above condition
(b). We often call P™ an orbit polytope of M.
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Let M7 and M5 be two small covers and 7 and 75 be their orbit projections. If there is an orbit
preserving equivariant homeomorphism between M; and My, i.e., there is a Z5-homeomorphism
f: My — M, such that the following diagram commutes

then we call M; and My are Davis-Januszkiewicz equivalent (or simply, D-J equivalent), see [6].

2.2. Construction of small covers. Conversely, for a given simple polytope P™, the small cover
M™ with orbit projection 7 : M™ — P™ can be reconstructed by using the characteristic function
A F — (Z/2Z)", where F is the set of all facets in P and Z/2Z = {0,1}. In this subsection, we
recall this construction (see [3], [10] for details).

Following the definition of a small cover 7 : M — P, we have that 7—!(int(F"~1)) consists
of (n — 1)-rank orbits, in other words, the isotropy subgroup at z € 7~ !(int(F"~1)) is K C Z}
such that K =~ Zs, where int(F™~1) is the relative interior of the facet F™~!. Hence, the isotropy
subgroup at z is determined by a primitive vector v € (Z/2Z)™ such that (-1)” generates the
subgroup K, where (-1)” = ((-1)",...,(=1)") for v = (v1,...,v,) € (Z/2Z)". In this way, we
obtain a function A from the set F to vectors in (Z/2Z)", which is called a characteristic function
or a coloring on P™. We often describe A as the (m x n)-matrix

A= (A(FL) -~ A(Fm))

for F = {Fy,..., Fy,} with a given ordering, and we call this matrix a characteristic matriz. Since
the Z5-action is locally standard, a characteristic function has the following property:
(x):if B, n---nEF;, #0for Fi, € F(j =1, ..., n), then {\(F},),...,\(F;,)} spans
(Z)27)".

An interesting thing is that one can also construct small covers by using a given n-dimensional
simple convex polytope P and a characteristic function A with the property (x). Let P be an
n-dimensional simple convex polytope. Suppose that a characteristic function A\ : F — (Z/2Z)™
with the above property (x) is defined on P. Then a small cover can be constructed from P and
A as the quotient space Z% x P/ ~), where the equivalence relation ~) on Z% x P is defined as
follows: (t,z) ~ (¢',y) if and only if z = y € P and

t=t if x € int(P);

=1 e ()M ()M ~ 78 if € int(Fy, N ---NF),
where ((-1)*Fi) ... (-1)AFir)) C ZD denotes the subgroup generated by (-1))‘(&1) for j =
1, ..., r with r < n. The small cover Z} x P/ ~ defined by this way is usually denoted by
M(P,\).

Summing up, there is the following bijective correspondence:
Small covers — Simple convex polytopes
with Z7-actions — with characteristic functions

2.3. Equivariant cohomology and ordinary cohomology of small cover. In this subsection,
we recall the equivariant cohomology and ordinary cohomology of the small covers (see [3], [10]
for details). Let M = M(P,)\) be an n-dimensional small cover. We denote an ordered set of
facets of P by F = {F1,..., Fp,} such that N?_, F; # (). Due to [10], M (P, A1) is D-J equivalent to
M (P, X\2) if and only if there is an automorphism X € GL(n;Z/2Z) such that A\; = X o Ay (such
(P, A1) and (P, \a) (or their characteristic matrix Ay and As) are said to be equivalent). Therefore,
up to D-J equivalence (or equivalently, equivalence of (P, \)), we may assume the values of the
characteristic function A on Fy,..., F, as
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where ey, ..., e, are the standard basis vectors of (Z/2Z)™. Then we can write the characteristic
matrix as

A=(In | N),

where I, is the (n x n)-identity matrix and A’ is an (I x n)-matrix, where | = m — n.

The equivariant cohomology of a G-manifold X is defined by the ordinary cohomology of the
Borel construction EG x ¢ X, where EG is the total space of a universal GG-bundle, and denoted
by H(X). In this paper, we have assumed the coefficient group of cohomology is Z/2Z. Due to
[10], the equivariant cohomology of a small cover M is given by

Hip (M) ~ Z/2Z[m, ..., 7] /T,

where the symbol Z/2Z[r,...,7;] represents the polynomial ring generated by the degree 1
elements 7; (¢ = 1,...,m), and the ideal Z is generated by the following monomial elements:

I
icl

where I runs through every subset of {1,...,m} such that N;c;F; = . On the other hand, the

ordinary cohomology ring of M is given by

H*(M) ~ Hz,(M)/J,
where the ideal 7 is generated by the following degree 1 homogeneous elements:

Ti + Ay + - Ay,

for i = 1,...,n. Here, (Aj1---Ay) is the ith row vector of A’ (¢ = 1,...,n), and z; = Ty
(G=1,...,10).
Note that the above ideal J coincides with the ideal generated by 7*(H*(BZY)) = Im 7, i.e.,
J = (Im 7t),

where HY(BZY) = H*(BZ%)\ H°(BZY) and 7* : H*(BZY) — H7, (M) is the induced homomor-
phism from the natural projection EZy xzy M — BZy, where BZj = (RP>)".

3. GENERAL FACTS OF PROJECTIVE BUNDLES

In this section, we recall some general notations and basic facts for projective bundles (see
e.g. [9], [23] for details). We first recall the definition of the projective bundle. Let £ be a
k-dimensional, real vector bundle over M. We will denote the total space of & by E(§), the
projection from E(£) onto M by p, and the fibre on x € M by F,(¢), i.e., F.(§) = p~(z). Put
&o the bundle induced by ¢ removing the 0-section. Then each fibre of &y has the multiplicative
action of R* = R\ {0}. Taking its orbit space, we have the fibre bundle p : P(§) — M whose fibre
is the (k — 1)-dimensional real projective space RP*~1. We call P(¢) the real projective bundle of
€. We often denote the fibre of P(£) on @ € M by P, (), i.e., Py(¢) = p~1(x) ~ RPF L.

We next recall the properties of cohomology of projective bundles. Let ¢+ : RP*~! ~ P, (¢) —
P(&) be the natural embedding. As is well known, the induced ring homomorphism

(3.1) H*(P(€)) = H*(RP*1)
is surjective. On the other hand, the induced ring homomorphism
(3:2) H*(M) = H*(P(€))

is injective. Moreover, we have the kernel of +* is the ideal generated by Im p*, where Im pt =
p*(HT(M)), where HT (M) = H*(M) \ {0}. Now we want to consider the ring structure of the
cohomology H*(P(£)). In order to do this, we define the following line bundle over P () associated
from &:

(33) Ve = UIEM{(Lvr) € Pr(f) X FI(E) ‘ LS L}a
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where we regard L € P,(§) as the line in the fibre F,(§) of £&. We call ~¢ the tautological (real)
line bundle of P(£). Note that we have the following diagram:

(3.4) E(ve) —= E(p*§) — E(§)

Serl e
RPE-1 ——> P(¢) ——= M
where p*¢ is the pull-back of & by p. Let w;(¢) € H'(M) be the i*" Stiefel-Whitney class of the

k-dimensional vector bundle & for i =1, ..., k, and wy(ye) € H'(P(£)) be the 15* Stiefel- Whitney
class of v¢. Then ¢*(w; (7)) is the ring generator of H*(RP*~1). Because

(3.5) H*(RP*Y) ~ 7./27Z][a) / (a*)

with dega = 1, we have ¢*(w;(7¢)*) = 0 in H*(RP*~1). However, w;(y¢)* might not be zero
in H*(P(¢)). The following formula, called the Borel-Hirzebruch formula, gives us the explicit
expression of this element (see [2] or [9, (23.3)]):

k
(3.6) wi(ve)* = ZP* (wi(€))w ()"
Therefore, together with (3.2), H*(P(£)) is isomorphic to
k
(3.7) H(M)[a] /(Y p* (wi(€)2" )
i=0

as the H*(M)-algebra, where o = wi(vy¢) and p*(w;(€§)) is regarded as the element in H*(M)
(because of the injectivity of p*). Moreover, by using the Borel-Hirzebruch formula, we have the
following proposition.

Proposition 3.1. Let M be a compact, connected manifold, and & a k-dimensional real vector
bundle, where k > 1. Then, the following two statements are equivalent:

(1) H*(P(§)) ~ H*(M x RP*™1);

(2) w(&) = (14 X)* for some X € H'(M).

Proof. Because M is a compact, connected manifold, its cohomology ring H*(M) is finitely gen-
erated. Therefore, we may assume that

(3.8) HY (M) = Z/2Z[n1, -~ ;o] /(f5 |5 =1,...,1)
for some polynomial f; = f;j(n1, - ,7m) and generators 71, ..., 7. Because p* : H*(M) —
H*(P(€)) is injective, we may regard 71, ..., W, as the generators in H*(P(£)). Moreover, since

*(w1(7e)) is the generator of H*(RP*~1), we may denote the cohomology ring of H*(P(€)) as
follows:

k
(3.9) Z)2Z[m, - s w1 (e)]/(fjs wi(he)" =D P (wi€)wr (7)1 =1,...0)

=1

by using the Borel-Hirzebruch formula (3.6).
Assume that the statement (1) holds, that is, H*(P(¢)) ~ H*(M x RP*~1!). Then, we may put

(3.10) H*(P(€)) = Z/2L[my, ..,y Al/(f5, A¥ | j=1,...,0),
for some A € H*(P(€)). Comparing (3.9) and (3.10), we may write

(3.11) A=wu (’Y{) +em+ -t Emim
=wi(ve) + X
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for some ¢; € Z/27Z (i =1, ..., m). Therefore, we have

(3.11) & ;
(3,19 Ak:<wmﬂw>wwww+2x ) Xiur(re)t

i=1
(36) :
=2 D _r"(wi(§) lefk”'Z( > “wy(ye)*
i=1 i=1

(3.10)

=2
Based upon the H*(M)-algebraic structure of H*(P(€)) in (3.7), we have that w1 (v¢)°, ..., w(ye)*~

are the H*(M)-module generators of H*(P(§)). Therefore, the equation (3.12) implies that

@) = (4

7

Furthermore, because p* is injective, we may write
w(€) = (1+X)",
where k =5 0 or 1, and w(§) is the total Stiefel-Whitney class of £. This establishes the statement

(2).

Assume that the statement (2) holds, that is, w(¢) = (14 X)* for some X € H'(M). By using
(3.6) and the injectivity of p*, one can easily show that (wq(y¢) + X)¥ = 0. Using (3.5) and (3.8),
we may put
(3.13) H*(M x RP*™Y) = Z/2Z[n1, ..., 0m, al/{f;, a" | j=1,....1),

for some a € H'(M x RP¥~1). Therefore, using (3.9) and the above (3.13), there is the following
isomorphism from H*(M x RP*~1) to H*(P(¢)):

o (=1, ..., m);
v :a—wi(ye) + X
This establishes the statement (1). O

4. PROJECTIVE BUNDLES OVER SMALL COVERS

In this section, we introduce some notations and basic facts for projective bundles over small
covers. We first recall the definition of a G-equivariant vector bundle over G-space M (also see
the notations in Section 3). A G-equivariant vector bundle is a vector bundle & over G-space M
together with a lift of the G-action to E(§) by fibrewise linear transformations, i.e., E(§) is also a
G-space, the projection E(§) — M is G-equivariant and the induced fibre isomorphism between
F,(&) and Fy(§) is linear, for all x € M and g € G.

Example 4.1 (Generalized real Bott manifold). A generalized real Bott manifold of height m is
an iterated real projective fibration defined as a sequence of real projective fibrations

m—1 ™2 ™1

RB,, =" > RB_1 - RB, RBy = {a point}

where RB; = P(vy;, @ --- @ ;,) is the projectivization of a Whitney sum of line bundles over
RB;_1. Note that RBj is just the real projective space. If the dimension of each fibre is exactly
1, then this is called a real Bott manifold. See [19] for details.

Example 4.2 (Stong manifold ([28])). Let m; : B =RP™ x --- x RP™ — RP™ be the natural
projection, for ¢ = 1,...,l. We define the line bundle ~; over B by the pull-back of the tauto-
logical line bundle over RP™ along m;. Then, a Stong manifold S is defined by the following
projectivization over B:

S=Pmn&---®n) — B.

It is easy to check that this is a generalized real Bott manifold.

1
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4.1. Necessary and sufficient conditions of when P(¢) is a small cover. We first prove the
following general fact:

Theorem 4.3. Let M be an n-dimensional, compact, connected manifold. Assume that M has
a locally standard Zg-action for some 1 < £ < n, and this Zg-action is a maximal real torus
action, i.e., there is no effective Zé“—actz’on which is an extension of this Z4-action. Let & be a
k-dimensional, Z5-equivariant vector bundle over M. The projective bundle P(¢) of & admits a
locally standard 745 x Z’;‘l—action if and only if the equivariant vector bundle & decomposes into
the Whitney sum of line bundles, i.e., E =1 B - B Ye_1 D Vi

Proof. Assume that P(¢) admits a locally standard Z5 x Zé“‘*l—action. Because ¢ is a Z5-equivariant
vector bundle over M with k-dimensional fibers, the projection p : P(¢) — M is Z5-equivariant.
Note that the Z5~!-factor acts trivially on M because the Z5-action on M is maximal. It follows
from this fact that p : P(€) — M is also (Z4 x ZE~1)-equivariant, where Z5~! acts on M trivially.
Therefore, each fibre P,(§) over x € M has an effective Zg_l—action. This implies that there is
the Z&-action on Fj(€) such that (F,(€)\ {0})/R* is Z5~'-equivariantly homeomorphic to P, (€),
where F,(€) = R is the fibre of F(¢) over z € M. Hence, the total space E(£) of € has a (Z4 x Z§)-
action and the restricted Z5-action is induced from the lift of the Z$-action on M. Let {U;}ier be
a Z5-equivariant open covering of M. Then, by using the local triviality condition of the vector
bundle, we may denote ¢ as the gluing of U; x R for i € Z, say I;ez(U; x R¥)/ ~. Here, the
symbol ~ represents the identification (u,x) ~ (u,y) for u € U; NU; by = = A(u)y € R* for some
transition function A(u) € GL(k;R). Here, because M is a smooth closed manifold, we may reduce
the structure group into the orthogonal group O(k) and we can take A(u) € O(k). Therefore, if
the Z&-action on the R¥-factor in U; x R* extends to the global action on II(U; x R¥)/ ~, then
the transition function A(u) € O(k) must commute with Z% for all u € U; N U;. Note that we
may regard Z5 as the diagonal subgroup in O(k) up to conjugation. Because the centralizer of Z5
(the diagonal subgroup) in O(k) is Z& (the diagonal subgroup) itself, we have A(u) € Z& c O(k)
for all w € U; NU;. This implies that the structure group of ¢ is 7Z5. This is nothing but
E=11DB - DY—1D Yk

Conversely, if £ =v1 @ -+ - D yk—1 DYk, then we can easily check that this vector bundle has the
Zk-action along fibre and P(€) has the induced locally standard (Z4 x ZE~1)-action. O

As a corollary of this theorem, we have the following criterion for the projective bundle P(§)
to be a small cover:

Corollary 4.4 (Theorem 1.1). Let P(§) be a real projective bundle over a small cover. P(&) is
a small cover if and only if the equivariant vector bundle & decomposes into the Whitney sum of
equivariant line bundles, t.e., E =41 D -+ B Yp—1 D Vk-

As is well known, P(£ ® v) = P(§) (homeomorphic) for all line bundle v (e.g. see [20]). Hence,
by using the above Corollary 4.4, the following corollary holds.

Corollary 4.5. Let M be a small cover, and £ be a Whitney sum of k line bundles over M. Then
the small cover P(&) is homeomorphic to

Py1® - yp—1 @ e),

where € is the trivial line bundle over M.
Proof. Assume { =] @ -+ B Y,_1 ® 7). Then we have that
P& ®7-19%) = P(Mmen) & & (1h-1 @) @),
because v, ® 7}, = e. This establishes the statement. ]

In this paper, the projective bundle in Corollary 4.5 (also see Section 1) is said to be the
projective bundle over small cover.
In addition, by Corollary 4.4, we also have the following two corollaries:

Corollary 4.6. FEach generalized real Bott manifold is a small cover. In particular, each Stong
manifold is a small cover.
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The generalized Bott manifold is defined in [8] as a special class of toric manifolds. The
generalized real Bott manifold is its real analogue. It was shown in [28] that Stong manifolds can
be chosen as generators of 91,.

Corollary 4.7. Each class of M. contains a small cover as its representative.

The fact of Corollary 4.7 has been proved in [4] with a different argument, and in addition, the
fact that each class of complex cobordism contains a quasitoric manifold as its representative was
also proved in [4]. For the equivariant case, see [16], [17].

From the next subsection to Section 6, we assume that M is an n-dimensional small cover, and
¢ is a k-dimensional, Z3-equivariant vector bundle over M.

4.2. Structures of projective bundles over small covers. In this subsection, we show the
quotient construction of the projective bundles of small covers. First, we recall the general facts
on the (real) moment-angle manifolds of simple convex polytopes (see [3], [10]). Let P be a simple,
convex polytope and F the set of its facets {Fy, ---, F,,}. We denote by Zp the manifolds

Zp =17 x P/ ~,

where (t, p) ~ (¢, p) is defined by t~1#' € [l,er Z2(i) (Z2(i) C Z3' is the rank 1 subgroup
generated by the i-th factor), and we call it a (real) moment-angle manifold over P. We note that
it P=M"/Z% (i.e., there is a small cover M"™ over P), then there is the subgroup K C Z%" such
that K ~ Z5'™™ and K acts freely on Zp. Therefore, in this case we can denote the small cover
M = Zp /75 by the free Zb-action on Zp for | = m — n.

Now assume that there is a small cover M over P. Since [M, BZs] = HY(M; Z3) ~ 7} (see
[10], [27]), we see that all line bundles v can be written as follows:

v = Zp Xz Ra,
where Z, acts on R, = R by some representation o : Z5 — Z,. Moreover, its total Stiefel-
Whitney class is w(Zp xz R) =1+ 6121 + - - + dzy, where (01,---,6;) € {0, 1} is induced by
a representation Zb — Zo, i.e.,

(617 e Y Gl) ’_>€(151 ."6?17

for €; € Zy, and x1, ..., x; are the degree 1 generators of H*(M) introduced in Section 2.3.
Therefore, by using Corollary 4.5, all projective bundles over the small cover M are as follows:

k * k—
(4.1) P(€) = Zp Xz, (R*\ {0})/R" = Zp xy RPFL,
where

5 = Zp XZL2 Rk

with the Z-representation space R¥ =R,,, @ --- @ R,, such that

o 2L — 7o
where ¢ = 1, -+, k and oy is the trivial representation. Then, we may denote each projective

bundle over the small cover M by
Zp Xy RPF M = P( @ - 1 @6),

where v; = Zp lezRai (=1, -+, k—1) satisfies w(vy;) = 1+d1;21+- - -+ ;27 for (814, <+, Op5) €
(Z,/27)!, which is induced by the representation o : Z5 — Zy. This is also denoted by the following
form:

Zp xz P(Ro, @ B Ry,).

Let Ap € M(m,n;Z/2Z) be the characteristic matrix of M (see Section 2.2, 2.3), where
M(m,n;Z/2Z) is the set of (n x m)-matrices with Z/27Z entries. Due to the arguments in
Section 2.3, up to D-J equivalence, Ap is equivalent to (I,|A) € M(m,n;Z/27) for some A €
M(l,n;7Z/27), where | = m — n. Using the above constriction of projective bundles and comput-
ing their characteristic functions, we have the following proposition.
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Proposition 4.8. Let P(y1 & -+ ® yk—1 D €) be the projective bundle over M. Then its orbit
polytope is P™ x A¥~1 and its characteristic matriz can be written by

(4.2) (A,P 0 ) € M(m+ k,n+ k- 1,2/27)

Ay Y

for some ANy € M(m,k — 1;Z/27Z) and a characteristic matriz Y € M(k,k — 1;Z/2Z) of RP*~1,
where P* = M/Z5, AF=' = RP*=1/Z571 (i.e., (k — 1)-dimensional simplex). Moreover, up to
D-J equivalence (and taking an appropriate order of facets), this is equivalent to the following
characteristic matriz:

(4.3) ( o [Q 2 ;’)
with
di1 -+ i
A¢ = P ;
Ol k—1 - Olk—1

where 0 € M(1,n;Z/2Z) is the 0 vector, 1 € M(1,k — 1;Z/2Z) is the vector whose all entries are
1 and 0;;’s are coefficients appeared in w(vy;) = 14 01,21 + -+ + oy fori=1,...k—1.

Therefore, we have the following corollary by using Proposition 3.1.

Corollary 4.9. Let M be a small cover, and £ a Whitney sum of k line bundles over M. Then
the following two statements are equivalent:

(1) H*(P(¢)) ~ H*(M x RP¥1);

(2) w) =wnd - Byw-1Pe) = Hf;ll(l + Zli:l 8i5mi) = (L+ X)* for some X € HY(M).
4.3. New characteristic function of projective bundles over small covers. In order to
show the construction theorem of projective bundles over 2-dimensional small covers, we introduce

a new characteristic function (matrix). By using Proposition 4.8, the characteristic matrix of
Py1® - @ yg—1 De) is

“ (3 V)

which satisfies that there exists A € GL(n + k — 1;Z/27Z) such that

()5 )

Here, we may put

for some a; € {0, 1} and b; € {0, 1}*=! (i = 1, ---, m). Therefore, in order to characterize
the projective bundles over M™, it is sufficient to attach the following ((n + k& — 1) X m)-matrix
which satisfies (4.5)

“ ()

on the facets of P. Namely, it is sufficient to consider the following function on facets: for P and
its facets F with the fixed appropriate order, the function

Ap: F={F, -, Fp} = {0, 1}" x {0, 1}F!

which satisfies that the projection to the 1st factor p, : {0, 1} x {0, 1}*~1 — {0, 1}" satisfies
that

(4.7) det(pa 0 Ap(Fy,) - pa o Ap(F ) = 1
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it F;, N---NF; #10,ie., p,oAp is the usual characteristic function on P™. We call this function
Ap a projective characteristic function over P™; or a (k — 1)-dimensional projective characteristic
function when we emphasize the dimension of the fibre. One can easily show that the ((n + k —
1) x m)-matrix (Ap(F1)--- Ap(Fy,)) is identified with the matrix (4.6). We call this matrix a ((k-
1)-dimensional) projective characteristic matriz over P. Figure 1 is an illustration of projective
characteristic functions over 2-dimensional small covers.

ai+b

e e
! 2 e, a+b;

e+e,+b €

FIGURE 1. The examples of (k — 1)-dimensional projective characteristic func-
tions. Here, e; = (1,0) x 0 and ea = (0,1) x O are the generators of (Z/27Z)* x 0.
For the left triangle, we may take an arbitrary element b € (0,0) x (Z/2Z)*1
and one can easily show that each of those corresponds with a projective bundle
over RP? whose fibre is RP*~1. For the right square, ai, as are elements in
(Z/27)* x 0 which satisfy (4.7) on each vertex, and by, by € (0,0) x (Z/2Z)*~!
determine the bundle structure.

Note that in Figure 1, if we put b = 0 and by = by = 0 € Z’;‘l, then this gives ordinary
characteristic functions on the triangle and the square. It is easy to check that this is the general
fact for any projective characteristic functions. Therefore, we may regard that such a forgetful
map of the (Z/2Z)*~! part, say f : (P",A\p) — (P",pa. © Ap), as the equivariant projection
P(€) = M(P,pa 0 Ap).

Using Proposition 4.8 and the construction method of small covers (see Section 2.2), one can
easily show that the pair (P™, Ap) corresponds with the projective bundle over the n-dimensional
small cover whose orbit polytope is P"™. More precisely, for the projective bundle P(§) over the
small cover M (P, \), there exists the projective characteristic function (P, Ap) such that p,oAp =
A. On the other hand, for the projective characteristic function (P, Ap) there exists the projective
bundle Zp Xz RP*™ = P(y1 &+ -- @71 ®e) over Z,/Z = M(P,p,0p), where the line bundle
7; is determined by the ith column vector of A¢ appeared in (4.5) (also see Section 4.1).

Summing up, we have the following bijective correspondence:

Projective bundles —

P"™ with projective characteristic functions A
over small cover M™ — pro) P

5. NEW OPERATIONS AND MAIN THEOREM

Before stating our main theorem, we introduce a new operation in this section.

5.1. Combinatorial interpretation of the fibre sum. For two polytopes with projective char-
acteristic functions, we can do the connected sum operation which is compatible with projective
characteristic functions as indicated in Figure 2. Then we get a new polytope with the projective
characteristic function. We call this operation a projective fibre sum and denote it by fax—1.
More precisely, the operation is defined as follows. Let p and ¢ be vertices in n-dimensional
polytopes with (k — 1)-dimensional projective characteristic functions (P, Ap) and (P’, Ap/), re-
spectively. Here, we assume that the target spaces of the maps Ap and Ap/ are the same
(Z/27)" x (Z/27Z)*~1, i.e., the corresponding projective bundles have the same fibre RP*~1.
Moreover, we assume that Ap(F;) = Ap:(F}) for all facets {F1,..., F,,} around p and {Fy,..., F}
around ¢, i.e., N*F; = {p} and N, F/ = {q}. Then we can do the connected sum of two
polytopes P and P’ at these vertices by gluing each pair of facets F; and F]. Thus, we get a com-
binatorial object (might not be a convex polytope) with a function (Piax—1 P, Apy,, , pr) from
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(P,Ap) and (P’, \p/) (also see Figure 2). Note that Pifax-1P» is a combinatorial simple convex
polytope if n < 3 by using the Steinitz’ theorem: the graph I' is a graph of the 3-dimensional
polytope P if and only if T" is 3-connected and planer (see [29, Chapter 4]). Moreover, it is easy
to check that the function Apy,, , p/ is a projective characteristic function, i.e., it satisfies (4.7).

By following the converse of the above definition, we may define the inverse operation ﬁ;i,l.

F

€

e+e,+b e,

€4
€,

F1GURE 2. The projective fibre sum §a»-1 along the same labeled vertices.

From the geometric point of view, the inverse image of vertices of polytopes with projective
characteristic functions corresponds to the projective space RP*~!. Therefore, this operation is
nothing but an equivariant gluing along the fibre RP*~!, i.e., fibre sum of two fibre bundles.

Remark 5.1. If £ = 1, then the projective characteristic function is the ordinary characteristic
function, i.e., the dimension of fibres is 0. Therefore, we can regard the 0-dimensional projective
fibre sum fao0 as the ordinary (equivariant) connected sum f appeared in [13], [14], [18], [25].

If Piar—1P" is a convex simple polytope, then (Pfar-1P', Apy,, ,p) defines the (k — 1)-
dimensional projective bundle over MM’ (connected sum), where M = M (P,p, o Ap) and M’ =
M(P’,p, o Apr). We note that if Ap and Ap: are

X ai o a, X/ ai . e a,
Y by -+ by, )’ Y by -+ by )’
respectively, then Apy , , pr is
X a; - an X'
Y by -+ b, Y )’

where the same n column vectors above correspond to the projective characteristic functions on
{Fy,...,F,} and {F},...,F/}.

5.2. Construction theorem of projective bundles over 2-dimensional small covers. In
this subsection, we prove one of the main results of this paper. The standard Z5-action on RP"
is defined by

(tl,...,tn)«[ro:T1~~~:rn}r—)[ro:tlr1~~~:tnrn]

where (t1,...,t,) € Z% and [rg : r1 -+ : 1] € RP™, and we regard T2 as the product of two RP?
with the standard Zs-actions (and we call it the standard Z3-action on T?). Put P(k;) and P(¢;)
equivariant projective bundles over RP? and T? with the standard Z3-actions, respectively (also
see Proposition 6.1 and 6.2). Here, k; and (; are products of k line bundles, i.e., P(k;) and P({;)
have the same fibre RP¥~1 (for i, j =1,2,...). Then, we have the following theorem.
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Theorem 5.2. Let P(€) be a projective bundle over 2-dimensional small cover M. Then, P(§) is
D-J equivalent to

P(r)iak-r - far-1 Pk, )iar-1 P(C)fak—1 - - Bar-1 P(Qy),

for some vector bundles k1, ..., ki, and (1, ..., (-

Proof. Let P be the orbit polytope of M. Because dim M = 2, we may assume that P is an m-gon
for some m > 3, where m is the number of facets in P and we may put them {Fy, ..., F,,} such
that F; N Fi4q #@ (i:l,...,m—l) andFlﬁFm;é@.

We first claim that, in m-gon for m > 5, there are two separated facets F' and F’ whose
projective characteristic functions satisfy (4.7). Assume m > 5. Put the projective characteristic
function Ap on F; and F; (where F; N F; = ) as follows:

a; a;
(5) = (5)

respectively, where a;, a; € {0, 1}* = (Z/2Z)* and b;, b; € {0, 1}#~1. Because the projection
PaoAp is nothing but the “ordinary” characteristic function A on P induced from the 2-dimensional
small cover M, we have that a; # 0 for all ¢ = 1,...,m. Therefore, we see that det(a;,a;) =1
if and only if a; # a;. If det(a;,a;) = 1, we can take F; and F; as F' and F’ we want. Assume
det(a;,a;) =0, i.e, a; = a;. Since m > 5, we may assume that the facet Fj 1 which is next to Fj,
ie, Fj41 N F; # 0, satisfies that Fj;1 N F; = (. Therefore, by a; = a;, we have det(aj;1,a;) =
det(ajy1,a;) = 1. Thus, we can take F; and F;1; as F' and F’ we want. This establishes the
claim.

For such facets F' and F’, we can do ﬁ;i,l, because there are two mi-gon P; and ma-gon Ps
(where m = my + mo — 2) with vertices generated by two facets which have the same projective
characteristic functions of F' and F’ (see Figure3). This implies that (P, Ap) can be constructed

F

FI1cURE 3. We can do ﬁAk , always for m-gon P (m > 5). This figure illustrates
the 8-gon P decomposes into the 4-gon P; and the 6-gon P». Here, each F' (resp.

F’) has the same projective characteristic function, and every corresponding facets
also have the same projective characteristic functions.

from (Pi,Ap,) and (Pa, Ap,) by using §ax-1, where P is an m-gon (m > 5), P; is an m-gon and
P is an mo-gon. Note that m; and mo are strictly less than m. Iterating this argument, finally
we have the finite number of 3-gons and 4-gons (see Figure 4).

It is easy to see that we can not do ﬂ;i,l for 3-gons any more. However, there are two 4-gons;
one can not do ﬂz\i,l (such as the left in Figure 5, because det(e1,e1) = 0 and det(ez, e2) = 0),
and another can do ﬁ;i,l (such as the right in Figure 5). If we can do Ijgi,l on a 4-gon, then
we get two 3-gons (see the right in Figure 5). Consequently, we get 3-gons and 4-gons which
we can not do ﬁ;i,l any more from an m-gon (m > 3). We can easily classify such 3-gons and
4-gons are equivalent (i.e. up to D-J equivalence) to the characteristic functions illustrated in
Figure 6. Here, the “ordinary” characteristic functions obtained from the projections p, o Ap of
the projective characteristic functions Ap in Figure 6 are nothing but those of RP? and T? with
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B
b @
X

i

FIGURE 4. Iterating ﬁ;i,l, finally, we have finite 3-gons and 4-gons; Pi, ..., Py
in this case.

€1+b €1+by
e
€z e;+b, ! i+es+h,
e

|

€i+b;

€, : :ewe:+bz
e, i i €i1+€,+b,
€

FIGURE 5. We can not do ﬁ;i_l for the left 4-gon; however, we can do ﬁgi_l for
the right 4-gon.

€1+bs

€,+b

€1+€,+b; €,+b, e,+b,

e1+b; €1 +by

FIGURE 6. Characteristic functions on 3-gons A% and 4-gons I2 in the final step.

By using Remark 5.1 and Theorem 5.2, we have the following well-known fact.

S' %z, PRy, ® -+ ® Ry, , BR)

13

the standard Z3-actions. Therefore, by using the finite times ﬁ;i,l, the projective bundle over M
can be decomposed into projective bundles over RP? and T2. It follows from the converse of this
argument that we establish the statement of this theorem.

g

Corollary 5.3. Let M? be a 2-dimensional small cover. Then M? is equivariantly homeomorphic
to an equivariant connected sum of finite RP?’s and T?’s with the standard Z3-actions.

Remark 5.4. Recall that the one-dimensional small cover is just RP' = S, and its real line
bundle over can be written as the quotient space S! xz, R, by the free Zy action on S' and
the representation « : Zg — Zg € (Z/2Z) (i-e., trivial or non-trivial) and that all vector bundles
over S' can be split into line bundles. Therefore, all projectivization of vector bundles over S' is
homeomorphic to
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for some vector (aq,...,akx_1) € (Z/2Z)k=1, where S xz, R = S! x R (i.e., the trivial bundle).
This implies that in the case of 1-dimensional small cover there is not the construction theorem
such as Theomre 5.2 but the direct classification explained as above.

6. TOPOLOGICAL CLASSIFICATION OF PROJECTIVE BUNDLES OVER RP? AND T2

In this section, we give the topological classification of P(x) and P(() appeared in Theorem
5.2, i.e., the classification of the topological types of projective bundles over RP? and T?2. As we
assumed before, all vector bundles in this section are split into the Whitney sum of line bundles.

6.1. Topological classification of projective bundles over RP?. The classification of pro-
jective bundles over RP? is known by Masuda’s paper [19]. Due to [19], we have ¢ = ¢’ or k — ¢/
(mod 4) if and only if S? xz, P(qy ® (k — q)e) = S? xz, P(¢'y ® (k — ¢')¢), where Zo acts on
S? diagonally and ~ represents the tautological line bundle over RP?, i..e, E(y) = S? xz, R such
that Zy acts on R standardly. Note that a line bundle over RP? is 7 or the trivial line bundle
€. By using this fact (and comparing the cohomology rings), we can easily check the following
proposition:

Proposition 6.1. Let P(xk) = P(qy ® (k — q)€) be a projective bundle over RP%. Then, it is
homeomorphic to one of the following distinct manifolds.

(1) The case k =0 (mod 4):

(a) if g =0 (mod 4), then P(qy ® (k — q)e) £ RP? x RP*~1;

(b) if g=1, 3 (mod 4), then P(qy® (k — q)e) = 5% xz, P(y® (k — 1)e);

(c) if ¢ =2 (mod 4), then P(qy ® (k — q)e) = S? xz, P(2y @ (k — 2)e).
(2) The case k =1 (mod 4):

(a) if g =0, 1 (mod 4), then P(qgy® (k—q

(b) if =2, 3 (mod 4), then P(gy® (k—q
(3) The case k =2 (mod 4):

(a) if g=0, 2 (mod 4), then P(qy @ (k — q)e) 2 RP? x RP*1;

(b) if =1 (mod 4), then P(qy ® (k — q)e) = S* xz, P(y ® (k — 1)e);

(c) if =3 (mod 4), then P(qy® (k — q)e) = S? xz, P(3y® (k — 3)e).
(4) The case k =3 (mod 4):

(a) if =0, 3 (mod 4), then P(qy @ (k — q)e) 2 RP? x RPk1;

(b) ifg=1, 2 (mod 4), then P(qy ® (k — q)e) = S? xz, P(y® (k — 1)e).

~—

€) = RP? x RPF1;
€) =82 xz, P2y ® (k — 2)e).

~— —

Note that the moment-angle manifold over A? is S2.

6.2. Topological classification of projective bundles over T2. Next we classify projective
bundles over T2. Let 7; be the pull back of the canonical line bundle over S* by the ith factor
projection m; : T2 — S* (i = 1, 2). We can easily show that line bundles over 72 is completely
determined by its 1st Stiefel-Whitney classes via [T?, BZs| ~ HY(T?; Z/2Z) ~ (Z/27)*. There-
fore, all of the line bundles over T? are €, 71, 72 and v; ® ¥2. By the definition of v;, we can easily
show that

(6.1) Vi @y = (y®7) =7 (2€) = 2e.
Therefore, we also have
(6.2) M®1)@MO7)=n®1R&7)=n®2=7&n =26

Let ¢ be a k-dimensional vector bundle (k > 2). Because dimT? = 2, if k > 2 then ( is in the
stable range. Therefore, we have that

<5C2@(k72)e,
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where (2 is a 2-dimensional vector bundle over T2. Hence, if ¢ is a Whitney sum of k line bundles
then ( is isomorphic to one of the followings by computing the Stiefel-Whitney class:

Y2 ® (71 ®72) ® (k — 2)e.

By using this classification, we can prove the following proposition.

Proposition 6.2. Let P(¢) be a projective bundle over T?. Then it is homeomorphic to one of
the following manifolds:

(1) The trivial bundle T? x RP(k — 1);

(2) The non-trivial bundle of type T? xzz P(R,, @R, e RF2);

(8) The non-trivial bundle of type T? xzz P(Ry, @RV =72 xzz P(Ry, o RF,
where p; : 73 — 7o is the ith projection and R is the trivial representation space.

When k > 2, each manifold above has different topological types; however, when k = 2, both of
two non-trivial bundles above are isomorphic to the non-trivial bundle T? X 72 P(R,, ®R).

Proof. Recall that P(¢ ® ) = P(() for all line bundles -y. Therefore, by using the classification
of vector bundles over T? just before this proposition and the relations (6.1), (6.2), it is easy to
check that the topological types of P(() are one of the followings.
(1) The case k=0 (mod 2):
(a) P(ke) = T? x RP(k —1);

(b) P((11 ®72) & (k — 1)e) = P(y1 &7 @ (k — 2)e) = T2 xz3 P(R,,, B R,, ®R"2);
(c) P(me (k—1)e) = P((11 @72) @72 & (k — 2)e) £ T? xz3 P(R,, @ R*™);
(d) P(r2® (k—1)e) = P((11 @ 12) @71 & (k — 2)e) = T? xz3 P(R,, ® R¥);
(2) The case k =1 (mod 2):
(a) P(ke) = T2 x RP(k — 1);

P
(b) P((1©72)® (k—1)e) = P(y1 @ (k—1)e) = P(32® (k= 1)e) = T? x 53 P(R,, ®R");
(c) P((m®72)®(k—2)€) = P((71©72) ®1 & (k—2)¢) = P((11 ©72) 72 @ (k—2)¢) =
T° XZ% P(RPI @sz EBKk?Q)'
By using the Borel-Hirzebruch formula, we have the cohomology ring of P(({) as the following list:

| P \ H() |
T? x RP(k - 1) Z/QZ['T7 Y, Z]/<$27 y27 Zk>
T? xz3 P(R,, ® Ry, @R*77) [ Z/2Z[z, y, 21/(a?, y?, 2 + 2F 1 (x +y) + 25 2ay)
T? %33 P(R,, ®R" ) ZI2L[w, y, )@ 3 2 + 2 oy
T? xzz P(R,, @ RFT) )27z, y, 2)/(x?, 32, 2F + 2K 1y)

for degz = degy = degz = 1. This implies that the bundles as above are not homeomorphic to
each other except (1)-(c) and (1)-(d) when k > 2. It is easy to check that

T? XZ% P(Rﬂl @Ek_l) = Sl X (Sl X P(RP @Rk_l)) =~ 77 XZ% P(Rm ®Rk_1)7
where S! xz, R, is the canonical line bundle over RP(1). This establishes the statement except

the case when k = 2.
When k = 2, we have that

T xzz P(R,, ®R,,) = T xzz P(Ry & R),
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where p’' : T? — Sl is the representation (t1,t5) + t1to. By using the kernel of this representation
A ={(t,t71) | t € S}, we also have the following homeomorphism:

T x33 P(Ry ®R) = A x (8" xz, P(R, ®R)) = §* x (5" xz, P(R, & R)),
where S* xz, R, is the canonical line bundle over RP(1). Similarly, we have the following home-
omorphisms:
T? xz3 P(R,, ®R) = 5 x (8" xz, P(R, ®R)) = T? xz3 P(R,, ® R).
This also establishes the case when k = 2. t

Note that the moment-angle manifold over A! x Al(= I?) is T? itself.
It also follows from the proof of Proposition 6.2 that the following corollary holds.

Corollary 6.3. Let P(T?) be the set of all projective bundles over T? and P((1), P((2) € P(T?).
Then, H*(P((1)) = H*(P(¢2)) if and only if P((1) =2 P(¢2) (homeomorphic), i.e., P(T?) satisfies
cohomological Tigidity.

Remark 6.4. Let P(RP?) be the set of all projective bundles over RP%. Due to [19, Theorem
3.3], P(RP?) also satisfies cohomological rigidity.

7. BUNDLE TRIVIALITY OF SOME PROJECTIVE BUNDLES OVER REAL PROJECTIVE SPACES
In this final section, we shall prove the following theorem:

Theorem 7.1. The projectivization P(y @ Trpn) is diffeomorphic to RP™ x RP™ if and only if
n=20, 2 or6.

In order to prove Theorem 7.1, we first show when cohomology ring of P(y&®Trp=) is isomorphic
to that of RP™ x RP™:

Lemma 7.2. The Z/27Z-cohomology ring of P(y & Trpr) is isomorphic to that of RP™ x RP™ if
and only if n+ 2 = 2" for some r € N.

Proof. Because of (1.1), v ® Trp» @ € = (n + 2). Therefore, we have that

w(’Y@TRPn):<1+$)"+2Ei( nt2 )xl

i
i=0
for # € H(RP™). Together with the Borel-Hirzebruch formula, we see that the cohomology ring
of P(y & rpn) is as follows:
H*(P(y @ trpn)) = Z/2Z[z,y]/(z" T, Y).

Here,

y — Z( n—|—2 ) nel—i i

Note that n+2 = 2" if and only if Y = y"*! (e.g. see [20, Corollary 4.6]). Therefore, if n+2 = 2"
then Y = "1 and the cohomology ring is isomorphic to H*(RP™ x RP™). On the other hand,
if the cohomology ring is isomorphic to H*(RP™ x RP™), then it is easy to check that ¥ must be
y" L or (z 4+ y)" L. However, if Y = (z + y)" ! then

v — Z( n+2 ) ntl—i i :Z( ni—l >yn+1—z‘xz’_

i=0
This gives a contradiction. Therefore, Y = y"*! and n + 2 = 2". This establishes the statement
of this lemma. ]

Lemma 7.2 tells us that if n + 2 # 2" for all » € N then P(y & mgpn) is not homeomorphic to
RP™ x RP™.

Assume n+2 = 2" for some r € N. If r = 1 then n = 0, so this case is the trivial case. We may
assume r > 2.
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7.1. “if” part of Theorem 7.1. We next discuss when ~ @ mrp» is the trivial bundle. To show
this, we need the fact about the stable KO group in [1] (also see [19]). Before we state Lemma 7.4,
we need to prepare some notation. Let k(2"—1) = #{s e N|0< s <2"—2,5=0,1,2,4 (mod 8)}.
For example, k(3) = 2 when r = 2, k(7) = 3 when r = 3, k(15) = 7 when r = 4, k(31) = 15 when
r =5, e.t.c. We have the following lemma:

Lemma 7.3. Ifr =2 or3, then k(2" — 1) =r. Ifr > 4, then k(2" — 1) = 2"~ — 1.

Proof. The first statement is easy. The 2nd statement is proved by induction. When r = 4, then
k(15) = 7. Assume the statement is true until r — 1, i.e., k(2"~! — 1) = 2772 — 1. Because of the
definition of k(2" — 1), the number of s such that 0 < s < 2" —2 and s =0,1,2,4 (mod 8) is

k2N —1)=(2"2-1)+4-27 4 =21 - 1.
This establishes the statement. O

Together with the stable KO group of real projective space proved in [1], we have the following
lemma:

Lemma 7.4. When r = 2,3, I%(RPT*Q) is a cyclic group generated by v — € with order 4,8,

respectively. When > 4, KO(RP? ~2) is a cyclic group generated by ~y — € with order 22" -1),

Note that v @ mTrpr is in the stable range, i.e., the dimension of fibre is strictly greater than
n. Because of the stable range theorem (i.e., for vector bundles £ and 7 in the stable range,
k@ e* =nde® if and only if Kk = 0, see [11, Chapter 9]), v @ Trpr is the trivial bundle if and only
if it is the trivial bundle in I’{\é(RP”). By this fact, we have the following proposition:

Lemma 7.5. Assumen =2" —2. Then v ® mrpn = (n + 1)e if and only if n = 2,6.
Proof. By using (1.1), we have that

(7.1) vYPH TRPr Pe=2".

It follows from Lemma 7.4 that when r > 4

(7.2) 2@ =y = 9@ =D

Because r < 277! — 1, together with (7.1), this case is not the trivial bundle. On the other hand,
when r = 2,3, we have that

2(2“171)7 =2"y = 2@ =D = ore.
Therefore, by (7.1) and the stable range theorem, v @ Tgrp= is the trivial bundle. This establishes
the statement. O

Hence, by Lemma 7.5, the projectivization P(y @ Trp») is the trivial bundle when n = 2,6.
This establishes the “if” part of Theorem 7.1.

7.2. “only if” part of Theorem 7.1. We next prove the “only if” part of Theorem 7.1. The
idea of this proof is based on the idea of the proof of Theorem 3.2 in [19]. Assume that there
exists the following diffeomorphism:

f:P=P(y®mp:) = RP" xRP"(= P((n+1)¢)) =T,

and we put the projections to the 1st and 2nd factor by my : P — RP™, w9 : T — RP", respectively.
Now f*(rr) = 7p in KO(P). Recall the following theorem proved in [19, Lemma 3.1]:

Lemma 7.6. Let E — X be a real smooth vector bundle over a smooth manifold X. Let m :
P(E) — X be its projectivization and n be the tautological real line bundle of P(E). Then the
tangent bundle Tp(gy of P(E) with €' added is isomorphic to Hom(n, n*E) & m*7x.
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By this lemma and (1.1), we have that
p @ €' @ ' = Hom(np, 7} (v @ Trpn)) @ mimRP @ €' = Hom(np, vp © miRP) ® (n 4+ 1)7p
and
7 @' @ ' = Hom(ny, 75 ((n+ 1)e)) @ mhmrpn @ €' = Hom(nr, (n + 1)e) @ (n+ 1)yr,

where yp = 7~ and yr = 757 for the tautological line bundle v over RP", and np and nr are
the tautological line bundles over P = P(y® 1gpn) and T = P(e"*1), respectively. Together with
f*rr = 7p, we have the following isomorphism:

(7.3) f* (Hom(nr, (n+ 1)e) ® (n+ 1)yr) = Hom(np,vp ® 7iRP) @ (n+ 1)7p

By the cohomology ring computed in Lemma 7.2, f*wy(yr) = w1 (yp), i.e., f*yr = vp. Therefore,
by (7.3), in KO(P) we have

(7.4) Hom(f*nr, (n+ 1)) = Hom(np,vp & 7 TRP" ).

By taking the zero sectigl/l to TRPm, We have the cross section o of 7 :£/~> RP™. The induced
homomorphism of ¢* : KO(P) — KO(RP™) sends this identity (7.4) to KO(RP™). Because c*np
is the trivial bundle over RP™, we have that

(7.5) Hom(o* f*nr, (n+ 1)e) = Hom(e,y & Trpn) = v B TrRpn.

Now, by the cohomology ring computed in Lemma 7.2 again, we also have the two cases f*w; (nr) =
wi(np) and wi(yp) + wi(np); these correspond to f*nr = np and vp ® np, respectively. If
f*nr = np, then by (7.5), we have that

(n+1)e=~® mrpn
in [/(VO(RP"). By Lemma 7.5, such case is the only n =2 or 6. If f*nr = ~vp ® np, then
o' ffnr =c"yp@oTnp =y ®e=1.

Therefore, by (7.5), we have that (n + 1)y = v @ Trp~. By taking the tensor of v, we also have
that

(7.6) (n+De=e® (v Trpn).

Because v @ (v ® Trpn) = (n + 1)¢, the vector bundle 4 ® Tgp» is the normal bundle v+ of 7 in
(n 4 1)e. Therefore, the Stiefel-Whitney class satisfies

wy@mpn)=1+z+---+a"

Hence, by (7.6), such case is just n = 0. Because this case is the trivial case, we establish the
“only if” part.

Finally, we ask the following general question by motivating the above fact.

Problem 3 (the projective bundle triviality problem). Let £ be a rank k vector bundle over a
smooth manifold M. When is its projectivization P(¢) diffeomorphic to RP*~1 x M?
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