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Flag manifolds

ForD=R,C,Handletn=ny +---+ ng.

The FiI(ny,...,ng,D") consists of the flags
Vic Vo---C Vg C Ve=D", dimpVi=n+---+n;

or equivalently, consists of the D-orthogonal decompositions



Complex and quaternionic flag manifolds

As homogeneous spaces,
u(n)

U(ny) x -+ x U(ng)
Sp(n)

1

FI(ny,..., Nk, C")

1

Fi(ny, ..., g, H")

Sp(n) x -+ x Sp(n)

where n=ny + - -+ + ng.



Generalized complex flag manifolds

Let G be a complex simply-connected semisimple Lie group, P
a parabolic subgroup. The homogeneous space

G/P
is called a generalized complex flag manifold.

Theorem (Bruhat-Chevalley decomposition)

G/P= |J uwpp= |J c#O
AEWG/ Wp AeWg/Wp



Schubert presentation

Let {S), A € Wg/Wp} be the , then the
Schubert presentation of the cohomology of G/P is

Z[SA |xews/wp]
<S)\ ’ S.U« = sz CK”LLSV>

H*(G/P,Z) =

where CY , € Z are the



Leray-Borel presentation

Theorem (Leray-Borel presentation 1)

Let G be a compact connected Lie group, and H be a closed
connected subgroup that contains the maximal torus T, then

: . H'(BH.Q)  H(BT.Q)%
F(GIH.Q) = v (BG. Q) ~ (H¥ (BT, Q)W)




Leray-Borel presentation

Theorem (Leray-Borel presentation 1)

Let G be a compact connected Lie group, and H be a closed
connected subgroup that contains the maximal torus T, then

: . H'(BH.Q)  H(BT.Q)%
F(GIH.Q) = v (BG. Q) ~ (H¥ (BT, Q)W)

For G = U(n), we have W = S, and

H*(BU(n),Z) = Z[ty, ..., t]°" = Z[cy, ..., cn].



Leray-Borel presentation of complex flag manifolds

H*< u(n) >_Z[c1,...,ck;cq,...,c;7k]
Uk)xUn—-k)") (cc'=1) :
Generally, forn=ny + - -+ + ny,
0, . ,
- ( u(n) Z) _ZIG” l1gj<k,a<i<n)]
U(ny) x - x U(ng)’ <H/l'(:1 cl) = 1) '



Real and oriented flag manifolds

Let’s focus on

O(n)

O(nq) x -+ x O(nk)
SO(n)

SO(ny) x -+ x SO(nk)

Fl(n1,. . .,nk,R”) =

Fl°(n1 ey nk,R”) =

where n > ny + -+ + ny.

O(n) . SO(n)
(n—k)  SO(n-— k)

Vk(R™) = 0

is the consisting of the orthonormal
k-frames in R".



Canonical torus actions




Canonical torus actions

n O(n+1) n n+1 . 2
ZQWW:S :{(Xo,...,Xn)ER ‘in :1}
i=0
(61,...,€n)‘(X0,...,Xn):(X07€1X17"'?6nxn)
O(2n+2 "
TanEZI’I—I-‘I;: S ={(20,21...,20) €C™T Y ||zl =1}
i=0

(t1,...,tn)'(Zo,Z1 ...,Zn):(Zo,t1Z1 ...,tnzn)



Equivariant cohomology

Definition
Let G~ M. The of M is defined as

Hg(M,Q) = H*((EG x M)/G,Q)

Ta(pt,Q) = H*(BT",Q) = H*((CP>*)",Q) = Qlay, - .., an]
gg(pt, Fo) = H*(BZ3,F2) = H*((RP*)",F2) = Fo[B1, - - -, Bn]
where dega; = 2, deg 8 = 1.



Equivariant characteristic classes

If a vector bundle ¢ — X is G-equivariant, then

CE(&) & C((EG x £)/G) € Hx(X).

Lemma
View

Zo AR S' A R?
as Z, and S'-equivariant bundles over a single point. Write
H3,(pt,F2) = F»[B] and Hg, (pt, Z) = Z[c]. We have the
equivariant characteristic classes

e 931(R2)
w2(R) =1+ p® (& ):1+0“2



Universal vector bundles on real flag manifolds

Recall the real flag manifold Fi(ny, ..., ng, R"), where
ny + - - -+ nk = n, consists of the orthogonal decompositions

Wy & Wg=R" dimg W; = n;.



Universal vector bundles on real flag manifolds

Recall the real flag manifold Fi(ny, ..., ng, R"), where
ny + - - -+ nk = n, consists of the orthogonal decompositions

W1@---@Wk:Rn dimg W; = n;.
The (1 <j<k):
W, & {(W.;v)eF/(m,...,nk,R”)xR”yve Wj}

satisfies
e W, =R".



Equivariant characteristic classes of real flag

manifolds
Ifny+---4+nx =N < n,then

(efey W) @ (= £) =7
where L; are trivial line bundles. Equivariant!

Take the total equivariant Stiefel-Whitney and Pontryagin
classes, we have the algebraic equations:

k 0 N k ' M
H =[I0 + 8, Hb(f) =01 +ad)



Mod-2 cohomology of real Stiefel manifolds

Theorem (Borel, Miller 53)

% O( ) Fz[h ’k<l<n 1]
A ( O(k)’ ]FZ) (h? = hyj |k<i<n—1 )

wheredeg hi =i, and hoj =0 if2i > n—1.



ZY-equivariant conomology of real Stiefel manifolds

Lemma
The ZN-action on 2% has the fixed-point set O(n — N).
2 O(N)




ZY-equivariant conomology of real Stiefel manifolds

Lemma
The ZN-action on 2% has the fixed-point set O(n — N).
2 O(N)

Observation
1. dim H*(O(n)/O(N),F5) = dim H*(O(n — N),F,) = 27N



ZY-equivariant conomology of real Stiefel manifolds

Lemma
The ZN-action on 2% has the fixed-point set O(n — N).
2 O(N)

Observation
1. dim H*(O(n)/O(N),F5) = dim H*(O(n — N),F,) = 2"-N
implies the group isomorphism

EN((())((N)) F2> = Fa[B, .-, ON] O, H*<g((;:,)),F2>

2. The embedding iy : O(n — N) — g((,’\’,)) induces an
injective ring homomorphism

E H%'ZV (g((;:/))fz) — le\l(o(n_ N),Fz).



Z.5-equivariant cohomology of real Stiefel manifolds

Theorem (H.)

H;y(O(n)/O(N), F2) can be identified, via the injective
2

homomorphism 1*, as an Fz[f1, . . ., fn]|-subalgebra of

Fao[hj lo<i<n—N-1]
*v(O(n— N),Fo) 2 T[54, ..., ® ——
Z’z\’( ( ) 2) 2[5 BN] ®r, <h12 = hoi lo<icn_N_1 >

generated on h;’s for N < i < n— 1 defined by the formula:
n—1 n—N-—1

A(XR) —v (H G > h).

i=N i=0



Rational cohomology of real Stiefel manifolds

Theorem (Borel, Miller 53°)

)b
(302’:))7@> Aok Yiits -« vsevvs Ymo1s Xm]
H*<~9C?9(CZ)(W7Q>:/\Q[ek,yk+1,...,...,ym1,ym]

where deg X, = 2m — 1, degy; = 4i — 1, deg ex = 2k, and ey is
the Euler class of the universal bundle V.



T-equivariant cohomology of real Stiefel manifolds

Theorem (H.)

For the canonical Tk-actions on the real Stiefel manifolds,

. ( SO(2m) N ) )
Tk(m’(@> = Qlevt, ..., o] @ AqlVk1s- -+ s Ym—1, Xm]
SO2m+1) )
<SO(2k+1 ) Qlat, ..., o] @ No[Frv1s - -, Ym]
SO(2m . & ) )
( SO( 2k) ) %m a’fa k>] ® NPkt - -, Y1, Kim]
kK — k

Tk( SO(2k) ’Q) o <ek — a1 "O‘k> ® NolVk+1s- -+ Ym]-



Leray-Borel presentation

Theorem (Leray-Borel presentation 2)

Let G be a compact connected Lie group, and T ¢ H C K be
closed subgroups of the same rank, then the bundle

K/H — G/H — G/K

has collapsed Leray-Serre spectral sequence. Moreover, there
are ring isomorphisms

H*(G/H,Q) =2 H*(G/K,Q) ®H*(BK,Q) H*(BH,Q)
H7(G/H,Q) = H7(G/K, Q) ®u+(8k,0) H*(BH, Q).

(It also works for 2-rank and in T, coefficients)



ZY-equivariant conomology of real flag manifolds

Givenn>=ny+---+ng,set N=ny +--- + ng, the bundle

O(N) - o(n) =, On)
O(m) x - x O(ng)  O(m)x---x0(ng)  O(N)

is ZY-equivariant.



ZY-equivariant conomology of real flag manifolds

By Leray-Borel presentation, we have

. o
Z'zv(O(m) > .(-r-])x O(nk)’Fz)
~ e (O(N)
= ZQ’(O(N)

F2) @ (8o H'(BO(M1) x -+ x BO(ny), F)



ZY-equivariant conomology of real flag manifolds

By Leray-Borel presentation, we have

; ( O(n) )

(n1)><---><O(nk)’F2

S
S
o

O(n .
= EQ(O((N))’FZ) R H=(BO(N)Fz) H"(BO(N) x - - - x BO(ng), F2)
" (O(n) " ) o IF2[‘7"/(/.) l1<jck 1<i<n]
= N ) 2 F B 7777 ﬁ ~ (F *
Z¥ \O(N) 218150 (T w0 = TIM, (1 + )



T-equivariant cohomology of pure even oriented flag
manifolds

SO(2n)
(2ny) x -+ x SO(2nk)’

T" n=n+---+n
% SO 1+ + Nk
has the rational equivariant cohomology ring:

Qloy [1<i<nl B l1<jk,1<i<n][8Y) [1<j<k]

(T, B =TT (1 + a2); (BD)2 = BY) |1<jer [T1q 8D = [I7; )



T-equivariant cohomology of pure odd oriented flag
manifolds

SO(2n + k)

n
1™ 8@ T 1) x - x 0@ + 1)’

n=n-+---+ng

has the exterior factor of rational cohomology as

SO(2n + k)
SO(2n+ 1)

and has the rational equivariant cohomology ring:

Qloy |1<s<nl[BY l1<j<k1<i<n] . ( S0(2n + k) Q).
(ITfq PO =TI74(1 + 03)) SO@n+1)’



Complex vs real flag manifolds

Let n= ny + - - - ng, there is the degree-halving map:

H?n(F/(I’H, cey nk,C”),IFz) — H%g(F/(I’H, cey nk,R”),IFg)

Falay [1<i<nl[E” l1<jck 1<i<n] Falf) 1<l WY l1<jck 1<i<n]

<]_[j’-‘:1 e =TIL,(1 + ar)) —> <H/l'(:1 W) =Tl (1 +5))

51(/ ) s Wi(j )

o) — B/.



Complex vs real flag manifolds

Let n = ny + - - - ng, there is the degree-doubling map:

Hia(FI(n, ..., Nk, C™), Q) — Hia(FI(2n4, . .., 20, R?"), Q)

Qlos li<renlle” li<jenrcien) Qo lrarenl B lijer 1<izn]

<H//'(:1 ¢ =TILi(1 + o)) <H//'(:1 pY) =TTIL1 (1 +af))

)

5,(]) l—)ﬁi‘

o —> a,z.



Thank you!
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