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Flagged partition and Set valued tableau

partition X of length r: non increasing seaquence (A1 > -+ > ;)
= ldentify its young diagram
flagging f of A: a non decreasing sequence of positive integers (f < --- < f;)
= (), f): flagged partition
set valued tableau of \: a tableau having a finite subset of positive integers (weakly
increasing in each row, strictly increasing in each column)
flagged set valued tableau of (A, f): i-th row's entries are not greater than f;  (Denote

FSVT (), f) the set of flgged set valued tableaux of (A, f))
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ex A= (2,1),f = (2,2)

FSVT(\, f) =
1 1 1 2 1 1,2
2 2 2
T T IE
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B, xi, bi,i € N: variables

[X|b]T = HeETXE D be+c(e)—r(e) uPv:i=u+v+ ,BUV.

[x[b]™ = (x1 @ b1)(xa @ b2)(x2 B b1)
[x[b]™ = (x1 @ b1)(x2 @ bs)(x2 @ by)
[x[B] ™ = (x1 @ b1)(x1 @ b2) (32 @ b3)(x2 @ by)

1[1] [1]2] [1]e2]
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Definition factorial flagged Grothendieck polynomial G) ¢
Gue(xlb) = Y BTR[xp]" (1)
TEFSVT(A,f)
| T| is the total number of entries in T, |\| is the number of boxes of A .
v
ex: A=(2,1),f =(2,2)
Grr(xlb) = (x1® b1)(x1 @ b2)(x2 ® b1) + (x1 @ b1)(x2 @ b3) (2  bn)
+810a @ b1)(x1 @ ba)(x2 @ b3)(x2 @ b1) |
1 1 | 1 2 | 1 |12 |
2 2 2
Th T2 T3
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Main Theorem

Gr(x|b) = det (Z (' ;J> ﬂ@&fﬁ?ﬂ”) (=: Gar(x|b)) ()
1<i,j<r

s=0

1] is defined by the generating function

> gt 1+ﬂull'l”'BX’HuHuHs))

meZ

generalized binomial coefficient

Corollary
m>0, p>0 DI

gr[TI:,P‘Fm—l] _ Z [X| b] T

TEFSVT((m),(p))

e e G



Background in Geometry

A flag variety FI,(C) = {Us = (U1 C U> C --- C Us—1 C C")|dimU; = i} = GL,(C)/B
Qu = B_wB C FI,(C) schubert variety (w € S,)

Torus-equivariant K-theory K7 (Fl,(C)) := Grothendieck group of T-equiv. coherent
sheaves

Oq,,: structure sheaf of Q,

=[0q,] € Kr(FI,(C)) equivariant Schubert class (a basis as K7(pt)-module)
Schubert Calculus

Compute ¢, , € K7(pt) where

[00,] - [0a,] =D ci.[0q,]
u€S,

et e 7



Equivariant Schubert classes and double Grothendieck polynomials

(K-theoretic) divided difference operator ;

_ (4 Bxiwa)f — (1 + Bx)si(f)

Xi — Xit1

mi(f)

where s; permutes x; and Xj;1.

double Grothendieck polynomials (Lascoux—Schiitzenberger)
wo € Sp:longest element

= Guwo(x|b) =T1,4;<n(xi @ bj)

w# w I(w) = I(ws;) — 1

= Gu(x|b) = 7i(Gus;)

fact

Gu(x|b)"="[0g,]

et e 6



Background

purpose
Want to find an explicit formula of G,, . J

Known facts:

If we S, is vexillary, then

(1)Gw = Gaw),f(w) (Knutson-Miller-Yong) (tableau formula)

(2)Gw = GA(W) f(w) (Hudson—Matsumura, Anderson)(determinant formula)

Goal of this talk:

Define Gy in general by tableau formula and prove its determinant formula.

Note:

When b = 0 (non-factorial), it was shown by Matsumura. We generalize his proof to the

factorial case.

e e O



Proof of the main theorem 1

Main Theorem

Go¢(x|b) = det (Z (' ;J> ﬂ59£7f£?42i1> (=: Grr(x|b))
1<ij<r

s=0

proof) We prove the theorem by induction on |f| =f +fH +---+f .
(1) If] =1 (base case) :

then A = (A1), f = (1)

so it follows from Lemma 1.

Lemma 1
For any d e N

d
(G =) TT0a @ bi) = G,

i=1
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Proof of the main theorem?2

(2) When f; =1 it follows from Lemma 2 by the induction hypothesis .

Lemma 2
If A=1

(1) Gar(xlb) = ™ - (G,pr(x10))”
(2) Gar(x|b) = GEM - (Guv o (x]b))*
Where ,
o N =N, ,N), f=(R-1,6-1,--- ,f = 1)

@ x replaces each x; by xj1.

NovemBer 212018
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Proof of the main theorem3

(3) If i > 1 the claim follows from Lemma 3 by induction hypothesis .

Lemma3
IfA>1

(1) G r(x|b) = m4—1Gxr ¢/ (x|b)
(2) Gxf(x|b) = mr—1Gx ¢/ (x|b)

EELN =i+ LA, M) F =(h—16 f) £T5.
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Proof of Lemma 1

Lemma 1
For any d € N

d
(G =) [J(a & bi) = g%,

i=1

proof) We prove Lemma 1 by induction on d. When d = 1. From the generating

function Gi!l
iy = L ¥ P _ wol,m )\ (1
’%Qm u '_1+5U’11—xlu( +(u+B)b) = ";ng u™ | (1+ Bby + byu)

See u's coefficient (G = x{", m > 0)

(1+ Bbi)x1 + b1 = x1 + b1 + Bxiby = x1 & by

e e 18



Proof of Lemma 1

Suppose d > 0 . By definition of ghtd+il

Z glhd+ilym — (Z gl Um) (14 Bbds1 + bgs1u).

meZ meZ

a1 ( [1,d] _ xi Ll,d])

See the coefficients of u a1 =

d+1
5™ = G + Bbaia) + G M bair = G5 @ basa) = [[a @ b).

i=1

d
(By induction hypothesis Gi*¥! = T](x1 @ ba).)

i=1

e e 1]



Proof of Lemma 2

Lemma 2
IfhA=1

(1) Gar(x|b) = g™ (5>\’,f’ (XIb))*

N =M,N--, ), f=(h—1,6—1,---,f — 1), % replaces each x; by xj;1.

proof)
° g[;fﬂ is the (1,1) entry of the determinant 5)\’f(X|b)

o the column operation (the j-th column) —[ (the (j-1)-st column) x xi(1 + x18) 7]
(J.:2a37"' 7r)
= The first row becomes (Q[;l’)“], 0,---,0).

@ cofactor expansion along the first row

e e 15[



Proof of Lemma 2

Lemma 2
IfA=1

(2) Gar(xIb) = G- (Gar e (x|b))*

N =A2,A3--,\), f=(h—1,—1,--- ,f — 1), * replaces each x; by xi1.

proof)

@ the entries on the first row of T € FSVT(A,f) are all 1
A1

° H(x1 ® b)) = ng’)‘l] is the common factor
i=1

NovemBer 212018
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Lemma 3
IfA>1

(1) G r(x|b) = 7 _1Grr ¢(x|b)

Where N = (A1 + 1,00, -, A), F = (fi— 1,6, ,F) .

proof)

@ The entries of the determinant are symmetric in x5 1, X5 expect the ones on the

first row
o Consider the cofactor expansion of Gy ¢(x|b) with respect to the first row

@ Apply 71 to this expansion

NovemBer 212018
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proof of Lemma 3

Special case Lemma 3 (2)

(2)" mGy,a) = G—1),2) -

Prove the claim by induction on d .
o Left side equals to 71 [[7,(xa @ b;)
o Liebniz rule "mi(fg) = mi(f)g + si(f)wi(g) + Bsi(f)g”

o f:(Xl@bd)

November 21, 2019
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d 1
1 H(Xl ®b) = Z <H(X1 @ bsii) H X2 D bs+1+,))
i=1 v=0 i=v+1
d—1
+ /6 Z <H(X1 ©® bs-H) H(X2 ©® b5+1+l))
= G(d—n,(z)
November 21, 2019
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Theorem

Let (X, f) be flagged partition of length r . If i > i—1fori=1,...,r. Then we have,

roaj
Gy f="Tw H H(X,' &) bj).
i=1 j=1
Where

ai=XN+fi—i, w=(sS+41--S6—1)(S—15-Sr_,—1) (518 56-1)

(ﬂ'w = 71'{1_1 e 7MY * * '7rr—1)

NovemBer 212018
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proof)Prove the induction on |f|=f+ - -+ f
(1)If |f]=1 (base case)
= f:(l),31 =M, w=id

= Grr = Hj\:11(xl @ bj) = 7y ;\:11()(1 @ by)



QI f=1:

a1 = \1,50

Jj=1
Where,

G/\f = <H(X1 D b_,)) (G)\/)f/)*.

° )\l:(>\2,)\3"' 7)\r)y f/:(fZ_]-yfé_:L 7ﬁ_1)
@ * replaces each x; by xjt1.



By the induction hypothesis ,

’
r—1 a;

G)\/,f/ = TTw/ HH(Xi &b bj)

i=1 j=1

THb. 22 Tal=a11 Tw =(5-15 - 55-2)(5r—25—1--5,-2)(51% - - -

—7,
r—1 a rooa
ﬂW/HH(X, @ by) —WWHH(XIEBbj)
i=1 j=1 i=2 j=1

w does not contain s,

Gy r = <H(X169b)> WWﬁH x,éBb)—ﬂ'WlL[H(x,EBb

i=2 j=1 i=1 j=1

2135,

sz_z).
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3)If 1 >1: It follows Lemma 3.

Lemma 3
IfA>1

(2) GA7f(X|b) = 7Tf1_1G)\I)f/(X|b)

Where X' = (M + 1,0, , A\ ), F = (A—1,h, - ,f).

By induction hypothesis

r aj

G)\’,f’ = Twsp 1 H H(X/' ©® bJ)

i=1 j=1

Apply Lemma 3 and definition 7,

Grr=mr-1Gr g = T —1Twsy, _y (H H(Xi &3 bj)) = Tw <H H(Xi ® bj))

i=1 j=1

e e 2]



