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Generalized Bott tower

By := {a point}.

7§k) — By : holomorphic line bundles over By for k=1,...,n1.
= Bi=PCax @ @) =CPm.

yék) — B : holomorphic line bundles over By for k =1,...,ns.

— By :=P(C® 751) G- D 75”2)) : a bundle over B; with a fiber CP™2.

Definition

Repeating this process m times, we obtain a sequence as follows:
Bm I Bp_1 —=% ... % By, % B ™ By = {a point},

where the fiber of 7; : B; = Bj_1 for j =1,...,m is CP™. This

sequence is called a generalized Bott tower of height m, and Bj is called a

j-stage generalized Bott manifold.
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Generalized Bott tower

Remark
When n; =1 for all j, the above sequence is called the Bott tower.

We get a m-stage generalized Bott manifold B,, from any collection of

integers {cg?}
By = ((CMF1) %o x (€M) /G,
where G = (C*)™, and its i-th factor acts on the right by

(Zl,()u e 7Zm,nm) *ag
= (21,0, -+ +» ZieLnj_12 %0,00i 231G, - -+ 5 Zin; iy
1 (nj)
) Cz(',j) ) i
e 25050 2515 @ Zin )



Generalized Bott tower

We can construct a line bundle over B,,, from the integers {l;} by
L= ((C"™H)X x ... x (C"TH>) x4 C,

where the i-th factor of G = (C*)™ acts by

(21,05 - s Zmnm ), V) - @i = (21,05 - - s Zmonm ) * i, aéiv).



Twisted cube for generalized Bott tower

Ai(z) = Ai(Tig1,15 -+ Tmynm )

)i (it =m)
' I + Z;'n:i+1 ZZJ:l cz(',kj)wj7k (1<i<m-—1).

N:=3T"n;.

forall 1 <i<m,
C:=LSa= (@11, Tmn,) ERY| Ai(z) <0 26 < 0,2 <0
or 0< Y0 wip < Aix),zip >0

C is called a twisted cube for generalized Bott tower.
When n; =1 for j =1,...,m, C is the twisted cube for the Bott tower
which was defined by M. Grossberg and Y. Karshon (1994).



Twisted cube for generalized Bott tower

-1 (2% <0)
1 (l‘j7k > O)

sgn(xj i) = {

The function pg : RV — {—1,0,1} is defined by

(—=1)Vsgn(z11) - -sgn(wmp,,) ifreC
po(x) =
0 elsewhere.

This function is called the density function of the twisted cube.



Example of the twisted cube (1)

m=3,n;=1forj=1,2,3
ll :1a12:]—7l3:27 z3,1
ng =—1, ng =2, CS% =—1 Cl ﬁgﬁO\ L k‘“

0 Y ~L
ATV S
—-2< 31 <0 \\\\/42%
—1+231 <221 <0 -
—1+x01 —2231 <711 <00r0<m11 <—-1+m91— 2731

®- - - the lattice point of pp =1
®- - - the lattice point of pg = —1
®- - - not contained in C;



Example of the twisted cube (2)

m=2n; =1,ne=2

I =20y =2
A} =1l 2

—2< 1291+ w22 < 0,221,722 <0
-2 — T21 — 2.’[;2,2 < T1,1 <0or0< r11 < -2 — To1 — 2:62’2

®- - - the lattice point of py =1
®- - - the lattice point of pg = —1
®- - - not contained in Cy



Multiplicity function of virtual character

Now, consider the torus action as follows:

T=TNt'=8x...x St~ Lt

(t11,--- 7tm,nm7tm+1) . [2170, R Zm,n,mv} =

(21,0, 81,121,155t Z1na s - - - 5 Zmy05 bm, 1 2mu1s - -+ bngnon Zmynm s tm410].
Let Oy, be the sheaf of holomorphic sections.

The virtual character is the function x : T'— C which is given by

X =Y (1)’

where x*(a) = trace{a : H(B,,,OL) — H*(B,,,0L)} fora € T.
Every p in the integral weight lattice [* C it" defines a homomorphism
AT — 81 We can write

The coefficients are given by a function mult : [* — Z, sending p +— my,,
called the multiplicity function.



Multiplicity function of virtual character

Theorem

Fix integers {cflz)} and {l;}. Let L — B, be the corresponding line
bundle over a generalized Bott manifold. Let pg : RY — {—1,0,1} be the
density function of the twisted cube which is determined by these integers.
Consider the above torus action of 7". Then the multiplicity function for
I*(2 ZN) x Z is given by

mult(a, ) = po(a) (k=1)
’ 0 (k #1).

Remark

When B,, is a Bott manifold, the above theorem was proved by M.
Grossberg and Y. Karshon (1994).




Example

Now, consider the twisted cube C;.

The blue dots and the red dots b
correspond to the integral weight |
lattice . Then the virtual char-
acter is

X = A4 \C4TELL 4 N€4Te21 4 N€a—€217€L1 | /\64—62,1—261,1
NG44 \€4TE3,17€21 4 N€4TE31TE21TELL )\64—263,14-61,1

_ )\64*263,1+261,1 _ A€4*63,1*62,1+€1,1 + )\64*263,1*362,1
7

where {e1,1,e2,1,€3,1,€e4} is the standard basis of R?.



Example

L(C) : the number of the lattice points with sign of twisted cube C'
= the number of the terms A\ with multiplicity in the virtual character y.
When C = Cl,

L(C)) =9+ (=3) = 6.

We hope to compute the number of lattice points of a twisted cube for a
(generalized) Bott tower in general case.
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