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Generalized Bott tower

B0 := {a point}.
γ
(k)
1 → B0 : holomorphic line bundles over B0 for k = 1, . . . , n1.

→ B1 := P(C⊕ γ
(1)
1 ⊕ · · · ⊕ γ

(n1)
1 ) = CPn1 .

γ
(k)
2 → B1 : holomorphic line bundles over B1 for k = 1, . . . , n2.

→ B2 := P(C⊕ γ
(1)
2 ⊕ · · · ⊕ γ

(n2)
2 ) : a bundle over B1 with a fiber CPn2 .

Definition

Repeating this process m times, we obtain a sequence as follows:

Bm
πm−−→ Bm−1

πm−1−−−→ · · · π3−→ B2
π2−→ B1

π1−→ B0 = {a point},

where the fiber of πj : Bj → Bj−1 for j = 1, . . . ,m is CPnj . This
sequence is called a generalized Bott tower of height m, and Bj is called a
j-stage generalized Bott manifold.



Generalized Bott tower

Remark

When nj = 1 for all j, the above sequence is called the Bott tower.

We get a m-stage generalized Bott manifold Bm from any collection of

integers {c(k)i,j }:

Bm = ((Cn1+1)× × · · · × (Cnm+1)×)/G,

where G = (C×)m, and its i-th factor acts on the right by

(z1,0, . . . , zm,nm) · ai
= (z1,0, . . . , zi−1,ni−1 , zi,0ai, zi,1ai, . . . , zi,niai,

. . . , zj,0, a
c
(1)
i,j

i zj,1, . . . , a
c
(nj)

i,j

i zj,nj , . . . ).



Generalized Bott tower

We can construct a line bundle over Bm from the integers {lj} by

L = ((Cn1+1)× × · · · × (Cnm+1)×)×G C,

where the i-th factor of G = (C×)m acts by

((z1,0, . . . , zm,nm), v) · ai = ((z1,0, . . . , zm,nm) · ai, a
li
i v).



Twisted cube for generalized Bott tower

Ai(x) = Ai(xi+1,1, . . . , xm,nm)

:=

{
lm (i = m)

li +
∑m

j=i+1

∑nj

k=1 c
(k)
i,j xj,k (1 ≤ i ≤ m− 1).

N :=
∑m

j=1 nj .

C :=

x = (x1,1, . . . , xm,nm) ∈ RN

∣∣∣∣∣∣
for all 1 ≤ i ≤ m,
Ai(x) ≤

∑ni
k=1 xi,k ≤ 0, xi,k ≤ 0

or 0 <
∑ni

k=1 xi,k < Ai(x), xi,k > 0

 .

C is called a twisted cube for generalized Bott tower.
When nj = 1 for j = 1, . . . ,m, C is the twisted cube for the Bott tower
which was defined by M. Grossberg and Y. Karshon (1994).



Twisted cube for generalized Bott tower

sgn(xj,k) :=

{
−1 (xj,k ≤ 0)

1 (xj,k > 0).

The function ρ0 : RN → {−1, 0, 1} is defined by

ρ0(x) =

{
(−1)N sgn(x1,1) · · · sgn(xm,nm) ifx ∈ C

0 elsewhere.

This function is called the density function of the twisted cube.



Example of the twisted cube (1)

m = 3, nj = 1 for j = 1, 2, 3
l1 = 1, l2 = 1, l3 = 2,

c
(1)
1,2 = −1, c

(1)
1,3 = 2, c

(1)
2,3 = −1


−2 ≤ x3,1 ≤ 0

−1 + x3,1 ≤ x2,1 ≤ 0

−1 + x2,1 − 2x3,1 ≤ x1,1 ≤ 0 or 0 < x1,1 < −1 + x2,1 − 2x3,1

· · · the lattice point of ρ0 = 1
· · · the lattice point of ρ0 = −1
· · · not contained in C1



Example of the twisted cube (2)

m = 2, n1 = 1, n2 = 2
l1 = 2, l2 = 2

c
(1)
1,2 = 1, c

(2)
1,2 = 2

{
−2 ≤ x2,1 + x2,2 ≤ 0, x2,1, x2,2 ≤ 0

−2− x2,1 − 2x2,2 ≤ x1,1 ≤ 0 or 0 < x1,1 < −2− x2,1 − 2x2,2

· · · the lattice point of ρ0 = 1
· · · the lattice point of ρ0 = −1
· · · not contained in C2



Multiplicity function of virtual character

Now, consider the torus action as follows:
T = TN+1 = S1 × · · · × S1 ↷ L:
(t1,1, . . . , tm,nm , tm+1) · [z1,0, . . . , zm,nm , v] =
[z1,0, t1,1z1,1, . . . , t1,n1z1,n1 , . . . , zm,0, tm,1zm,1, . . . , tm,nmzm,nm , tm+1v].
Let OL be the sheaf of holomorphic sections.
The virtual character is the function χ : T → C which is given by

χ =
∑

(−1)iχi

where χi(a) = trace{a : H i(Bm,OL) → H i(Bm,OL)} for a ∈ T .
Every µ in the integral weight lattice l∗ ⊂ it∗ defines a homomorphism
λµ : T → S1. We can write

χ =
∑
µ∈l∗

mµλ
µ.

The coefficients are given by a function mult : l∗ → Z, sending µ 7→ mµ,
called the multiplicity function.



Multiplicity function of virtual character

Theorem

Fix integers {c(k)i,j } and {lj}. Let L → Bm be the corresponding line

bundle over a generalized Bott manifold. Let ρ0 : RN → {−1, 0, 1} be the
density function of the twisted cube which is determined by these integers.
Consider the above torus action of T . Then the multiplicity function for
l∗(∼= ZN )× Z is given by

mult(α, k) =

{
ρ0(α) (k = 1)

0 (k 6= 1).

Remark

When Bm is a Bott manifold, the above theorem was proved by M.
Grossberg and Y. Karshon (1994).



Example

Now, consider the twisted cube C1.

The blue dots and the red dots
correspond to the integral weight
lattice µ. Then the virtual char-
acter is

χ = λe4 + λe4−e1,1 + λe4−e2,1 + λe4−e2,1−e1,1 + λe4−e2,1−2e1,1

+ λe4−e3,1 + λe4−e3,1−e2,1 + λe4−e3,1−e2,1−e1,1 − λe4−2e3,1+e1,1

− λe4−2e3,1+2e1,1 − λe4−e3,1−e2,1+e1,1 + λe4−2e3,1−3e2,1 ,

where {e1,1, e2,1, e3,1, e4} is the standard basis of R4.



Example

L(C) : the number of the lattice points with sign of twisted cube C
= the number of the terms λµ with multiplicity in the virtual character χ.
When C = C1,

L(C1) = 9 + (−3) = 6.

We hope to compute the number of lattice points of a twisted cube for a
(generalized) Bott tower in general case.



References

[GK] M. Grossberg, and Y. Karshon, Bott towers, complete
integrability, and the extended character of representations, Duke
math. J., 76(1) (1994), 23–58.


