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0. Introduction and Acknowledgements

Let G be a Lie group and X be a smooth manifold. A smooth map ¢ : G x X — Xis
called a (smooth) G-action on X if it satisfies the following two properties:

(1) @(e,x) = x for the identity element e of G and all x € X;

(2) o(g,9(h,x)) = @(gh,x) forall g,h € G and x € X.

We call a triple (G, X, ¢) a (smooth) transformation group.

A transformation group naturally appears in mathematics as the group of automor-
phisms of a manifold with a geometric structure such as a riemaniann metric, for instance
the group of affine transformations on a Euclidean space or the group of rotations on
a standard sphere. The first mathematician who recognized the importance of a trans-
formation group from the geometrical point of view was Felix Klein. He proposed in
his Erlangen program (in 1872) that geometry is the study of structures invariant under
a group action. Since then, the theory of transformation groups has become one of the
main research areas in mathematics.

In this thesis we consider the classification problem of transformation groups and its
related topics. The first part of the thesis (Part 1) deals with classification of compact Lie
group actions on a rational cohomology complex quadric with codimension one princi-
pal orbits. To classify those actions, we use a method developed by Wang [Wan60] and
Uchida [Uch78]. This method is useful not only to construct interesting examples of com-
pact Lie group actions with codimension one principal orbits but also to classify those
actions.

The second part of this thesis (Part 2) is about equivariant cohomology. The equivariant
cohomology H{ (X) of a manifold X with G-action is defined to be the ordinary cohomol-
ogy of Xg := (EG x X)/G where EG is a universal G-bundle and the G-action on EG x X
is the diagonal one. The space Xg is called the Borel construction of X. Equivariant coho-
mology contains a lot of information about actions and is a useful invariant to distinguish
transformation groups. It is not easy to compute the equivariant cohomology Hg (X), but
when G is a torus T and H°%¢(X) = 0, Goresky, Kottwitz and MacPherson [GKM98] de-
scribed the image of the restriction map H%(X) — H%(XT) to the fixed poit set X" under
certain condition. Since the restriction map above is injective because H°4¢(X) = 0, their
result provides a method to compute H3}(X). Motivated by this result, Guillemin and
Zara [GZ01] introduced the notion of GKM-graph (I, «, 0) and its equivariant graph coho-
mology Hj (T} «), which is purely combinatorial, in such a way that H}(X) is isomorphic to
H3 (T, «) where (I} , 0) is the GKM graph associated with X. In Part 2, we introduce the
notion of a hypertorus graph and its equivariant graph cohomology similarly to Guillemin-
Zara’s GKM graph. A hypertorus graph includes a GKM graph which is associated by
the hypertoric or the cotangent bundle of the torus manifold. A hypertorus graph is not
necessarily a Guillemin-Zara’s GKM graph and one can expect to build a new bridge
between topology and combinatorics as in [GZ01] and [MMPO05].
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Part 1

Classification of compact transformation groups
on complex quadrics with codimension one orbits



1. Introduction of Part 1

One of the central problems in transformation groups is to classify compact Lie group
actions on a fixed smooth manifold M such as a sphere and a complex projective space.
Unfortunately the problem is beyond our reach in general, but it becomes within our
reach if we put some assumption on the actions. For instance, when the actions are tran-
sitive, M is a homogeneous space and the problem reduces to finding a pair of a compact
Lie group G and its closed subgroup H such that G/H = M. As is well known, there are
a rich history and an abundant work in this case (e.g. [BH58], [MS43]). In particular, the
transitive actions on a sphere are completely classified. The complete list can be found in
[Aso81] and [HH65].

The orbit of a transitive action is of codimension zero. So we are naturally led to study
actions with codimension one principal orbits. In 1960 H. C. Wang ([Wan60]) initiated the
work in this direction. He investigated compact Lie group actions on spheres with codi-
mension one principal orbits. In 1977 F. Uchida ([Uch77]) classified compact connected
Lie group actions on rational cohomology projective spaces with codimension one prin-
cipal orbits. The same problem has been studied by K. Iwata on rational cohomology
quaternion projective spaces ([Iwa78]), on rational cohomology Cayley projective planes
([Iwa81]) and by T. Asoh on Z,-cohomology spheres ([Aso81]).

The purpose of Part 1 is to classify compact connected Lie group actions on a ratio-
nal cohomology complex quadric with codimension one principal orbits. The complex
quadric Q, of complex dimension r is a degree two hypersurface Y, zZ = 0 in the com-
plex projective space P, (C) of complex dimension r + 1. The linear action of SO(r + 2)
on P, 1(C) leaves Q, invariant and is transitive on Q,. When r is odd, Q. is a rational co-
homology complex projective space and this case is already treated by Uchida ([Uch77])
mentioned above. Therefore we assume that r = 2n, i.e., our rational cohomology com-
plex quadric is of real dimension 4n.

A pair (G, M) denotes a smooth G-action on M and we say that (G, M) is essentially
isomorphic to (G', M) if their induced effective actions are isomorphic. Our main theorem
is the following.

MAIN THEOREM 1. Let M be a rational cohomology complex quadric of real dimension 4n
and let G be a compact connected Lie group. If (G, M) has codimension one principal orbits, then
(G, M) is essentially isomorphic to one of the pairs in the following list.



n | G | M | action |

n>2 SO(2n+1) Qan SO2n+1) —» SO(2n +2)
n>2 Un+1) Qon Un+1) —SO(2n+2)
n>2 SUm+1) Qan SUn+1) — SO(2n+2)
n=2m—12>1| Sp(1) x Sp(m) Qsm—2 Sp(1) x Sp(m) — SO(4m)
7 Spin(9) Qus Spin(92) — SO(16)
3 G2 Qs G2 — SO(7) — SO(8)
2 S(U(3) x U(1)) Q4 S(U(3) x U(1)) — SO(6)
2 Sp(2) S7 Xsp(1) P2(C) Sp(2) acts transitively on S’
G, acts naturally and T' acts
3 Gy, x T Gr(2,0) by the induced action from the
canonical SO(2)-action on Q?

Here S” X (1) P2(C) denotes the quotient of S” x P2(C) by the diagonal Sp(1)-action where Sp(1)
acts on S’ canonically and on P,(C) through a double covering Sp(1) — SO(3). The manifold
S” xsp(1) P2(C) is not diffeomrophic to Q4 (Proposition 6.2). Gg(2,Q) denotes a Grassmann
manifold consisting of real 2-planes in the Cayley numbers Q. It is diffeomorphic to Qg (see
Section 7.2).

Closed connected subgroups of SO(r + 2) whose restricted actions on Q, have codi-
mension one principal orbits are classified by Kollross [Kol02]. Comparing his result with
our list above, we see that the action of G, x T' on Gg(2, Q) = Qg in the list does not arise
through a homomorphism to SO(8).

There are some works on compact connected Lie group actions with codimension two
principal orbits, see [Nak84] and [Uch77], but the actions get complicated according as
the codimension of principal orbit gets large. The classification of compact connected Lie
group actions with codimension two principal orbits is studied by Uchida ([?]) on rational
cohomology complex projective space. Nakanishi ([Nak84]) completed the classification
of homology spheres with an action of SO(n), SU(n) or Sp(n).

The organization of Part 1 is as follows. In Section 2 we review a key theorem by F.
Uchida on compact connected Lie group actions on M with codimension one principal
orbits. It says that if H'(M;Z,) = 0, then there are exactly two singular orbits and M
decomposes into a union of closed invariant tubular neighborhoods of the singular orbits.
In Section 3 we compute the Poincaré polynomials of the singular orbits. To do this,
we distinguish three cases according to orientability of singular orbits. In Section 4 we
determine the possible transformation groups G from the Poincaré polynomials using a
well known fact on Lie theory([TM]). We also recall some facts used in later sections
and state an outline of our steps to the classification. Section 5 through 10 are devoted to
classifying the pairs (G, M). By looking at the slice representations of the singular orbits,
we completely determine the transformation groups G and the tubular neighborhood of
singular orbits. Then we check whether the G-manifold obtained by gluing those two

9



tubular neighborhoods along their boundary is a rational cohomology complex quadric.
Finally we give all actions in Section 11.

2. Preliminary

In this section, we present some basic facts on a complex quadric and the key theorem
to solve the classification problem on a rational cohomology complex quadric. Let us
recall the definition of complex quadric.

Definition(complex quadric Q,).

Qr = {zeP.y(C) |Zé—|-2%+-"+23+1 =0}
= SO(r+2)/SO(r) x SO(2),
wherez = [zg:2z7:...:2.41] € Prq(C).
A simply connected closed manifold of dimension 2r is called a rational cohomology

complex quadric if it has the same cohomology ring as Q. with Q coefficient. It is well
known that the rational cohomology ring of Q,, is given by

H*(eru(@) - Q[C>X]/(Cn+] — CX, XZ) C2n+]))

where deg(x) = 2n, deg(c) = 2.

Let us recall the key theorem about the structure of (G, M).

THEOREM 2.1 (Uchida[Uch77] Lemma 1.2.1). Let G be a compact connected Lie group and
M a compact connected manifold without boundary. Assume

H] (Mv ZZ) - O)
and G acts smoothly on M with codimension one orbits G(x). Then G(x) = G/K is a principal

orbit and (G, M) has just two singular orbits G(x;) = G/K; and G(x2) = G/K,. Moreover there
exists a closed invariant tubular neighborhood X of G(xs) such that

M:X]UXZ and X1ﬂX2:aX1 :aXZ

Note that X, is a k,-dimensional disk bundle over G/K; (ks > 2). The following Figure
2.1 is an image of our manifold.
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G/K1 6/Ko

)\

G/K
FIGURE 2.1. The image of Theorem 2.1

3. Poincaré polynomial

Let M be a rational cohomology complex quadric and G a compact connected Lie
group which acts smoothly on M with codimension one principal orbits. Then the pair
(G, M) satisfies the assumptions of Theorem 2.1. Therefore M is devided into X; and X,
where X; is the tubular neighborhood of singular orbit G/K; (i = 1, 2). Let us calculate
the Poincaré polynomial of the singular orbits G/K; and G/K;.

First we prepare some notations. Let f} : H*(M;Q) — H*(X;;Q) be the homomor-
phism induced by the inclusion f, : X; — M and n, a non-negative integer such that
f(c™) # 0 and fi(c™*") = 0 where ¢ € H*(M;Q) is a generator. The following theo-
rem is the goal of this section. The result in the case where the two singular orbits are
orientable is due to an unpublished note by S. Kikuchi.

THEOREM 3.1. If the two singular orbits are both orientable, then these singular orbits satisfy
one of the following.
(1) G/Ks~Pr(C), k; =2n =k, n; =n =n,.
(2) G/K1 ~ Plnfl (C)> G/KZ ~ SZTL) k] = 2) kZ = Zn) ny = 2n—1 y M2 = 0.
(3) P(G/Kg; t) = (T+t (T +t2+- - +t), ki +ky =2n+1,ny =n=n,,s+1 = 3.
If G/K, is orientable and G /K, is non-orientable, then
o G/Kj~Pa1(C),
o P(G/Ky; t) = (14+™), P(G/KS; t) = (1 + ") (1 + ),
° G/Ko -~ S4n—1)
fOI’TL] =2n— 1,TL2 :O,k] :Z,kz =M.
If the two singular orbits are both non-orientable, then
11



e P(G/Kg; t) =1+12 +t4
o P(G/K% t) = (1+t3)(14+t*+t%),
e P(G/K; t) = P(G/K®% t) = (1 +t3)(1 + 2 + t),
fOVTL:k1 :kz :zandTL],le = ], 2.
Here M ~ N means P(M; t) = P(N; t), P(X; t) is the Poincaré polynomial of X, and K° is
the identity component of K.

To prove Theorem 3.1, we will consider three cases according to orientability of two
singular orbits. Before we consider three cases, we shall show the following general
proposition.

PROPOSITION 3.1.

1) ny+ny+ € +€=2n
(2) Ifey =e;=0thenmn; =n, =n.
Q@) Ifer=ey;=1thenny =ny=n—1.

First we show the following three lemmas to prove Proposition 3.1.

LEMMA 3.1. Ifwe put P(Ker f{;t) = )_ t9dim(Ker fd) and P(Im f;t) = }_ t9dim(Im f9)
where Ker fd = Ker(f;) N HY(M;Q) and Im(fJ) = Im(f;) N HY(X,;Q), then the equation
P(X5_s, 0X5_¢;t) — tP(Xs; t) = P(Ker f5;t) — tP(Im f%;t) holds.

PROOF. We get dim(H9(X;_s, 0X;3_5)) = dim(H9(M, X)) by the excision isomorphism.

From this equality and the cohomology exact sequence of (M, X)
c— HT (@) 5 HOM, X @) L5 HIMG Q) 5 HI(XG Q) — -
we get
dim(H9(X;3_,0X3.5)) = dim(Im 897") + dim(Ker f9)
= dim(HY (X)) — dim(Im &) 4 dim(Ker f9).

Hence we have this lemma. OJ

From Lemma 3.1, we can show the following lemma.

LEMMA 3.2. P(Ker fi;t) — tP(Im fi;t) = t*"P(Im f3;t 1) — t*"'P(Ker f3;t 7).

PROOF. By the Poincaré-Lefschetz duality and the universal coefficient theorem we
get HI(X,) ~ H™9(X;, 0X,). Hence P(X;;t) = t*"P(X;, 0Xs;t7'). From Lemma 3.1 we get
P(Ker f];t) — tP(Im f};t) = P(X3,0Xy;t) — tP(X5;t)
= t"P(Xgt ) —t™TP(Xy, 05t )
= "R, 0X ) — tP(Xg )
= —t"™UP(Ker f5;t7) —t '"P(Im f35;t 7))
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Because H*(M; Q) ~ H*(Q2n; Q), we get the following equations.
LEMMA 3.3. Put e, = 1if f{(x) # Afi(c™) forall A € Q, es = 0 otherwise. Then we have

P(Imf:t) = 1+t2 4+ +t"™ 4 et and
P(Ker fi,t) = ™% 4. 41 4 (1 — e )t*™

So we can prove Proposition 3.1.

Proof of Proposition 3.1. From Lemma 3.2 and 3.3, we get the following equation

t2n1+2(] + tZ NS t4n—2n1—2) + (] _ €1)t2n _ t(] + tZ N t2n1) _ €1t2n+1
— t4n(~| + th 4t thnz) + ethn - t(t4n72n272 4t tZ + ]) o (] o Gz)tszr].
Put t = 1 then we get the first statement in Proposition 3.1. Moreover put ¢; = €, = 0 and

compare the degree of this obtained equation by using the first statement then we get the
second statement. The third statement can be proved similarly.

|

Let us consider three cases according to orientability of two singular orbits.

3.1. Both singular orbits are orientable.

Suppose the two singular orbits G/K; and G/K; are orientable. First we prove the
following equality.

LEMMA 3.4. Assume ks is the dimension of the normal bundle of G/K, and s +1 = 3, then
the following equation holds.

(1 =t 2)P(G /K t)
= (1+t DHPImf5t) +t "P(Im 1)) —t (1 +t*)P(M; ).

PROOF. By the Thom isomorphism, we get t*P(G/Ks;t) = P(X;, 0X,;t). Since X, is a
deformation retract to G/Ks, P(Xs;t) = P(G/Ks;t). Hence by Lemma 3.1, t*P(G/K,;t) —
tP(G/Kg;t) = P(Ker 3;t) — tP(Im f%;t). Moreover we get P(G/K;;t) = t*7'P(G/K;t) —

t'P(Ker f7;t) + P(Im f7; ). Using these equations and P(Ker f#;t) = P(M;t) — P(Im f%; t),
we can easily check the above equation. O

Putting t = —1 in Lemma 3.4, we get (1 — (—1)12)x(G/K,) = (1 — (—=1)*)x(M)
where x(X) is the Euler characteristic of X. From this equation, we see

LEMMA 3.5. If ki —k; is even, then ki and k, are even. Hence the case k; = k,; = 1(mod 2)
does not occur.

Next we consider two cases.
13



3.1.1. Thecasee1 =€, =0and e; = ¢, = 1.
If ey =e; =0thenn; =n, =nandif e; = e, =1thenn; =n, = n—1Dby Proposition
3.1. By Lemma 3.3 and 3.4 we have the following equation

G.1) fo(t) = (1 +t )1 =t Na(n)

where a(n) =1+ t2 4+ --- +t? and f,(t) = (1 — t“T%2=2)P(G /K ; 1).
Suppose k; = k, = 0(mod 2). Dividing both sides of the equation (3.1) by 1 + t and
putting t = —1, we get x(G/K;) # 0 for s = 1, 2. Now we have the following lemma.

LEMMA 3.6. If x(G/Ks) # 0, then the Poincaré polynomials P(G/Ks;t) are even functions
fors =12, thatis, P(G/Kg;t) = P(G/Kg; —1).

PROOF. If x(G/Ks) # 0, then we have rank K? = rank G (see [TM] Chapter III). Hence
Hed4(G/K?; Q) = 0 from [TM] Theorem 3.21 in Chapter VIL Sine the induced map

H*(G/Ks; Q) — H(G/KS; Q)

is injective, the Poincaré polynomials P(G/K;;t) and P(G/Kj;t) are even functions. O

From this lemma, we see (1 +t~1)(1 —t"1) = (1 —t*1)(1 4+ t2»1) by the equation
(3.1). Consequently we have k; = k; = 2n and G/K; ~ P,,(C) because P(P,(C);t) =
1+t% +--- + t*™. This means Theorem 3.1 (1).

Suppose k; is even and k; is odd. Then both sides of the equation (3.1) are divisible
by 1 — t. Hence we have x(G/K;) # 0. So P(G/K;;t) is an even function. Compare even
degree terms and odd degree terms of the equation (1) then we have k; + k, = 2n + 1,
P(G/K:t) = (1 4+t a(n) and P(G/K3;t) = (1 + t“ ") a(n). This means Theorem 3.1
(3). If kg is odd and k; is even, then we get a similar result.

By Lemma 3.5, there does not exist the case that k; and k, are odd.

3.1.2. Thecase €1 =0and e; = 1.
By Proposition 3.1, Lemma 3.3, Lemma 3.4 and n; +n, = 2n — 1, we easily get

32  fi(t) = -t )a(ng) + (12T — M )a(ny) — V(T - £42),
(3.3) fo(t) = (1 =t ) a(ny) 4+ (t9 T — 2™ ) a(ny) + (1 — t972).

Suppose k; = k; = 0(mod 2). Dividing both sides of (3.2), (3.3) by 1 + t and putting
t =—1,wesee P(G/Ky;t) and P(G/K;;t) are even functions by ks > 2. So ky = 2n, + 2 by
comparing the odd degree terms in (3.3). Hence n, = 0 by comparing the maximal degree
terms in (3.3). Son; = 2n — 1 and k; = 2. From (3.2), we see k, = 2n. Consequently
G/K;i ~ Pon_1(C) and G/K, ~ S?™. This result is Theorem 3.1 (2).

Suppose k; is even and k; is odd and put t = —11in (3.2). Then we see P(G/K;;t) is an
even function. So we get

(3.4:) P(G/K] N ‘t) — a(n] ) —+ tk2_1 a(nz) + th—H—kz )
14



Hence dim G/K; = max {2ny, k; — 1 + 2n,, 2n — 1 + ky}. If dim G/K; = 2n,; then
ko —1=2n; — (k — T4+ 2n,) or 2n; — (2n — 1 + k) because of the inequality n > 2, the
Poincaré duality about G/K; and the equation (3.4). Hencek, — 1 =n; —n, orn; — n.
Since n;+n; = 2n—1, n;—n, is an odd number. Thereforek,—1 =n;—mn =n-—n,—1lisan
even number. But in this case n = n, from the Poincaré duality. Hence dim G/K; # 2n;.
If dim G/K; = k; — 1 4 2n,, then 2(n, — n) = k; — 1 and n, = n from the Poincaré
duality. This is in contradiction to k, > 2. Hence dim G/K; = 2n — 1 4 k;. In this case
ko —1>2n+ 2 = 2n, + 2 from the Poincaré duality. So we see dim G/K; > 4n + 2. This
is a contradiction. Hence the case k; is even and k; is odd does not occur.

Suppose k; is odd and k; is even. In this case we get P(G/Kz;t) = a(ny)+t“ Ta(ny) +
t>" from (3.3). One can easily show that this case does not occur similarly from the
Poincaré duality.

By Lemma 3.5, there does not exist the case that k; and k; are odd.

3.2. Preparation for non-orientable cases.
In order to prove two non-orientable cases in Theorem 3.1, it is necessary to show the
following proposition.

PROPOSITION 3.2. If G/K; is non-orientable, then we have
P(G/K$;t) = (14+t2)P(G/Kyt),
P(G/K%t) = (14+t7)P(G/Kyt) — P(ny,nat) —ex(1—ep) (T4t )7,
where

t2n1+1 _|_ t2n1+2 _|_ . _|_ thz n <n
P(ny,nait) = { 0 En: > ni%

The goal of Section 3.2 is to prove Proposition 3.2. Our proof is essentially due to
Uchida ([Uch77] 2.4, 2.5 and 2.6).
First of all we show the following lemma.

LEMMA 3.7. Ifky > 2, then G/K; is simply connected, hence K, is connected.

PROOF. We see (M) = m(G/K;) from k; > 2, the transversality theorem ([B]82]
(14.7)) and Theorem 2.1. Hence G/K; is simply connected. So K, = K9 because a canonical
map G/K9 — G/K; is a finite covering. O

Next we show the following two lemmas (Lemma 3.8 and 3.9) which just come from
the condition k; = 2.

LEMMA 3.8. If ky = 2, then Ry = id : H*(G/K°; Q) — H*(G/K® Q) for all k € K, where
Ry : [g] — [gk] and R} is an induced homomorphism of Ry.
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PROOF. First we assume k, > 2. Then K; is connected from Lemma 3.7. Because
K;/K =SS! by ki = 2, there is a connected central one dimensional subgroup T in K; such
that

Kc Ky =T-K°.

We take a continuous mapping u : [0,1] — T such that u(0) is the identity in T and
u(1) =u € T. Because each u(t) € T commutes with each element in K, a homotopy

H;: G/K° — G/K°

can be defined by H(gK°) = gu(t)K°. For each k € K, there are u € T and k' € K° such
that k = uk’. Hence there is u € T such that Ry = R, for each k € K. Since H, is the
identity and H; = Ry = Ry for each k € K, R} is the identity map.

Next we assume k; = 2. By Theorem 2.1, we can put X, the invariant tubular neigh-
borhood of G/K; (s = 1,2) in M such that M = X; U X; and X; N X, = 0X; = 0X,. Let
is : X3 N Xz — X, be the inclusion. Then the induced homomorphism 1is, : 711 (X3 N X;) —
M (Xs) is surjective by the transversality theorem ([BJ82] (14.7)). Thus there is a natural
surjection

he @ (X)) >~ (X N Xz)/(Ker is.) — m (X N Xz)/(Ker iy,) - (Ker i2,)
such that the following diagram is commutative.
Mm% NXy) 5 m(Xy)

iZ* i ~L h’]
M (X2) 125 (Xy N Xp)/(Kerdy, ) - (Keris,,)

Then there is a surjection
7 (X7 U X2) — m (Xy N Xz)/(Ker iy,) - (Ker iy,)

by the van Kampen’s theorem. But M = X; UX; is simply connected. Hence 71 (X;NX;) =
(Ker 1i.)(Ker i,,). On the other hand, the inclusion i; is homotopy equivalent to the
projection ps : G/K — G/K;. Thus we have

m(G/K) = (Ker p1.) - (Ker pa.).
From homotopy exact seqences for the principal bundles
G— G/K and G — G/Kj,

we have a commutative diagram

m(G) — m(G/K) -2 K/K°
lid L Pss Lt
m(G) — m(G/K) 5 K,/K°
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where 0 and 6, are surjective homomorphisms because of 7y(G) = {e}. Thus we have
from 7;(G/K) = (Ker p1.) - (Ker pa2.),
K/K? = 08(m(G/K)) = 0((Ker pi.) - (Ker p2.))
= 0O((Kerp1.)) - 0((Ker p2.)) C (Ker y) - (Ker 1) C K/K®

Therefore
K/K® = ((K§ NK)/K®) - ((K$ NK)/K®) C (K§/K°) - (KS/K),

because Ker 1, = (K°NK)/K°. Moreover we see K is a normal subgroup of K by K, /K = S'.
Hence there is a connected subgroup T C K{K$ of G such that K C T-K°. So we can prove
Lemma 3.8 for k, = 2 similarly to the case k; > 2. O

From Lemma 3.8, we can show the following lemma.

LEMMA 3.9. Ifky = 2, then H*(G/K2; Q) = Im(q) + Ker(p2*) (possibly non direct sum),
where q} and pg* are induced from q : G/KS — G/K and pe: G/K0 — G/KS.

PROOF. The natural map K?/K° — K;/K is a surjection because K;/K = K¢/K° is a
(ks — 1)-sphere. So we see Ky = K¢K. In particular for each a € K, there exists k € K such
that R, and Ry are homotopic by the connectedness of K. Hence R}, = Ry : H*(G/K2; Q) —
H*(G/K?; Q). By Lemma 3.8 we can consider the following commutative diagram,

H(G/K:Q) ™5 HY(G/K%Q)
Re=Rgl Rg=id |
H(G/K$Q) *= H*(G/K%Q),
for all a € K. So we have p*(u) = p2*(R:(u)) for u € H*(G/K?;Q) and a € K. Kg/K¢

acts on H*(G/K?; Q) by R} for k € K, /K. Then we easily see Im(q?) = H*(G/K2; Q)Ks/K<.
Hence R,’Q(v) = v for all k € K,/K¢ and v € Im(q}). Moreover if we put K;/K? =

{ki,--+ , k. then Ry (u) +--- + Ry (u) € Im(qj) for all u € H*(G/K; Q). Therefore there
isx € H*(G/KS,Q) such that p* o qi(x) = p*(u). So we see Im(p2*) = Im(pd* o q).
Consequently we get the equation H*(G/K¢; Q) = Im(q¥) + Ker(pg*). O

Put Jx = q3H*(G/K3;Q) and ] = &Jx. Next we show properties about this | in the
following two lemmas (Lemma 3.10 and 3.11) by using Lemma 3.9.

LEMMA 3.10. Let x be the rational Euler class of the oriented (k; — 1)-sphere bundle G /K° —
G/KS. If ki = 2, then Ker(pS*) =] - x + ] - xX*.

PROOF. From the Thom-Gysin exact sequence about pg : G/K° — G/KS$ that is,

PE Hatke1(G/KS) 25 HI(G/KS) X5 HIte (G/KS) 225 Hatke (G /Ko) s
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we see Ker(p3?) = H9%2(G/K9; Q)-x. By Lemma 3.9 H97%2 (G /K$; Q) = J4 i, +Ker(p59 ).
So we have Ker(p5?) = Jq 1, X+ Jq 21, X2+ -+ Jq-nk, - X" for some integer N. Because
of the following bundle mapping

G/Ke 25 G/Ke

L p3 Lp3

G/KS =5 G/KS,
we see Ri(x) = x or —x for k € K. Hence R (x?) = x*. Since the equation ] = Im(q3) =
H*(G/K$; Q)*2 holds, we have x* € J. So we get the equation Ker(pS*) =] -x+ ] x> O

We remark that non-orientability of G/K; is not assumed in Lemma 3.7 through 3.10
unlike Proposition 3.2. From now on we assume G/K; is non-orientable. Then k; = 2
from Lemma 3.7.

LEMMA 3.11. The following two properties hold.

(1) dim(Ker(p$*)) = dim ] + dim(] N Ker(p$*)).

2)]-xNnJ-x*=0,7-x* =JNKer(ps*) and the homomorphism E : ] — Ker(pS*) is
injective, where E is defined by E(y) =y - x.

PROOF. First we show the property (1) by proving two inequality. From Lemma 3.9
we get dim H*(G/K9;Q) = dim | + dim(Ker(p9*)) — dim(J N Ker(p9*)). Since G/K; is
non-orientable, there is k € K, such that Ry : G/K9 — G/K$ reverses an orientation. So
we see 2dim H*(G/Ky; Q) < dim H*(G/K$9; Q). Since q; : H*(G/K2; Q) — H*(G/KS$; Q) is
an injective map, dim | = dim H*(G/K;; Q). Hence we get

dim J < dim(Ker(p3*)) — dim(J N Ker(p5*)).

From Lemma 3.10 we get x* € J and Jx? C Ker(p3*). So J-x*> C JNKer(pS*). Moreover

we easily see dim(] - x) < dim J. Hence we get
dim(Ker(p5*)) < dim ] 4+ dim(] N Ker(p5*)).

So we have the property (1) from the two inequalities above .

Next we show the property (2). From the equation (1), we have dim(J - x) = dim ]
(so we get the injectivity of E) and dim(] - x*) = dim(J N Ker(p3*)) (so we get J - x* =
J N Ker(pS*)). From Lemma 3.10 Ker(p9*) =] - x +J - x* and J N J - x = {0}. Hence we get
the property (2). O

From Lemma 3.10 and 3.11, we can prove the following equation.

PROPOSITION 3.3. P(G/K9;t) = (1 + t%2)P(G/Ky; ).

PROOF. From Lemma 3.11, we see dim ] = dim(Ker(p$9*)) — dim(] N Ker(p9*)). More-
over from Lemma 3.10 and 3.11 we have the equation

Ker(p3*) =] -x @] NKer(p3").
18



Since x € H*2(G/K$; Q) and dim H*(G/Ky; Q) = dim J, by the equation above we get

(3.5) P(Ker(p3*);t) = t“2P(G/Ky; t) + P(J N Ker(pg*); t).
Comparing the equation (3.5) with P(G/K9;t) = P(Im(q3});t) + P(Ker(p$*);t) — P(J N
Ker(p9*);t), we get P(G/KS;t) = (1 + t*2)P(G/Ky; t) from the injectivity of 3. O

This result is a part of Proposition 3.2.
Next we show the following equation.
PROPOSITION 3.4. P(G/K®t) = (1 4+t 1)P(G/Ky;t) — (1 +t 1)P(J N Ker(ps*); t).
PROOF. From the Thom-Gysin exact sequence of p$ : G/K® — G/K$ that is
PE) Hatle (G /KS) 2 HI(G/KS) =5 HIHR2(G/KS) 25 Hatka (G /Ko) 25,

we easily get

(3.6) P(Im(5");t) = P(G/K3;t) —t72P(Ker(p3");t),
(3.7) P(G/K%t) = t<7'P(Im(5*);t) + P(Im(p3*); t).
From Lemma 3.11 and the injectivity of g3,

(3.8) PIm(p3");t) = P(G/Ky;t) — P(J N Ker(p3™); t).

Substituting (3.7) for (3.6) and (3.8), we obtain the equation
P(G/K%t) = t“7'P(G/K3it) — t~'P(Ker(p3");t)
+ P(G/Kyt) — P(J N Ker(p3);t).

Moreover substituting the equation above for (3.5) and P(G/K$;t) = (1 + t*2)P(G/Ky; 1),
the identity of the proposition follows. O

Let us concentrate on the term (1 4+ t')P(J N Ker(p$*);t). Consider the following
commutative diagram
H(G/K5Q) 5 H(G/KQ)
q; 1 q-l
H'(G/K$Q) = H'(G/K%Q),
where q* is the induced homomorphism from the natural covering map q : G/K°® — G/K.
Now g3 is an injection and moreover we show

LEMMA 3.12. g*: H*(G/K; Q) — H*(G/K®°; Q) is an isomorphism.

PROOF. Let ¢' : H*(G/K°;, Q) — H*(G/X;Q) be the transfer of the covering map q :
G/K° — G/K. From Lemma 3.8 R} = id : H*(G/K°Q) — H*(G/K%Q), so q* o ¢' :
H*(G/K® Q) — H*(G/K? Q) is r times map where 1 is the covering degree of q. Hence g*
is surjective. The injectivity of q* is well known. So q* is an isomorphism. O
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Hence we have Ker(p3) = Ker(p9* o g3) ~ Im(q3) NKer(p9*) = J N Ker(p3*). So we see
P(J] NKer(p9*);t) = P(Ker(p3);t). The inclusion i, : X; N X; — X is homotopy equivalent
tops : G/K — G/K,, hence i; = p;. Considering the following commutative diagram
from the cohomology exact sequences of (M, X;) and (X;, X; N X;) and the excision iso-
morphism

H(MX)  — H(M) 5 H(X)
~| 51 i |

H (X2, X NX2) — HA(Xa) =5 HY (XN X)),
we get f;(Ker(f])) = Ker(i;) by this diagram. Hence we obtain the following equations
from the definition of n; and n,, that is f:(c™) # 0 and f,(c™"') =0,

P(Ker(i3);t) = 22 4 422 ey(1 — )t (g < my)
and forn; > n,
P(Ker(i});t) = e2(1 — )t*™.

Because of the two equations above, P(] N Ker(p9*);t) = P(Ker(i3);t) and Proposition ??,
we complete the proof of Proposition 3.2.

3.3. G/K; is orientable, G/Kj; is non-orientable.

Let us prove where the case one of singular orbits is orientable and the other is not so
in Theorem 3.1. Assume G/Kj is orientable and G/K; is non-orientable.

From Proposition 3.2, we get the following equation.

LEMMA 3.13. t'""P(G /Kyt ") = t22P(G /Ky t).

PROOF. By Proposition 3.2, P(G/KS;t) = (14+t*2)P(G/Ky;t). From the Poincaré duality
of G/K$, we see P(G/KS;t71) = tF2=4"P(G/K3; t). O

Since G/K; is non-orientable, we see k; = 2 by Lemma 3.7. Hence we can show the
following equation.

LEMMA 3.14. P(G/K3;t) = tP(G/Kq;t)+a(ny)—t™2 a(2n—m,—1)+t 1 (ex+te,—1).

PROOF. Since k; = 2, we see dim G/K; = 4n — 2. By the Poincaré-Lefschetz duality
and X is a deformation retract to G/Kj,

HY(X3,0X1;Q) = Han_q(X1;Q) = Han_4(G/K1; Q) = HY2(G/Ky; Q).

So we get the equality P(X;, 0Xy;t) = t*P(G/Ky;t).
From Lemma 3.1 and 3.3, we have the equation

P(X1,0Xy;t) — tP(Xa;t)
_ t2n2+2 44 t4n 4 (1 o €2)t2n o t(1 + tz + .+ thz + ethn)
= t"™Ma(2n—mny; — 1) —ta(ny) + (1 — ez — te) ™™
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Putting P(X;, 0X;;t) = t*P(G/Ky;t) and P(X3;t) = P(G/Ky;t) in this equation, we get this
claim. O

From Lemma 3.13 and 3.14, we can get the following proposition.

PROPOSITION 3.5. P(G/Ky;t) is an even function.

PROOF. Multiplying both sides of the identity in Lemma 3.14 by t**27!, we get

271 (G /Ky 1)
= t72P(G/Kq;t) + t?2 Ta(ny) — t?2 M2 q(2n —ny — 1) + 22t 2(e, + te, — 1).
Moreover multiplying both sides of the equation which substitute t ' for t in Lemma 3.13
by t1, we get
t"IP(G /Kyt )
= t"2P(G/Kpt )+t lgmy) —a2n—mno — 1)+t (ea +t e — 1),

By the Poincaré duality of G/K;, P(G/Ky;t) = t™2P(G/Ky;t7'). From the two equations
above, Lemma 3.13 and the equation P(G/K;;t) =t 2P(G/Ky;t7), we get

3.9) (1 —t72)P(G/Ky; 1)
= (1 —ex)t™(1 —t272) — e, (1 — t%2)
+ (Pl g2 hg () 4 (1T — 2™ H2R2)q(2n —ny, — 1).
So we easily see x(G/K;) # 0. Hence P(G/Kj; t) is an even function. O

Since P(G/K;;t) is an even function, it follows from (3.9) that
(3.10) (t¥2 T — 2T hg(n,) — etV (1 — t2*2) =0,
(3.11) (1 =t 2)P(G/Ki;t) = (1 — ex)t?™(1 — t?22) + (1 — tP™2F2%2)q(2n —ny, — 1).

Comparing the minimal degree terms in (3.10), we get k, = min{2Zn —n,, n}. If k;, =
2n —n,, then we see €, = 0 from (3.10). However we see easily x(G/K;) € Z from (3.11)
and k, > 2. So this case does not occur.

Hence k, = n. So we see €; = 1 from (3.10).

If n, # 0, then we see n, = n—1 from (3.10). In this case we can also prove x(G/K;) =
—(1/n) (mod Z) up ton = 2. Hence x(G/K;) ¢ Z. This is a contradiction. Put n = 2, then
wesee G/K; ~P2(C),n, =Tand k, =n =2. Butwesee P(G/Kyt) =1+t +t> +t* —t7
from Lemma 3.14, this contradicts dim H9(X; Q) > 0.

Hence k, =n, €, =1, n, = 0. Consequently G/K; ~ P,,_1(C) from (3.11). So we get
P(G/Kz;t) = 1+ t*™ from Lemma 3.14. By Proposition 3.2, P(G/KS;t) = (1 +t")(1 + t*")
and G/K° ~ S*~1 This is the case that G/K; is orientable and G/K; is non-orientable in
Theorem 3.1.
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3.4. Both singular orbits are non-orientable.
Suppose G/K; and G/K; are non-orientable. By Lemma 3.7 and Proposition 3.2, we
have k; =k, = 2, and
(3.12) P(G/K&t) = (1+t3)P(G/Kst),
(3.13)  P(G/K%t) = (1+t)P(G/Kgt) —P(ny,ngt) —e(1—e)(1 4+t ™"
where

t2n1+1 _|_ tzm +2 _|_ . _|_ thz n <n
P(ny,nyt) = { 0 En: N ni;

3.4.1. The case €1 = €,.
In this case we see 1 = n, from Proposition 3.1. So we get the following two equa-
tions from (3.12), (3.13),

P(G/Ky;t) = P(G/Kyt),
P(G/K%t) = (1+t)P(G/Kgt).
Now we have
P(Im fi5t) =14+ t* 4 -+ t™
from Lemma 3.3 and Proposition 3.1. We can get the following lemma.

LEMMA 3.15. If M is a rational cohomology complex quadric and P(Im f5;t) = 14+t*+-- -+
2" then we have

P(G/Ki;t) + P(G/Kyt) = (1 =t (1 +t2 + - + ) + P(G/K; 1).

PROOF. By the Mayer-Vietoris exact sequence that is
S HIM) R HA(XG) @ HI(X,) — HI(X N Xa) — HIT (M) — -
and the assumptions in the lemma, we see P(Xj;t) + P(Xy;t) = (1 =t (1 +t2 + - +
t2™) 4+ P(X; N X3;t). Since X; is a tubular neighborhood of G/K,, H*(X;) = H*(G/K;) and
X1 N X, = G/K. So we get this lemma. O

Since ks =2 (s =1, 2), we have q* : H*(G/K) — H*(G/K?) is an isomorphism. Hence
X(G/K) = x(G/K°) = 0. Therefore x(G/K;) # 0 (that is P(G/Ks;t) is an even function
from Lemma 3.6) from P(G/K;;t) = P(G/K;;t) and Lemma 3.15. Substituting Lemma
3.15 for P(G/K;t) = P(G/K°t) = (1 4+ t*)P(G/K;; t) and comparing the degrees, we have
n =2, P(G/Kgt) = 1+t +t* P(G/K%t) = (1 +t3)(1 +t? + t*) and P(G/K;t) =
P(G/K%1t) = (1 +t3)(1 +t*> + t*). This is the case where two singular orbits are both
non-orientable in Theorem 3.1.
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3.4.2. The case €1 # €;.
In this case we see n; # n, because n; +n, +1 = 2n (Proposition 3.1). We may assume
€1 =0and e, = 1. From (3.13), fors =1,

(3.14) P(G/K%1) = (14 £)P(G/Ky5t) — P(ng,mist),
moreover for s = 2
(3.15) P(G/K%t) = (1 +t)P(G/Kzt) — P(ny,mpt) — (1 + 7 )t2™
From the Mayer-Vietoris exact sequence, we have the following lemma.
LEMMA 3.16. If M is a rational cohomology complex quadric, then
P(G/Ky;t) 4+ P(G/Ky;t)
= P(G/K;t) =t (T +t"™) (T +t2+ - +t™) +PIm @ )1+t
From this lemma, we have following two lemmas.
LEMMA 3.17. If ny < m,, then we have
P(G/Ki;t) + P(G/Ky;t)
= P(G/K;t) + (1=t (1 42 4 ... 425 M)
R i R R
where m = x(G/K;) — x(G/K;3).
PROOF. Suppose n; < 1n,. Then we have
(3.16) (T4+t)(1 —t+ t9){P(G/Kzt) — P(G/Ky;t)}
= "I+ )1+t + -+ 2 (1 4 )
from (3.14) and (3.15). From this equation

(3.17) X(G/Ki) = x(G/K))=m=3"n;—n; +1) € Z.
Hencen, —n; =3m —1. Since n, + n; = 2n — 1 and n,; > n,, we have
n, = n—ém
oM
n, = n—]—i—ém
2

and m(# 0) is even. Also we have
P(Im(f; @ f3);t) = T4+t> 4 4t 4t
= 14+ tZ 4t t2n72+3m + th.
Hence we can get the equation in this lemma by Lemma 3.16. O

23



LEMMA 3.18. If ny > n,, then we have
P(G/Ki;t) + P(G/Ky;t)
= P(G/K;t) + (1 —&B3m (1 4 2 4 ..o 4 232
oM )
where m' = x(G/K;y) — x(G/Ky).
PROOF. Suppose n; > n,, we get from (3.14), (3.15)
(3.18) (1+t)(1 —t+t)(P(G/Ky;t) — P(G/Kyt))
= 41+ 2+ M) (] et

By this equation
(3.19) X(G/Ky) =x(G/Ki) =m' =37 (n; —mp, — 1) € Z.
Consequently n; —n, =1+ 3m’. So we have
n = n+ §m’
1 — 2 ’
n = n—1-— zm’

and m’ is even, from n; +n, = 2n — 1. Also we have
PIm(f; @ f3);t) = TH+t24+- +t2™ 4+t
= T+t 4 B

Hence we can get the equation in this lemma by Lemma 3.16. 0

Now we see x(G/K) = x(G/K°) = 0 by Lemma 3.12, (3.14) and (3.15).

Hence we have x(G/K;) + x(G/K;) = 2n + 2 by Lemma 3.17 and 3.18. Therefore we
can easily show x(G/K;) # 0 (s =1, 2) by (3.17) and (3.19). So rank (G) = rank (K¢) by
Lemma 3.6. Hence we have H°%4(G/K?; Q) = 0. Therefore we see

H(G/K;Q) =0
because of the equation (3.12). Hence if n; < n, we have from (3.16),
P(G/Kz;t) — P(G/Ky;t) = " ™H2a(3m —2) +t*"
B(P(G/Kyt) — P(G/Kpst)) = 3™ q(3m—2) + 2.
Moreover if n; > n, we have from (3.18),
P(G/Ki; t) —P(G/Ky t) = t"™a(3m/) -t
t(P(G/Ky; t) —P(G/Ky t)) = 3™ Ta(3m/) —t™ .
By comparing the degrees of these equations, we see the case €; # €, does not occur.
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4. First step to the classification

Let G be a compact connected Lie group and U be its maximal rank closed subgroup.
The aim of this section is to find the pair (G, U) from Poincaré polynomials P(G/U;1)
which appeared in Theorem 3.1 up to local isomorphism.

4.1. Equivalence relation.

In this section we mention some notations. First we define an essential isomorphism.

Definition(essential isomorphism) Put H = NyemGy. If the induced effective ac-
tions (G/H, M) and (G’/H’, M) are equivariantly diffeomorphic then we call (G, M) and
(G, M) essential isomorphic.

We will classify (G, M) up to this equivalence relation. Next we define an essentail
direct product.

Definition(essential direct product) Let G;,--- , G; be compact Lie groups, and N be
a finite normal subgroup of G* ~ G; X --- x G;. We say that the factor group G = G*/N
is an essential direct product of G;,--- , Gs; and denote G >~ Gy 0--- 0 Gj.

Note that all compact connected Lie groups are constructed by an essential direct
product of some simply connected compact Lie groups and torus (see [TM] Corollary
5.31 in Chapter V). Because we would like to classify up to essential isomorphism, we can
assume that

GﬁG]X"-XGkXT

for some simply connected simple Lie groups G; and a torus group T. Moreover we can
assume that G acts almost effectively on M where we say that G acts almost effectively on
M, if H = Nyem Gy is a finite group. In this case G acts almost effectively on the principal
orbit G/K, hence we easily see

PROPOSITION 4.1. K dose not contain any positive dimensional closed normal subgroup of
G.

4.2. Candidates for (G, Ky).

The purpose of this section is to find the pair (G, U) such that G is a simply connected
compact simple Lie group and U is its maximal rank subgroup where a rank of Lie group
means a dimension of a maximal torus subgroup. In Theorem 3.1 we get some even
functions P(G/Kj; t). If P(G/Kj;t) is an even function, then rankG = rankK; from Lemma
3.6. The following lemma is well known.

LEMMA 4.1 ([TM] Theorem 7.2 in Chapter V). If G >~ G; x - - - X Gy x T then the maximal
rank subgroup of Gis G’ ~ Gj x - -+ x Gy, x T. Here G/ is the maximal rank subgroup of G;.

Hence we may only find a simply connected compact simple Lie group G and its
maximal rank closed subgroup U to get (G, K;) such that P(G/Kj;t) is even. All such
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pairs (G, U) are known (e.g. [TM], [Wan49]). So we can compute P(G/U;t) by making
use of the following lemma ([TM] Theorem 3.21 in Chapter VII).

LEMMA 4.2 (Hirsch formula). Let G be a connected compact Lie group and U a max-
imal rank connected closed subgroup of G. Suppose H*(G;Q) ~ A(Xzs,41, " ,X25,+1) and
H*(W;Q) ~ A(X2r, 41, ,X2r,+1) where 1 = rank G = rank U and x; is an element of the
i-th degree cohomology. Then P(G/U;t) satisfies the equation

From the above argument we get the following propositions. Note that first three
propositions also were known by Uchida [Uch77] Section 4.2.

PROPOSITION 4.2. If P(G/U;t) = 1+ t2¢, then (G, U) is locally isomorphic to

(SO(2a+1),S0O(2a)) or (G,,SU(3)),a=3.

PROPOSITION 4.3. If P(G/U;t) = 1+ t? + - -+ + 2, then (G, U) is locally isomorphic to
one of the following.

(SU(b+1),S(U(b) x U(1))),
(SO(b+2),SO(b) x SO(2)),b=2m+ 1,

b+1 b—1
(Sp( > ), Sp( >

(G2, U(2)),b=5.

) x U(1)),b=2m 41,
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PROPOSITION 4.4. If P(G/U;t) = (1 + t?9)(1 + t* + -+ + t?Y), then (G, U) is locally
isomorphic to one of the following.

(SO(2m +2),SO(2m) x SO(2)),a=b =m,
(SO(2m+3),SO(2m) x SO(2)),a=m,b =2m + 1,
(SO(7),U(3)),a=b =3,
(SO(9),U(4)),a=3,b=7,
(SU(3),T%),a=1,b =2,
(SO(10),U(5)),a=3,b=7,

(SU(5),S(U(2) x U(3))),a=2,b =4,
(Sp(3),Sp(1) x Sp(1) x U(1)),a=2,b =5,
(Sp(3),U(3)),a=1b =3,
(Sp(4),U(4)),a=3,b=7,

(G2, T?),a=

(

(

PROPOSITION 4.5. IfP(G/U;t) = 1+ t* +t8 +t'2, then (G, U) is locally isomorphic to

(Sp(4),Sp(1) x Sp(3)).
By Theorem 3.1, it is enough to consider above four cases. Before we start the classifi-
cation, we outline the proof of the classification.

4.3. Outline of the proof of the classification.

In this section we state the outline for the classification. To classify (G, M), where G is
a compact Lie group and M is a rational cohomology complex quadric, we will consider
five cases corresponding to five Poincaré polynomials which appeared in Theorem 3.1.
Let us recall the following theorem.

THEOREM 4.1 (differentiable slice theorem). Let G be a compact Lie group and M be a
smooth G-manifold. Then for all x € M there is a closed tubular neighborhood U of the orbit
G(x) = G/Gx and a closed disk Dy, which has an orthogonal Gy-action via the representation
oy : Gy — O(Dy), such that G x¢, Dy = U as a G-diffeomorphism.

We call the representation oy in this theorem the slice representation of G, at x € M.
Since we get candidates of singular isotropy groups in Section 4.2, we compute the slice
representation of the singular isotropy subgroups K; and K; from the differentiable slice
theorem. Then we will decide the transformation group G and two tubular neighbor-
hoods X; = G xi, D* and X; = G xy, D*2 of two singular orbits G/K; and G/K.

Next we construct the G-manifold M up to equivalence by making use of the structure
theorem Theorem 2.1 and the following lemma.
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LEMMA 4.3 ([Uch77] Lemma 5.3.1). Let f,f’ : 0X; — 0X; be G-equivariant diffeomor-
phisms. Then M(f) is equivariantly diffeomorphic to M(f") as G-manifolds, if one of the following
conditions is satisfied (where M(f) = X; Us Xz):

(1) fis G-diffeotopic to f'.
(2) f'f' is extendable to a G-equivariant diffeomorphism on X.
(3) f'f~ is extendable to a G-equivariant diffeomorphism on X3.

From Theorem 2.1, we can put 0X; = G/K. Hence we may assume the gluing map is
in N(K; G)/K, because the set of all G-equivariant diffeomorphisms of G/K is isomorphic
to N(K; G)/K where N(K; G) is a normalizer group of K in G.

Finally we compute the cohomology of the manifold which we constructed. And we
decide whether this manifold is a rational cohomology complex quadric or not. This is a
story of the classification.

The following two figures are images of classifisation.

FIGURE 4.1. Second step of the classification, i.e. compute the slice repre-
sentation and find two tubular neighborhoods X; and X.
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G/K

FIGURE 4.2. Third step of the classification, i.e. compute the gluing map
f:G/K— G/K.

Let us start to find (G, M) from the next section.

5. The two singular orbits are non-orientable

The goal of this section is to prove this case, that is the two singular orbits are non-
orientable, does not occur. By Theorem 3.1, we see P(G/Kg;t) = 1+t*+t* and P(G/K%;t) =
(1+t3)(1 +t* +t*). So rank G = rank KO.

5.1. G/K? is indecomposable.

A manifold is called decomposable if it is a product of positive dimensional manifolds.
In this section we consider the case where G/K? is indecomposable. By Proposition 4.4
(a=1,b=2),wesee G =SU(3) x G’ x T"and K? = T? x G’ x T". Here T? is a maximal
torus of SU(3), G’ is a product of compact simply connected simple Lie groups and T" is
a torus. First we prove the following lemma.

LEMMA 5.1. G = SU(3), K¢ = KS = T? and K; = K,.

PROOF. Because ks = 2, we see K¢/K°® = S'. Hence G’ x T"! C K° from the assump-
tion of G’. Therefore G’ = {e} and h = 0 or 1 from Proposition 4.1.

To show h = 0, let us consider the slice representation o, : Ky — O(2). Since G/K; is
non-orientable, there is an element g; € Ky — K2 such that

Us(gs):((]) _O] )

Since the centralizer of o5(gs) in O(2) is a finite group Z, x Z; and the centralizer of g in
Ks contains {e} x T", we see {e} x T" C Ker(o;lxe) = K° where o;x. is the ristriction to
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K?. Hence h = 0 from Proposition 4.1. Therefore K¢ = TZ? which is the maximal torus of
SU(3). Moreover K; = K; because K C K; N K; and Ky = KK?. O

Next we construct the SU(3)-manifold. To construct the SU(3)-manifold, we will at-
tach two tubular neighborhoods along their boundary. So first we consider two tubular
neighborhoods of two singular orbits. Put the slice representation o, : Ks — O(2) for
s =1, 2. Since we can assume

u 0 0
T2 =K% = 0 v 0 | =(uv,w)eSuU(s3)
0 0w

the restricted slice representation to T is

(5.1) ol ((w, v, w)) = b (u™)p(v™) b (w')

where ¢ : U(1) — SO(2) is a canonical isomorphism and m,n,1 € Z. Now we can easily
check N(T?;SU(3))/T?is

T
100 0 0 —T 0

I=l 010 |,A=[1 0 0 | A= 0
00 1 0 —1 0 —1
-10 0 0 -1 0 0 1

x=|( 0 01 |,p= -1 0 0 |,y=|0 =10 .
0 10 0 0 -1 1 0 0

This group is isomorphic to S3. Hence N(K?; SU(3))/K? D K /K? ~ Z; or S5 (K¢ = T?) by
non-orientability of SU(3)/K;. We have following two lemmas.

LEMMA 5.2. If « € K, then {(0?,u,u) € SU(3)} C Ker(olke).
If B € K, then {(u,u,w?) € SU(3)} C Ker(olko).
Ify € K, then {(u,0?,u) € SU(3)} C Ker(o|ke ).

PROOF. Assume « € K;. The centralizer of « in K contains {(@?,u,u)lu € U(1)}. Then
the slice representation is os(?, u,u) = og(x(w?, u,u)oc') € SO(2). On the other hand
os(o(T?, u, o) = o4(a)os (12, u,u)os ()™ = crs(u2 u,u)”! because os(x) € O(2) —
SO(2). This means o (112, u,u) = {e} for all u € U(1).

Similarly we can show other cases. O
LEMMA 5.3. Ks/K? ~ Z,.

PROOF. If K /K¢ ~ S3, then K, = N(K?%;SU(3)). Hence {«, 3,v,A, A"} C K,;. From
Lemma 5.2, {(0?, u,u), (u,u, @?), (u, @, u)} C Ker(oglke ). So we see

w,v,we U(l),uvw = 1} ,

S O —
ol o
SN—————

(W w,w), (u,u, w?), (u, 0w, u)} C K.

Hence K° = T? because K° is a connected Lie subgroup in K¢ = T2. This contradicts
Ke/Ke = S O
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Moreover we can easily see the following lemma from above lemmas and the equation
(5.1).

LEMMA 5.4. For m € N, we have the following properties.

IF{I, o} = K /KS, then K° = (0%, u,u)} and Oglke (v, u,v) = G(u™)p(v ™).
IF{L, B} = K /K8, then K° = {(u,u, u?)} and Oglke (W, v,uv) = G(u™)p(v ).
If{1,v} = K¢ /KS, then X° = {(u, 0?,u)} and Oslke (W, v, v) = d(u™)p(v™).

We can easily check Ker(o|xs)/K® ~ Z,. Moreover we see o1ly2 = 02[12. Hence we
get the tubular neighborhood

X™ = SU(3) xg, D2,

where Kj acts on the disk D2, by o, : K; — O(2) such that Ker(osko )/K® 2~ Zy,.
Next we consider an attaching map from Xsm) to X(zm). Since the attaching map f is

equivariantly diffeomorphic to G/K, f is in N(K; G)/K. Now the following lemma holds
from Lemma 5.4 and K° = T2.

LEMMA 5.5. N(K;SU(3)) ~ U(2).

Hence the attaching map is unique up to equivalence by Lemma 4.3 (1.). So we see
such an SU(3)-manifold exists for each m € N and

MI™ = SU(3) xx, S*

where K; acts on $? via the linear representation o : Ky — O(2) such that Ker(oglks) /K ~
Z. From above argument, we have the following proposition.

PROPOSITION 5.1. Let M be an SU(3)-manifold which has codimension one orbits SU(3)/K
and two singular orbits SU(3)/Ks (s = 1,2). Then M is SU(3)-equivariant diffeomorphic to
M™ for some m € N.

Finally we show such an SU(3)-manifold M™ is not a rational cohomology complex
quadric.

PROPOSITION 5.2. M™ = SU(3) x, S? is not a rational cohomology complex quadric.

PROOF. If M™ is a rational cohomology complex quadric, then M™ is simply con-
nected. The manifold N = SU(3) xx. S is a double covering of M!™. Hence M(™ = N.
Now N is a fiber bundle over SU(3)/T? = SU(3)/K® with a fiber S* and SU(3)/T? is sim-
ply connected. Hence H*(M(™;Q) ~ H*(N;Q) ~ H*(S%Q) ® H*(SU(3)/T%* Q) because
Hedd(S2: Q) = H°44(SU(3)/T% Q) = 0. Hence H*(M(™):; Q) % H*(Q4; Q). This is a contra-
diction. O

Hence this case does not occur.
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5.2. G/KY is decomposable.
By Proposition 4.2 (a = 1), 4.3 (b = 2), we see that
G=SU(2) x SU(3) x G’ x T,
K =T x S(U(2) x U(1)) x G" x T".

First we prove the following lemma.
LEMMA 5.6. G = SU(2) x SU(3) and K§ =T" x S(U(2) x U(1)) ~ KS.

PROOF. If G/KS is indecomposable, then we see K$ = SU(2) x T?> x G’ x T". Because
K° C K¢NKS and K¢/K°® = S! for s = 1,2, this is a contradiction. So G/K$ is decomposable.
Hence we have K¢ ~ K9, G’ = {e} and h = 0 or 1. Moreover we can show h = 0 like
Lemma 5.1. U

Because of the non-orientability of

G/Ks,
N(T":SU(2))/T' ~ Z, and
N(S(U(2) x U(T));SU(3)) = S(U(2) x U(1)),

we have K, = N(T';SU(2)) x S(U(2) x U(1)). For the slice representation o : Ks — O(2),
there exists g, € K; — K¢ such that

o—s(gs):((]) _O] )

Here the centeralizer of o5(gs) in O(2) is a finite group and the centralizer of g in K,
contains {e} x S(U(2) x U(1)). Hence S(U(2) x U(1)) C Ker(os). So the slice representation
os : K¢ — O(2) has a decomposition o5 : Kg — N(T';SU(2)) — O(2). Moreover K° =
{e} x S(U(2) x U(1)) by Ks/K = S'. Therefore there is an equivariant decomposition

M = (SU(2) xner1) D?) Up (SU(2) xnr1) D?) x P2(C)

where N(T") = N(T":SU(2)) and as is well known SU(3)/S(U(2) x U(1)) = P,(C). Hence
this case G-manifold is M = N x P,(C) , where N is some SU(2)-manifold (In fact we
easily see N = SU(2) x 1) S?). However this contradicts M is indecomposable. So this
case does not occur.

6. One singular orbit is orientable, the other is non-orientable

The goal of this section is to prove this case is one of the exotic case in Theorem 1.1.
Assume G/K; is orientable, G/K; is non-orientable. Then k; = 2 from Lemma 3.7.
Since k; = 2, we have K; /K = S'. Let us prove the uniqueness of (G, M).

32



6.1. Uniqueness of (G, M).

By Theorem 3.1, we see G/K° ~ S G/K; ~ P2,_1(C) (trivially G/K; is indecompos-
able), P(G/KS;t) = (1 +t")(1 + t*") and P(G/Ky;t) = (1 + t*). Because of K;/K = ST,
we get G = H x T" Ky = Hy x T" (h = 0 or 1) where H is a simply connected simple Lie
group and H; is its closed subgroup. First we show the following lemma.

LEMMA 6.1. k, =n =2or4.

PROOF. We see n = k, from Theorem 3.1. Assume k, = n is an odd number.
Now we have, from Proposition 4.3,
(H,Hy) =~ (SU(2n),S(U(2n —1) x U(1))),
(SO2n+1),S0(2n —1) x SO(2)),
(Sp(n),Sp(n—1) x U(1)) or
(GZ,U( ))) n=7,.
If (H,H;) = (SU(2n),S(U(2n — 1) x U(1))), then the slice representatoion o; : K; —
U(1) S SO(2) is as follows;

P (( /3 det(&q) ) ,x) = det(A71)'x™ e U(1)

where (1, m) € Z2 —{(0,0)}. Moreover we see Ker(p) = K. Hence we have

K°® ~ SU(2n—1)ifh=0or
K ~ U@2n—1)ifh=1.
Since k; = n is an odd number, K$/K°(= S™1) is an even dimensional sphere. So we see
rank K9 = rank K°® by x(K9/K°) # 0 and Lemma 3.6. Hence (K$, K°) is locally isomorphic
to one of the following pair
(SO(n),SO(n — 1)),
(G2, SU(3))ifn=7
from Proposition 4.2. However this contradicts K® ~ SU(2n — 1) or U(2n — 1). Hence
we see k; = n is an even number for the case (H,H;) = (SU(2n),S(U(2n — 1) x U(1))).
Also for other cases we see k, = n is an even number by the similar argument. Therefroe

k2, = n is an even number.
Hence we see k; =1 = 2 or 4 from propositions in Section 4.2. 0

We already have G = Hx T, K; = H; x T". Moreover we have K$ = H, x T* (h =0 or
1) from Lemma 6.1, where H is a simply connected simple Lie group and H; is its closed
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subgroup. By Proposition 4.3, 4.4 and 4.5,

(H,H?) =~ (SU(4),S(U(3) x U(1)) (n=2),
(Sp(2),Sp(1) x U(1)) (n = 2)
(SO(5),50(3) x SO(2)) ~ (S ( ),U(2)) (n=2),
(H,Hy, H3) =~ (Sp(4),Sp(3) x U(1),Sp(1) x Sp(3)) (n =4).

where (A1,B1) = (A;, B;) means (A;,B;) and (A;, B,) are locally isomorphic. Since G/K,
is non-orientable, N(K9; G) # K9. Hence H = Sp(2) and n = 2. Moreover we see h = 0 by
the similar proof to Lemma 5.1.

Therefore this case has just the following three pairs (G, K¢, K9).

(G,Kg) =~ (Sp(2),Sp(1) x U(1)),
(G,KY) (Sp(2),U(2)),
(G,KS,K?) ~ (Sp(2),U(2),Sp(1) x U(T1))

s T

12

for s + 1 = 3. Let us prove the following lemma.

LEMMA 6.2. In this case G = Sp(2), Ky = Sp(1) x U(1), Kz ~ Sp(1) x U(1); UU(1);iand
K~ Sp(1) x {1, 1,1, —i} where {1,1,j,k} is the basis of H and U(1); = {a + bj| a* —i—bz—l1

PROOF. Suppose (G, K?) ~ (Sp(2),U(2)). Since G/K; is non-orientable, we have K, ~
N(U(2);Sp(2)) (K; has two components). We can put K; = U(2). So K° = SU(2) since
Ki/K = S'. Since K; N K; D Kand K; = N(U(2);Sp(2)), we get K;/K = S' x S'. This
contradicts K, /K = S'. So this case does not occur.

Next put (G,K?,K?) ~ (Sp(2),U(2),Sp(1) x U(1)) (s +r = 3). Because K D K° D
SU(2) is not conjugate to K¢ D K° D Sp(1) by ks = k, = 2, we have K{ N K$ = U(2) N
(Sp(1) x U(1)) = U(T) x U(1) D K°. Hence KS/K° = S?, this contradicts K,/K = S'. So
this case does not occur.

Therefore (G,K?) ~ (Sp(2), Sp(1) x U(1)). Since G/K; is orientable and G/K; is non-
orientable, we have K; = Sp(1) x U(1) = K¢ and K, = N(K$;G). Since K,/K = ST, we
have K = Sp(1) x F (where F is a finite subgroup of U(1)). If K§ = Ky = Sp(1) x U(1),
then K;/K = N(U(1);Sp(1))/F = S' x S'. This contradicts K;/K = S'. So we can put
K9 = Sp(1) x U(1); without loss of generality. Then K, = Sp(1) x (U(1); U U(1);i) and
Ky NKy; =Sp(1) x{1,—1,1,—i}. Since K C K, N K;, we have F ={1,—1,1, —i}. d

Next we prove the following lemma.

LEMMA 6.3. Let (Sp( ) M) be an Sp(2)-manifold which has codimension one principal or-
bits Sp(2)/Sp(1) x {1,—1,1i,—i}, two singular orbits Sp(2)/Sp(1) x U(1) and Sp(2)/Sp(1) x
(LL(T); U U(1);i). Then this (Sp(Z), M) is unique up to essential isomorphism.
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PROOF. The slice representations of K; = Sp(1)xU(1) and K, = Sp(1) < (U(T);UU(1);i)
decompose into the factor as follows:

01 : K] — U(]) ﬂ) O(Z),
021 Ky — N(U(1);;Sp(1)) = U(1); UU(T)i 2 O(2).
Since Ker(p;) = F, we can assume

. cos(40) —sin(40)
p1(exp(iB)) = ( sin(40) cos(48) )

up to equivalence. So the slice representation o; is unique up to equivalence. Since
Kz/K = S and Ker(pa|u(),) ={1,—1}, we can put

oolil = (i) = (%) ).

Therefore the slice representation o, is unique up to equivalence. Moreover N(K;G)/K =~
U(1)/F has only one connected component. In this case the action is unique by Lemma
4.3. [

Consequently the following proposition holds.

PROPOSITION 6.1. Let M be an Sp(2)-manifold which satisfies the conditions of Lemma 17.3.
Then M = S7 xs,(1) P2(C).

PROOF. If M = §7 xs,(1) P2(C) where S” = Sp(2)/Sp(1), Sp(2) acts naturally on S’
and Sp(1) acts on P;(C) = P(R?® ®g C) through the double covering Sp(1) — SO(3) (see
[Uch77] Example 3.2). Then we can easily check this manifold satisfies the conditions of
Lemma 17.3. From Lemma 17.3, we get this proposition. 0

Hence this case has a unique (G, M) up to essential isomorphism.

6.2. Topology of M = S” xg,,(1) P2(C).

In this section, we study the topology of M.

First we show M is a rational cohomology complex quadric. This manifold M is a
P,(C)-bundle over S7/Sp(1) = S*. Since H°%4(S*) = H°44(P,(C)) = 0 and S* is simply
connected, the induced map p* : H*(S*) — H*(M) is injective where p : M — S*is a
projection and i* : H*(M) — H*(P,(C)) is surjective where i : P,(C) = p~'(w) - M
for fixed w € S* by [TM] Theorem 4.2 in Chapter III. Hence there exists a generator
x € H*M) such that x> = 0 € H¥(M) and ¢ € H?(M) such that i*(c) € H%(P,(C)) is
a generator of H*(P,(C)). Because i*(x) = 0, we see ¢* # x in H(M) ~ Q & Q. Next
we assume S’ x P;(C) a Sp(1)-bundle over M. From the Thom-Gysin exact sequence,
H®(M) ~ Q is generated by xc and H¥(M) ~ Q is generated by xc”.

Let us show 0 # ¢ € H®(M). This manifold M has an Sp(2)-action and this ac-
tion has codimension one principal orbits from Section 6.1. Therefore we can use the
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Mayer-Vietoris exact sequence from Theorem 2.1. If we put the principal orbit G/K, the
orientable singular orbit G/K; and the non-orientable singular orbit G/K;, then we have
H*(G/K) ~ H*(S”) and H*(G/K;) ~ H*(S*) from Theorem 3.1. Moreover we see, from
Section 6.1, the orientable singular orbit G/K; is diffeomorphic to P;(C). Hence the in-
duced homomorphism j* : H*(M) — H?(G/K;) is isomorphic. Therefore j*(c) is a gen-
erator in H?(G/K;) and j*(c3) = j*(c)® # 0 because H*(P3(C)) ~ Qlc]/(c*). Hence this
manifold M is a rational cohomology complex quadric.

Next we show the tangent bundle of M does not have a spin structure, we call such a
manifold non-spin. It is easy to show if a fiber is non-spin then its total space is also non-
spin. Hence M is non-spin because P,(C) is non-spin, that is, the second Stiefel-Whiteny
class w,(P,(C)) # 0. By definition, Q4 is a degree 2 non-singular algebraic hypersurface
in P5(C). So Q4 is a spin manifold (see Section 16.5 in [BH58] or [MS74]). Therefore M is
not diffeomorphic to Q4.

Hence we get the following proposition.

PROPOSITION 6.2. The 8-dimensional manifold S” X s,(1) P2(C) is not diffeomorphic to Qa,
but a rational cohomology complex quadric .

7. G/Kj ~ P2 1(C),G/Ky ~ S

The goal of this section is to prove there are three cases (G, M) up to essential isomor-
phism. In this case G/K;, G/K; are indecomposable. Since k; = 2, k; = 2n, n > 2 and
Lemma 3.7, G =H x T"and K¢ = Ky = H; x T" (h = 0 or 1). By Proposition 4.3,
(SU(2n),S(U(2n—1) x U(1))) or
(SO(2n+1),SO(2n—1) x SO(2)) or
(Sp(n),Sp(n—1) x U(T)) or
(G2, U(2)), n=3.

(H)H1) ~

Since k; = 2, we can use Lemma 3.9 and Lemma 3.10. So we have
H*(G/K$;Q) =Im(q3) +J-x+J-x? (possibly non direct sum)

where q; : H*(G/K3;Q)(~ H*($*™Q)) — H*(G/K$; Q) is the injective induced homomor-
phism, Ji = q3H*(G/K3;Q) and | = &Jy. Since x € H(G/KS; Q) by ka = 2n, we see
J-x*=0and J-x = H(G/K9; Q). Hence P(G/K9;t) = P(G/Kz;t) = T + t2™.
Therefore we see (G, K9) ~ (SO(2n + 1),5S0(2n)) or (G, SU(3)) and n = 3 by Propo-
sition 4.2. So we have that
(H,H;,H,) = (Spin(2n+1),Spin(2n —1) o T' Spin(2n)) or
(G2, U(2),SU(3))andn =3

where K§ = H, x T™.
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71. G =Spin(2n+1) x T
First we show the following lemma.

LEMMA 7.1. h =0.

PROOF. If h = 1, then K$ = Spin(2n) x T'. Because G/K; is orientable, we get K, =
K9. Since k; = 2n, we have the slice representation o, : K, — SO(2n). From n > 2,
we see the restricted representation 0;[spin(2n) is @ natural projection from Spin(2n) on
SO(2n). Hence o> ({e} x T') ¢ C(SO(2n)) where C(SO(2n)) is the center of SO(2n) that is
C(SO(2n)) = {Izn, —Lrn}. Hence {e} x T' C Ker(o3) C K. This contradicts Proposition 4.1.
So we have h = 0. O

Hence we have K; = Spin(2n — 1) o T', K, = Spin(2n),K° = Spin(2n — 1). We see
K = K° from K, /K = S$*"~'. Let us prove the following lemma.

LEMMA 7.2. Let (G, M) be a G-manifold which has codimension one orbits G /K, two singular
orbits Qan_1 and S*™ where G = Spin(2n + 1), K = Spin(2n — 1). Then this (G, M) is unique
up to essential isomorphism.

PROOF. Because n > 2, we can decompose the slice representation o7 : K; — O(2) into

o1 : Ky =Spin(2n—1)oT! il RN O(2). Since Ker(o7) C K, p is an injection. So the slice

representation oy is unique up to equivalence. Next we consider the slice representation
02 : K — SO(2n) € O(2n). Since Z, C Ker(oz) C 05 (SO(2n — 1)) = K, 0, decomposes
into 0, : K, = Spin(2n) ™ SO(2n) & SO(2n). Because SO(2n) acts transitively on
ST, we see that p is an isomorphism by [HH65] Section I and n > 2. Hence the slice

representation o, is unique up to equivalence.
Since N(K, G) has two components, we can assume

ply) = ( _(I)Z“ ? )

where p : Spin(2n + 1) — SO(2n + 1) is the natural projection, [y] € N(K, G)/N(K, G)°
(y € G = Spin(2n + 1)). It suffices to prove that the right translation R, on G/K is
extendable to a G-diffeomorphic map on X, from Lemma 4.3 (3.). Because y is in the
center of K, = Spin(2n), we have the following commutative diagram

G xx, Kz/K — G/K
LRy x1 LRy
G XK, Kz/K — G/K

Here G xx, K/K = 9(G xx, D*™) = 0X,. It is clear that R, x 1 is extendable to a G-
diffeomorhpic map on X. O

Consequently (G, M) is unique up to essential isomorphism. Such an example of
(G, M) will be constructed in Section 11.1. This is one of the results in Theorem 1.1.
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72. G=G,; x T,

The exceptional Lie group G; is defined by Aut(0). Here O is the Cayley numbers
generated by R-basis {1, e, -- , e7}. It is well known that G, C SO(7) and SU(3) ~ {A €
Gol Aler) = el

Let us consider the case h = 0 and 1.

721. h=0.

In this case Ky ~ U(2), K9 ~ SU(3),K° =~ SU(2). Wecanput K9 ={A € G,| A(e;) =e;}.
Then N(K$, G) has two components. Since G/K; is orientable and G,/SU(3) = S, K, = K3
and K = K°. Also in this case (G, M) is unique by the following lemma.

LEMMA 7.3. Let (G2, M) be a G,-manifold which has codimension one orbits G,/SU(2), two
singular orbits G,/U(2) and S°. Then (G, M) is unique up to essential isomorphism.

PROOF. Because K; acts transitively on K,/K = S°, the slice representation o, is unique
up to equivalence by [HH65] Section I. Then we see that crg1 (SO(5)) ={B € K| B(ey) =
ex} = K~ SU(2).

The slice representation oy decomposes into oy : Ky — U(1) 2, 0(2), because Ker(o7) C
K. Here p is an injection to SO(2). So the slice representation o; is unique up to equiva-
lence.

Now N(K;G)/K ~ SO(3) is known (Section 7.4 in [Uch77]). Consequently (G, M) is
unique up to essential isomorphism by Lemma 4.3 (1.). 0

Hence, in this case, (G, M) is unique up to essential isomorphism. Such an example of
(G, M) will be constructed in Section 11.5. This is one of the results in Theorem 1.1.

722. h=1.
In this case wehave G = G, xT', K; = U(2)xT', K, = SU(3) x T'and K® ~ SU(2) x T,
from the same argument as Section 7.2.1. First we show the following lemma.

LEMMA 7.4. For each natural number m, the pair (G, x T', M™)), which has codimension
one orbits (G, x T')/K and two singular orbits G,/U(2) and S®, is unique up to equivalence.

PROOF. First we consider the slice representations. Because K,/K ~ S° and o,({e} x
T') € C(02(SU(3) x {e});:SO(6)), where C(X;Y) ={b € Y|ab =baforalla € X} for X C Y,
the slice representation o, : K; = SU(3) x T' — O(6) is as follows

02(A +1iB,cos(0) +isin(0)) = < g _AB ) ( (s:frignmmggﬁ _CSC:;E%?ES )

for some m € N up to equivalence. Hence
K = 0,'(SO(5))

{5 1))
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From this equation, we have

Ky = U@2)xT
e 0 i} —i0
= ,e 0<0,0 <2m, det(X) =e .
0 X
Moreover we see the slice representation o7 : Ky = U(2) x T 2y U(1) S SO(2) is as

follows

el® 0 id |\ _ ,i0 ,—mid
(5 %)) =

because Ker(p) = K. Therefore there is a unique pair (o4, o) for each m € N.
Next we consider the gluing map. Now we can assume K = SU(2) x T' € SO(7) x T’

as follows:
I 0
(6 %))

Because N(K;G) = N(K;SO(7) x T") N (G, x T'), we have
N(K;G)/K ~ SO(3).

Consequently (G, M™)) is unique up to equivalence for each m € N by Lemma 4.3 (1.).
Hence we have this lemma. O

X eSU(2) c SO@4),re T‘}.

Next we prepare some notations. Let Gg(2, Q) be the set of oriented 2-dimensional
real linear subspace of Q. We identify an oriented 2-dimensional real linear subspaces of
O with an element £ = u Av € A0 where u, v € O is an oriented orthonormal basis of
the 2-dimension subspace. Thus,

Gr(2,0) = {& € A*0| £ = uAv for some u, v orthonormal in O}

denotes the grassmannian of oriented 2-dimensional suspaces of Q. Then this manifold
is diffeomorphic to Q¢ (see Section 14 in [Har90]).
Moreover we can show the following proposition.

PROPOSITION 7.1. Let MI™ be a G, x T'-manifold which satisfies the conditions of Lemma
7.4. Then M™ = Gg(2,0) for all m € Nand (G, x T',M™) is essential isomorphic to
(G x T',MM) forall m € N.

PROOF. Put M = Gg(2,0). Assume (G, x T', Gg(2,0))(m) is a pair such that g € G,
actsonu/Av € M by g-uAv = g(u)Ag(v) and e'® = cos(0)+isin(0) € T' actsonuAv € M
by e - uAv = (cos(m8)u—sin(mB)v) A (sin(m8)u+cos(mb)v). Then we can easily check
this action is well defined and this pair satisfies the condition of Lemma 7.4. Hence this
pair is essentially isomorphic to (G, M™). So we can assume M™ = Gg(2,0).
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Let the action of the pair (G, M™) be ¢ (). Then Ker ¢y = {e} x Z, C Gy x T.
Hence we see (G, M') and (G, M(™) are essentially isomorphic for all m € N. d

Hence this case has a unique (G, M) up to essential isomorphism and such action will
be constructed in Section 11.8 again.

8. G/K, ~ P,(C)

In this case Ky = K¢ because ks = 2n (n > 2) and Lemma 3.7. First we assume that
G=H; xHyx G xT" Ky =H(;y x Hy x G’ x T", K; = Hy x H(z) x G’ x T" where H is a
simply connected simple Lie group, Hys) is its closed subgroup, G’ is a product of simply
connected simple Lie groups and T" is a torus. Then K; N K; = H(;) x Ha) x G’ x T So
dim(G/K; N K;) = 4n < dim(G/K) because K C K; N K,. This contradicts dim G/K =
4n — 1. Hence we can put

G = HxG' xTh
KS = H(S) x G’ x Th.
where H is a simply connected simple Lie group and H is its closed subgroup. By
Proposition 4.3,
(HyH) ~ (SUMn+1),S(U(n) x U(1))) or

(SO(M+2),S0(n) x SO(2)), n=2m+ 1or

n+1 n—1
(Sp( > ), Sp( 2

(G2, U(2)), n=5.

)), n=2m+1or

Next we show the following lemma.

LEMMA 8.1. If M is a rational cohomology complex quadric, then H = SU(n + 1) and
Hi) > S(U(n) x U(1)).

PROOF. If H 1) acts non-transitively on K; /K = $?"~! then V = G’ x T" acts transitively
on K; /K by [MS43] Theorem I’ and K;/K = V/V’ where V' = KN V. So we see p;(K) =
Hay = pi(Ky) where p; : G — H from {pt} = V\K;/K = p;(K;)/p1(K). Hence V\M
is a mapping cylinder of V\G/K; = H/H) = V\G/K — V\G/K, = H/H(;). From the
following commutative diagram

G/Kz — M

1= ol

V\G/K, =H/H; — V\M
40



where iis a homotopy equivalent map, we get the induced diagram

H* (V\M) -5 H*(V\G/Kz) ~ H*(H/H 3))
Lp* 1=
H*M) — H*(G/K3).

From this diagram we see p* is an injective map. Put the generator ¢ € H*(V\M)
H?(H/H2)). Then p*(c) = u € H?(M) is a generator. Since ¢c™"' = 0, we see p*(c)™'
u™! = 0. This is a contradiction to u™' # 0 from H*(M) = H*(Q.y).

So Hyg) acts transitively on K/K ~ S, By making use of [HH65] Section I, we get
(H,Hs)) ~ (SU(n+1),S(U(n) x U(1))). Hence we can put G = SU(n + 1) x G’ x T" and
Ke ~S(UM) x U(1)) x G’ x T™ O

1R

Consider the slice representation o : S(U(n) x U(1)) x G’ x T" — O(2n). Because
SU(n) acts transitively on Ky /K = ST we can assume that Oslsu(n) is a natural inclusion
up to equivalence. Hence we can assume o(K;) C U(n) and o,({e} x G’ x T") is in the
center of U(n). This implies G’ C Ker(o,) C K. Hence G’ = {e} from Proposition 4.1. So
we can assume the slice representation decomposes into S(U(n) x U(1)) x T" B Um) S
O(2n) where c is a canonical injective representation. Then we see pgls(um)xu(1))xie} = Tx,
for some integer x; where T, : S(U(n) x U(1)) — U(n) is

0 det(A™")

Moreover we get K ~ (SU(n— 1) x {e}) o T"" by K,/K = $?"~'. From Proposition 4.1, we
see h < 1.

Tr. ( A 0 ) = (det(A"))*A for A cU(n).

8.1. h=0.
Assume h = 0, then the following lemma holds.

LEMMA 8.2. Ifh =0, then G = SU(n + 1), K; ~ S(U(n) x U(T)) and K= S(Un —1) x
U(1)). Moreover we have x; = 0.

PROOF. Because h =0, wesee G = SU(n+ 1), K; ~ S(U(n) x U(T)) and K ~ (SU(n —
1) x {e}) o T'. Put the slice representation 0, = c o Ty, and ¢, = c o T_,, where c is
a canonical injection ¢ : U(n) — O(2n). Then o5, 0; : S(U(n) x U(1)) — O(2n) are
equivalent representations. So Ker(o;) ~ Ker(o;). Since the canonical representation c is
injective, Ker(ty,) ~ Ker(1_, ). However if x; # 0

Ker(ty,) = {(g det((/)Rw)

w2
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This is a contradiction to Ker(t,,) ~ Ker(t_,,). Hence x; = 0. From 7, ' (U(n — 1)) ~ K,
we can put K = S(U(n — 1) x U(1)). d

From this lemma, the slice representation o, is unique. Since N(K; G)/K is connected,
the attaching map from X; to X; is unique up to equivalence by Lemma 4.3 (1.). Hence, in
this case, (SU(n 4 1), M) is unique. Such a pair will be constructed in Section 11.2.

82. h=1.
Next we put h = 1. In this case the slice representation is

o S(UM) xU(1)) xT' B Umn) S 0@2n).

Consider the restricted representation of o to S(U(n) x U(1)). By using the same argu-

ment as in Lemma 8.2, we see x; = 0. Hence the representation ps = pgm) is

A 0
(m) . m A
Ps (( 0 det(A™) > ’Z> z

for some integer m where z € T'. From Proposition 4.1, we have m # 0. Moreover we

can take m > 0 because two slice representations Gém] =co pgm) ™ _ o pé_m) are

equivalent representations.
Since (pi™) 1 (U(n — 1)) = K, we have

z7™ 0 0
K = 0 X 0 ,Z
0 0 z™det(X™)
Because N(K, G)/K is connected, the attaching map is unique. Hence we get the

unique pair (SU(n + 1) x T', M™) for each m € N, because of Lemma 4.3 (1.). Therefore
we get the following lemma.

and (r(s_

zeT' XelUmn-—1)

LEMMA 8.3. For each natural number m, the pair (SU(n + 1) x T', M™)), which has two
singular orbits (SU(n + 1) x T") /K¢ and principal orbits (SU(n + 1) x T")/K, is unique up to
equivalence.

Let us construct such a pair (SU(n+1) x T', M(™). Take M™ = Q,, and the SU(n +
1) x T'-action on Q2 by the representation o™ : SU(n + 1) x T' — SO(2n + 2) which is
defined by
o™ (A, z) — c(z™A).

Here ¢ : U(n + 1) — SO(2n + 2) is a canonical representation and A € SU(n+1),z € T'.
We can easily check this pair (SU(n + 1) x T', M™) has orbits which are the same orbits
in Lemma 8.3. However the following proposition holds.

PROPOSITION 8.1. Forall m € N, the pair (SU(n+1) x T', M™)) is essentially isomorphic
to (U(n + 1), Qan) where U(n + 1) acts on Qan by canonical representation.
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PROOF. First we put a subgroup
Znir ={(zIng1,27 ")z € Znia}
which is the center of G = SU(n + 1) x T' and the following holds
SUm+1) xz, ., T ' ~Un+1).

Next we consider a kernel of the G-action on M(™ where the kernel of G-action means
Nyemim) Gx. Then we have

MNeemim Gy = Ker(c'™)
= {(X,2)[z"™X = Ly}
= {(z7T™L1,2)]z™D = 1),
Hence Z., C Nyepmim Gy So we see (G, M™)) is essentially isomorphic to (G, M) for all
m € N. Moreover we see Z,1 = Nycmn Gx. Therefore the pair (G, M!") is essentially
isomorphic to (U(n + 1), Qzn). O

Hence this case is unique.

9. P(G/Ky;t) = (1 +t* " a(n), k; is odd: No.1, G/K; is decomposable.

In this case we have K; = K¢ because k, > 2 and Lemma 3.7. Because G/K; is de-
composable, we can put G = H; x H, x G"and Ky = H(;) x H(z) x G" where H;/H;) ~
S*271 H,/H2) ~ Pn(C). Then G/K; = H;/H(1) x H2/H2). So by Propositions 4.2 and 4.3,

(Hi,Hm) = (Spin(kz), Spin(kz — 1)) or
(G2, SU(3)) (k2 = 7).
(H2,H)) = (SU(n+1),S5(Un) x U(1))) or
(Spin(n +2), Spin(n) o T (nis odd) or

n+1 n—1
(SP(T),SP( P

(G2, U(2)) (n=5).

) x U(1)) (nis odd) or

9.1. Preliminary.
The goal of this section is to prove the following proposition.

PROPOSITION 9.1. If M is a rational cohomology complex quadric, then H ) acts transitively
on K; /K.

In the beginning, we prepare the following lemmas.

LEMMA 9.1 (Theorem I’ in [MS43]). If K x H acts transitively on M, then K or H acts
transitively on M.

From Lemma 9.1, we have the following lemma.
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LEMMA 9.2. Let H be a subgroup of G = Gy x Gy and p : G — G, be a projection. Then the
following two conditions are equivalent.

(1) Gy acts transitively on G/H.
(2) p(H) = G..

Next we prove the following technical lemma.

LEMMA 9.3. Let V C G be a subgroup such that
™ H*(V\G/Ks) — H*(V\G/K) is injective,
p*: H(V\G/K,;) — H*(G/K,) is injective,
V\G/K, = V\G/K

where s +1 = 3 and m : V\G/K — V\G/K, and p : G/K, — V\G/K, are projections. Then
f* : H*(VAM) — H*(M) is injective where f : M — V\M is a projection. If M is a rational
cohomology complex quadric, then H*(V\G/K; Q) = 0.

PROOF. Assume H?(V\G/K;Q) # 0. Now V\M is a mapping cylinder of
m: V\G/K, = V\G/K = V\G/K; = G/Kq.

Consider a diagram

G/K. = M & GJK,

! . fl pl
V\G/K, 25 V\M <& W\G/K,
1 l
V\G /K, L V\G/X,.

where i, 1,, js, j» are natural inclusions. Now j; is a homotopy equivalece. This diagram
induces a commutative diagram

H*(G/K,) = H*M) -5 H*G/K,)

T A A R i
H* (V\G/Ks) = H*(V\M) -5 H*(V\G/K,)
T T
H*(V\G/K,) i H*(V\G/K,).

From the assumptions, f* is an injection.

Since we assume H?(V\G/K;) # 0, we can take ¢ € H2(V\M) ~ H?(V\G/K;). Hence
f*(c?™) = f*(c)®™ # 0 because H*(M) ~ H*(Qz.) where n > 2. Therefore 0 # c¢’™ €
H*(V\G/K,). This contradicts dim(V\G/K;) < dim(G/K;) < dim(M) -2 =4n—-2. O

Before we prove Proposition 9.1, we show the following lemma.
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LEMMA 9.4. If M is a rational cohomology complex quadric, then H 1y x H ) acts transitively
on K; /K.

PROOF. If H(;) x H(z) acts non-transitively on K;/K then G" acts transitively on K;/K
by Lemma 9.1. Hence p(K) = H1) X Hpz) = p(K;) by Lemma 9.2 where p : G — H; x H,
is the natural projection. Put H; x H, = G/, Hj1y X Hz) = Kj and p(K;) = Kj. Then K} /K]
is connected, because the induced map p’: $*271 = K, /K — K}/Kj fromp : G — H; x H,
is continuous. Hence we see Kj is connected from the fibre bundle K; — K) — K5/Kj
and the connectedness of K;. Now K; = p(K) C p(K;) = Kj C G'. Therefore rank K; =
rank G’ = rank Kj. So we get

9.1)  P(G/Kyt) = (1+t Na(n) = P(G'/K;t) = P(Ky/Ki;t)P(G/K); )

by the fibration K} /K; — G’/K; — G'/KJ.

Since K;/K = K$/K° is an even dimensional sphere S*27', we see rank K9 = rank K°.
So rank(K; N K9) = rank K°. Hence H°((Ky N K$)/K) = H°44(K}/K}) = 0. Because of
the fibration (K; N K9)/K° — K$/K° L K5 /K{ where p"is the induced map from p and the
simply connectedness of K$/K® = Sk2~1 we see K}/K] is simply connected. Hence we
have

(9.2) P(KS/K%t) = 1+t~ = P(K}/K};t)P((Ky N KS) /KO t).

From equations (9.1) and (9.2), we see H*(G'/K}) = H*(G"\G/K;) # 0. Now we
have G'\G/K = G"\G/K; = G/K;. Moreover we see n* : H*(G"\G/K) = H*(G'/K}) —
H*(G'/Kj) is injective by the fibration K}/K; — G'/K] % G’/Kj. This contradicts Lemma
9.3. Therefore H(;) x Hy) acts transitively on K; /K. O

To show Proposition 9.1.1, we prepare some notations.
Let p : G — Hy, p{ : G — H{ x G" be the natural projection, and let hy : H, — G,
h{ : Hy X G" — G be the natural inclusion. Put

Lo = pu(Ks), Lo = pe(K), Lg = pi(Ks), L = pi(K),
Nyt = hy (Ko, Ne= Ry (K), NG = ()7 (Ky), N = ()7 (K).

Then Ny < Lg, Ny <Ly, N/, <L, and N{<L{ where A < B means a group A is a normal
subgroup of B. In particular L1y = Nyjy = Hy) and Lj, = Nj, = Hy) x G" by the equality
K] = H(]) X H(z) x G".

Let us prove Proposition 9.1.

Proof of Proposition 9.1. If H(,) does not act transitively on K; /K, then H(; acts tran-
sitively on K;/K by Lemma 9.1 and 9.4. Hence L, = H(;) = Ly, by Lemma 9.2. Then f* is
an injective homomorphism from Lemma 9.3, where f* : H*((H; x G")\M) — H*(M) is
an induced homomorphism from the natural projection f : M — (H; x G")\M.

Now L,,/Hz) is connected because the induced map p; : K,/K — L,,/H,2) is continu-
ous. Hence L,, is connected by the fibration Hi;) — L — Ly/H(y).
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Since L, = Hz) C Ly, C Hy, we haverank H ) = rank L, = rank H; and H°4(L,,/H2))
= H°44(H,/L,,) = 0. Because Ly, is connected, H,/L,; is simply connected. Hence we
have an isomorphism H*(P,(C)) ~ H*(H,/H(2)) ~ H*(L,2/H(2)) ® H*(H,/L,2) from the
fibration Lzz/H(z) — Hz/H(z) 2) Hz/[.zz.

Assume we can take a € H*™((H; x G")\M) ~ H*™(H,/L,,) # 0 for some 0 # m < n.

If m # n, then we can put f*(a) = ¢™ for 0 < m < n where ¢ € H*(M) is a generator.
However there is an | such that n < 1+ m < 2n and f*(a') = ¢"*™ # 0. This contradicts
dim Hz/Lzz S n.

Hence m = n. Then we have H*((H; x G")\M) ~ H*(H,/L,) ~ H*($?") and we also
have dim H;,/L;, = 2n. Therefore Hj;) = L,, from the fibration L,,/H;;y — H,/H; —
H,/L;,. Hence we have H,/H;) = H;/L,,. This contradicts H,/H2) ~ P, (C).

Therefore H2™(H,/L,,) = 0 for m # 0. Hence we see L, = H,. Therfore dim(L,,/L,) =
2n. From the fibration (K; N K$)/K® — K9/K° = Sk2=1 — 1,,/1,, we see k, — 1 > 2n. This
contradicts k; + k, =2n+ 1 and k; > 2.

O

9.2. Candidates for (G, K;).
The goal of this section is to prove k; = 2n — 2, k, = 3 and the pair (G, K;) is one of
the following
n—1
2

n+1

(G, Kp) = (spm X Sp( ) x G" T' x Sp( ) x U(1) ><G")

orn=29,
(G,Ky) = (Sp(1) x Spin(11) x G", T' x Spin(9) o T' x G") .

From Proposition 9.1, H(y) acts transitively on K;/K. Then Hp;)/N; = K;/K = Sk,
Since {pt} = H2)\K;/K = (H(3) x G")/L}, we have the following lemma.

LEMMA 9.5. L{ = H(]) x G"and L, = H(]) =Ly

Moreover we can easily show the natural homomorphisms K/(Nj x N;) — L{/Nj and
K/(Nj x N;) — L,/N; are isomorphic. Hence L; /N7 = L,/N,. Since L,/N; acts freely on
H(2/N2 = S~ we have the following lemma by [Bre72] 6.2. Theoreom in Chapter IV.

LEMMA 9.6. dim L{/Nj =dim L,/N; < 3.
Let us prove the following lemma.
LEMMA 9.7. If M is a rational cohomology complex quadric, then Ly = Hy.

PROOF. First we have L,; is connected because K,/K is connected, H(;) = L; is con-
nected and the map p; : K;/K — Ly/Ly = Ly1/Hp;) which induced by p; : G — H; is
continuous. Consider the fibration

Ly /Hpy — Hi/Hay — Hi /L.
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Then rank H(;) = rank L,; =rank H; by Hi;y = L; C Ly C H;. So we have H*(H;/H()) ~
H*(Sk271) ~ H*(H;/Ly1) ® H* (L1 /Hpr)). Therefore we see Ly; = Hyy) or Hj.

If we put Ly; = Hjyy = Ly, then (H; x G")\M = [0, 1] x H;/H(1). Now we consider the
following commutative diagram

H]/H(]) XHz/H(z)%G/K] 1—1) M
Lai ' LT
H]/H(]) = (Hz X G")\G/K] ]—]> (Hz X G")\M

Here j; is a homotopy equivalence. Hence qj o jj is injective. Therefore f* : H*((H, x
G')\M) =~ H*(S*7 ") — H*(M) =~ H*(Q2n) is injective. Hence k; > 2n + 1. But this
contradicts k; + k, = 2n + 1 and k; > 2. Hence we see L,; = H;. O

Hence we can prove the following lemma.
LEMMA 9.8. If M is a rational cohomology complex quadric, then Ny # Hy).

PROOF. Suppose Ny = Hy), then H(;y C Ny <Ly = H; by Lemma 9.7. Since H; is a
simple Lie group, we see N,; = H;. Hence we can put K, = H; x Xand K = H;) x X
where X < H, x G". Therefore H;\M is a mapping cylinder of H;\G/K = (H, x G")/X —
Hi\G/K; = H,/H(;). From the following commutative diagram

H]/H(]) XHz/H(z)EG/K1 — M
Laz 4 lp
Ha/Hi2) = Hi\G/K;4 — Hi\M

where 1 is a homotopy equivalent map, we have the following diagram
HY(HAM) H*(Ha/Hiz))

Lp* La;
H*(M)  — H*(H;/Hpg)) @ HY (Hy/Hp).

Hence p* is an injection. This contradicts H*(M) ~ H*(Q2,), H*(H;\M) ~ H*(P,(C)). O

Next we show the following proposition.
PROPOSITION 9.2. k; = 2n — 2, k, = 3and (Hy,H(yy) = (Sp(1), T").
PROOE. Let us recall,

(Hi, Hay) = (Spin(k,), Spin(k, — 1)) or (G2, SU(3)) 1 k, = 7.

Because Nj C Ny x G", we have 3 > dim L{/N; > dim H(;) — dim N; by Lemma 9.5 and
Lemma 9.6. So we have dim N; # 0 if k, # 3 because k; is odd.

If k, > 6, then Hy) is a simple Lie group. Hence N; = H(;) from N; <H(;) = L and
dim Ny # 0. This contradicts Lemma 9.8. Hence k, = 3 or 5.
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If k; = 5, then (Hy,H(1)) = (Sp(2),Sp(1) x Sp(1)). Then dim Ny; > dim N; > 0
from dim N; # 0. Now H; is a simple Lie group and N < L,; = H; from Lemma 9.7.
Hence N;; = H;. This implies K, = H; x X where X is a subgroup of H, x G". Because
Ki = Hu x Hpy) x G', wesee K C Ky NK; = Hpgy x (XN (Hz) x G") C K. Consider the
fibration

(Hay x (XN (Hz) x G"))/K = Ky/K = Kp/(Hy x (XN (Hz) x G")).

Because K, /K ~ S¥271 K, = Hy; xX and dim H; /H(;) = k,—1, we have dim XN (H 2 xG") =
dim X and K = H(;) x Y where dim X/Y = 0. Hence N; = Hy. This contradicts Lemma
9.8. Consequently k, = 3. Hence k; = 2n — 2 and (Hy, Hp)) = (Sp(1), T'). O

So Hy) acts transitively on $*"~3 from Proposition 9.1 and 9.2. Hence by Proposition
4.3 and [HH65] Section I, we have the following two cases where k; =2n — 2, k, =3,

G = sp()xsp“ T ) x @,
— 1
K, = T‘><sp(“2 ) x U(1) x G",

andn =9,

G = Sp(1) x Spin(11) x G",
Ki = T'xSpin(9)oT' x G".

In these cases K, = K¢ because n is an odd number and Lemma 3.7 and K = K° because
K2/K = S?% is simply connected.

In next two sections we will discuss slice reprepsentations and attaching maps in each
case.

9.3. G =Sp(1) x Sp(™) x G".

If G = Sp(1) x Sp(2!) x G', then Ky = T' x Sp(251) x U(1) x G". Now Sp(2;) x
U(1) acts transitively on K;/K = $?"~3 because of Proposition 9.1. So we can assume
the restricted slice representation o] sp(ny1) is @ natural inclusion to SO(2n — 2). Hence
o1 (T x {e} x U(1) x G") C C(G1(Sp(“7’1));SO(2n—2)) where C(K;G) = {g € G| gk = kg
for all k € K}. We put the natural inclusion Gﬂsp(%]) =1i: Sp(“T’]) — SO(2n — 2) as
follows:

X -y z —-w
Yy X —wW 7
-Z W X =Y
w zZ Y X
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Then
hiln  haln —holn  hyly
n—1. B —h3l, hyln —hyl, —holn
-l hln haln g

where h? + h3 + hj + hZ = 1 and m = "5!. Hence we have
G"C Sp(1) xTh
where h < 1 by Proposition 4.1 and we can assume the slice representation as o; : K; —
Sp(1) x Sp(“T_]) such that mlsp(an) : Sp(“T_]) — {e} x Sp(“T_]) is isomorphic and o7 (T' x
U(1) x G") € Sp(1) x{e} by (2.3) and (2.4).
Moreover we have the following lemma.

LEMMA 9.9. G"= {e} or T' and we can assume the slice representation as o7 : K; — U(1) x
Sp(51).

PROOF. Suppose G"= Sp(1) x T". Then the restricted slice representation o171 u(1)xg'
isT:T'x{e}xU(1)x G" — Sp(1). Because Sp(1) is a simple Lie group, s, 1 is isomorphic
or trivial representation. If r|s, (1) is isomorphic, then we have Ker(r) = T' x {e} x U(1) x
{e} x T" because C(r(Sp(1));Sp(1)) = {1,—1}. Since Ker(r) C K, we have H;) = T' C K.
This contradicts the fact H;) = T' ¢ K from Lemma 9.8. So we see s 1) is trivial and
Sp(1) C Ker(r) C K. But this contradicts Proposition 4.1. Hence G" = T" for h < 1.
Moreover we see easily the slice representation oy : K; — U(T) x Sp(“T’]). So we get this
lemma. O

Assume h = 1. Then we can put the slice representation o7 : Ky = T' x Sp(251) x
U(1) x T' = U(1) x Sp(251) as follows;

A 0 L, m.n
(O <X)(O y))z)'_)(xy Z)A)

where 1, m,n are in Z. Now we can assume the U(1) x Sp(“T_])-action p (via 07) on
$2=3 - H"T as p((t, X), h) = Xht. Hence we have

xtym™zt 0 0 n—3
K=41» 0 B 0 ],z[|BeSp )%, y,ze T
0 0O vy
where 1 # 0 by Lemma 9.8.

Since K,/K = $?,1# 0 and Ly; = Sp(1) by Lemma 9.7, we have
h 0 0 n_3
K; = h,{ 0 B 0 |,z - -

0 0y

B € Sp( 5

%hE&m%%ZEﬂ}-
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Therefore we have G' = T' C Ker(o2) C K by the slice representation o, : K; — SO(3).
This contradicts Proposition 4.1. Hence we have G" = {e} thatis h = 0.
Moreover, from the same argument, we have

Ki = T'xsp™=1ysum
h 0 0 _
K, = h,[ 0 B 0 Besp(T),hesp(l),yeT‘ ,
0 0y
x 0 0 -
K = x,| 0 B 0 B € Sp( 5 ), x,y €T
0 0 vy

and

up to equivalence. We also see the slice representation o, : K, — SO(3) is unique up to

equivalence.
Next we see

N(K; G)/K 2= (N(T;Sp(1))/T") x (N(U(1);Sp(1))/U(1)).

If we denote by a the generator of N(T';Sp(1))/T' ~ Z,, then xa = ax forall x € T'.
Hence we can consider the following diagram

G xx, Ko/K -5 G/K

11X Rq L Ra

G xx, Ko/K -5 G/K.
Here f([g, kK]) = gkK and « = (a,e,e) € N(K;K;). We have gkkax = gkaK for all g € G
and k € K;. So this diagram is commutative. In this case R, is the antipodal involution
on K,/K = S%. Hence R, is extendable to a K;-equivariant diffeomorphism on D?. Hence
M(Ry) = M(id) from Lemma 4.3 (3.). Since N(U(1);Sp(1))/U(1) ~ Z,, there are just two
manifolds up to essential isomorphism. Hence we get the following proposition.

PROPOSITION 9.3. Let (G, M) be a G-manifold which has codimension one orbit G/K and
two singular orbit G /Ky and G/K, where G = Sp(1) x Sp(“T“), Ky =T" x Sp(“T’]) x U(1),

)
)

_3
B c Sp(nT),hE Sp(1),y € T‘} and

2

o W o oo

y
0 n—3

0 BeSp(——),x,yeT}.
Y
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Then there are just two such (G, M) up to essential isomorphism which are M = Qn and M =
(Sp(]) X Sp(k + 1)) XSp(1)xSp(k)xU(1) S¥+2 wohere k = nT—1

PROOF. By the above argument, this case has just two types up to essential isomor-
phism. If M = Q,y, then this case will be realized in Section 11.3. If M = (Sp(1) x Sp(k +
1)) Xsp(1)xspiyxu(n) S such that k = ! and $*? C R3 x H* has the trivial U(1)-action,
the canonical Sp(1)-action on R? and the canonical Sp(1) x Sp(k)-action on H¥. Then this
manifold has the Sp(1) x Sp(k + 1)-action. We can easily check this manifold satisfies the
assumption of this proposition. 0

M = (Sp(1) x Sp(k+1)) Xsp(1)xsp(i)xu(n S 2 is the fibre bundle over Sp(k+1)/U(1) x
Sp(k) = P2;1(C) with the fibre S*2. We see easily check H°44 (P, 1(C)) = Hodd(SH+2) =
0 and P41 (C) is simply connected. Hence p* : H*(P241(C)) — H*(M) is injective where
p : M — Pyx;1(C) is a projection. Hence the 2k + 2 times cup product of ¢ € H*(M) is
vanishing in H****(M). Hence this is not a rational cohomology complex quadric. So this
case is unique up to essential isomorphism and such (G, M) will be constructed in Section
11.3.

9.4. G =Sp(1) x Spin(11) x G".

If G = Sp(1)xSpin(11) x G", then we have K; = T' xSpin(9)oT' xG"and G" = {e}or T'.
Put the slice representation o; : K; — O(16). Then the restricted representation o/syin(9)
is the spin representation to SO(16) and we can easily show C(o;(Spin(9));SO(16)) is a
finite group. So we have o1(T' x {e}) = {I1s} because T' x {e} C C(Spin(9);K;), where
e € Spin(9) o T' x G"and I;s € O(16) are identity elements. Therefore we see K D
Ker(o7) D T' x {e}. So Ny = h;'(K) = T' = Hy), recall h; denotes the natural inclusion
H; — G. This contradicts Lemma 9.8. Hece this case does not occur.

10. P(G/Ks;t) = (1 +t*2 ") a(n), k; is odd: No.2, G/K; is indecomposable.

In this case K; = K¢ by k, > 2 and Lemma 3.7. Because G/K; is indecomposable, we
can put G = G’ x G"and K; = K; x G" where G’ is a simple Lie group and G"is a direct
product of some simple Lie groups and a toral group. By Proposition 4.4, (G’, K})-pair
which satisfies

P(G/Ky;t) = P(G//Kp5t) = (T+ 29 (1 +t2 4+ -+ t29)
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where 2a = k; — 1 and b = 1 is one of the following thirteen pairs

SO(2n+2),S0O(2n) x SO(2)),a=b =n,
SO(k; +2),SO(k; — 1) x SO(2)),a=(k; —1)/2,b = ky,
SO(7),U(3)),a=b =3,
SO(9),U(4)),a=3,b =7,
SU(3),T?),a=1,b =2,

(

(

-

(

(

(

(

(
(SO(10),U(5)),a=3,b=7,
(SU(5),S(U(2) x U(3))),a =2,b =4,
(Sp(3), Sp(1)
(Sp(3),U(3)),a=b =3,
(Sp(4),U(4)),a=3,b=7,
(G2,T),a=1,b=5,
(F4,Spin(7) o T, a =
(

4
F4,Sp(3) o T, a=4,b=11.

x Sp(1) x U(1)),a=2,b =25,

)

In the beginning, we will find the candidates for (G', K}).

10.1. Candidates for (G', K7).
The goal of this section is to prove the pair (G’, K7) is one of the following

(Spin(9), Spin(6)oT') (k; =8,k =n =7) or
(SU(3),T?) (k1 =2, k2 =3,n=2).

Now k; > 2 and k; + k, = 2n + 1. So we can easily see the following three cases do
not satisfy k; > 2. (Recall a = % and b =n.)

(SO(2n+2),S0(2n) x SO(2)),a =b =n,
(SO(7),U(3)),a =b =3,
(Sp(3),U(3)),a=b=3.

We can show the following proposition similarly to Proposition 9.1.

PROPOSITION 10.1. Kj acts transitively on K; /K = Sk—1,
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Hence we see the following six cases contradict Proposition 10.1 by the paper [HH65]
Section L

(SO(ks+2),50(ky — 1) x SO(2)),a = (ko — 1)/2,b = ks,
(SO(10),U(5)).a =3,b =7,

(Sp(3),Sp(1) x Sp(1) x U(1)),a =2,b =5,

(G, T?),a=1,b =5,

(F4,Spin(7) o T, a=4,b =11,

(FaSp(3)oT ), a=4b=11.

Therefore in this case we have that
(G',K}) = (Spin(9),Spin(6)oT") (ki =8,k =n=7)or
(SU(3),T4) (k1 =2,k =3,n=2) or
(SU(5),S(U(3) x U(2))) (ki =4,k, =5,n =4) or
(Sp(4),U(4)) (k1 =8, ky =n=7).

If (G',K}) = (SU(5),S(U(3) x U(2))), then k; = 4. Hence K;/K = S3. Since U(2) (C K})
acts transitively on K;/K by Proposition 10.1, we can assume the slice reprepsentation
as 07 : K; — U(2). Therefore we see G" = T" (h < 1) and K ~ S(U(3) x {e}) o T"*"
by Proposition 4.1 and Proposition 10.1. In particular we see K, D K D SU(3). Since
K2/K = §% (K3,K) = (A o N,B o N) where (A,B) ~ (SO(5),S0(4)) by Proposition 4.2.
Now we easily see N D SU(3). So K, D AoSU(3). That is dim K, > dim(A o SU(3)) = 18.
However we have dim(K;) = 13 or 14 by dim(K) = dim(S(U(3) x {e}) o T"™) =9+ h
(h < 1) and K,/K = S*. This is a contradiction. Hence this case does not occur.

If (G',K}) = (Sp(4),U(4)), then k; = 8 and K;/K = S’. From Proposition 10.1, we can
assume the slice reprepsentation as o7 : Ky — U(4). So G" = {e} or T' by Proposition 4.1.
Since K;/K = S® and K; = U(4) or U(4) x T', we have (K;,K) ~ (G2 o T, SU(3) o T")
or (G, o T?,SU(3) o T?) by Proposition 4.2. Therefore we get Sp(4) O G,. However the
following proposition holds.

PROPOSITION 10.2. Sp(4) 2 G,.

PROOF. Assume Sp(4) D G,. Let V be the Sp(4)-C irreducible 8-dimensional repre-
sentation space (complex dimensional). Then we can consider Sp(4) acts effectively on
V by the natural representation p : Sp(4) — U(8). Since Sp(4) D G, and Ker(p) = {e},
we see the restricted reprepsentation to G, p|g, is not trivial. Because the least dimension
of non-trivial complex representation of G, is 7 and V is an 8-dimensional space, there is
an irreducible decomposition V = V7 & W where V’ is a complex seven dimensional G;-
space which has a representation p|g, and W is a complex one dimensional space which
has trivial G;-action. Then V has the structure map J : V — V such that ] is a Sp(4) map,
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J?(v) = —vand J(zv) = zJ(v) forz € Cand v € V (see [Ada69] 3.2). Moreover J(w) € W
for w € W because ] is a G2(C Sp(4)) map. However W is a complex one dimensional
space, so this contradicts W does not have such map. Therefore we see Sp(4) 2 G,. 0

Hence the following two cases remain.

10.2. (G',K]) = (Spin(9), Spin(6) o T").

If (G, K) = (Spin(9), Spin(6) o T'), then k; = 8. So K;/K = S7, hence G" =T (h < 1)
from Proposition 4.1 and Proposition 10.1.

Assume h = 1. Since K,/K = S°, we see (K;,K) = (G, o T?,SU(3) o T?). Consider
the slice representation o, : G, o T2 — SO(7). Because K, acts transitively on K,/K = Se,
the restricted representation o;|g, is a natural inclusion. So C(0,(G,);SO(7)) = {e} where
C(X;G) ={g € G| gk = kg for all k € K}. Therefore G" C Ker(o,) = T?> C K. Now G"=T'
is a normal subgroup of G. This contradicts Proposition 4.1. Hence h = 0.

We get G' = {e} and (G, K;) = (Spin(9),Spin(6) o T'). Since h = 0 and K,/K = S°, we
see (K2,K) = (G2 o T',SU(3) o T'). Hence we can easily show that slice representations
o1 : Ky — SO(8) and o, : K, — SO(7) are unique up to equivalence (o; through Spin(6) ~
SUu(4)). Moreover we see N(K; G)/N(K; G)° = Z,. Hence in this case there are just two
G-manifolds M up to essential isomorphism. Hence the following proposition holds.

PROPOSITION 10.3. Let (Spin(?), M) be a Spin(9)-manifold which has codimension one
orbits Spin(9)/SU(3) o T' and two singular orbits Spin(9)/K; and Spin(9)/K, where Ky =
Spin(6) o T' and X; = G, o T'. Then there are just two such (Spin(9), M) up to essential
isomorphism, that is, M = Q4 and M = Spin(9) Xspinzyort S

PROOF. From the above argument this case has just two such (Spin(?), M) up to es-
sential isomorphism. If M = Q4, then we will be constructed in Section 11.4. Put
M = Spin(9) Xspinzort S' such that T' acts S C R® x R’ trivially and Spin(7) acts
canonically on R” and acts on R® through the spin representation Spin(7) — SO(8). Then
this manifold has a canonical Spin(9) action and satisfies the assumption of this case. [

But M = Spin(9) Xspinort S' is the fibre bundle over Spin(9)/Spin(7) o T' = P14(C)
with the fibre $'. Hence this is not a rational cohomology complex quadric. So this case is
unique up to essential isomorphism and such (G, M) will be constructed in Section 11.4.

10.3. (G',K]) = (SU(3), T?).

If (G/,K{) = (SU(3),T?), then k; = 2. Hence G' = T" and h < 1. From K,/K = S$? and
Proposition 4.2, we have K9 ~ SU(2) o N and K° ~ T' o N.

If h = 0 then we have N = {e} because K;/K° = S'. Then the slice reprepsentation
o1: Ky =T2 = U(1)(— O(2)) is

o1(x,y) =x"y"
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where m, n € Z and (m,n) # 0. We see Ker(o7) = Kand wecan put T = {(x 'y ', x,y) €
SU(3)} and m > n without loss of generality where (x,y, z) is a diagonal matrix in SU(3),
then

K={(x"y",xy)lxyeT andx™y" = 1}.

Hence we have K ~ T' x F where F is a finite group and then K, ~ SU(2) x F. Moreover

we see the slice representation o, : K, — SO(3) is unique up to equivalence because the

restricted representation o;,|sy(2) is a canonical double covering and Z; o F = Ker(o;).
Next we discuss N(K; G)/N(K; G)°. First of all we define the following notations.

~10 0 0 -1 0 0 0 1
o= 0o o1 |,p=| -1 0 o |,y=(0 -10].
0 10 0 0 —T 1 0 0

We can easily show the next four statements.
(1) If m =n(+# 0), we have N(K; G)/N(K; G)° = {I3, «c}.
(2) If m =0 > n, we have N(K; G)/N(K; G)° ={I3, B}
(B) If m >n =0, we have N(K; G)/N(K; G)° ={I3,v}.
(4) If m > nand mn # 0, we have N(K; G)/N(K; G)° ={I3}.

We also see K is conjugate to the following subgroup of G except the last case above.

10 0
0 x 0 xeT §.
0 0 x!

Hence P(G/K%t) = (1 4 t?)(1 + t°) from the fibration SU(2)/K°® = $? — G/K° —
G/SU(2) = S°. Therefore we have, from the fibration K$/K° = S* — G/K° — G/KS,
the Poincaré polynomial of G/KS is P(G/K$;t) = 1 + t°. This contradicts P(G/Ky;t) =
(1+1t)(1 + t* + t*) and an injectivity of p* : H*(G/K2; Q) — H*(G/KS; Q).

Therefore N(K; G)/N(K; G)° = {I3}. Hence N(K;G)/K is connected and the attaching
map is unique up to equivalence by Lemma 4.3 (1.). So we can put such SU(3)-manifold as
M = SU(3) xsuyxun) S* where S(U(2) x U(1)) acts on $* € R3 x R? by S(U(2) x U(1)) &
SU(2) 5 SO(3) and S(U(2) x U(1) B3 T' X5 SO(2) where p;,p; are projections, c is
a canonical double covering and Ker(tf) = F. The manifold M is a fibre bundle over
SU(3)/S(U(2) x U(1)) = P4(C) with fibre S*. This is not a rational cohomology complex
quadric. Hence this case does not occur.

Hence h = 1, G = SU(3) x T' and K; = T? x T'. Moreover we see N = T' because
Ki/K = S'. Hence K; ~ SU(2) o T' x Fand K ~ T? x F where F C T' is a finite subgroup.

Then we can show easily the slice representation o; decomposes into K1 — T' % 0(2)

such that Ker(p) = F. Moreover o, decomposes into o, : K, — SU(2) 5 S0O(3) where T is
a canonical double covering. Hence 0, is unique up to equivalence.
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Because N(K; G)/N(K;G)° = N(Ky;G)/Ky = Z; x Z3 and Z3 C K;, this case has just
two (G, M) up to essential isomorphism for the fixed positive integer m = [F|. Hence the
following proposition holds.

PROPOSITION 10.4. Let (G, M) be a G-manifold which has codimension one orbit G /K, and
two singular orbits G/K; and G/K; where G ~ SU(3) x U(1). Then this (G, M) has just two
types up to essential isomorphism, that is, M = Qg and M = SU(3) xswu2)xu)) S*

PROOF. There are two types (G, M) from above argument for the positive integer m.
Put M = Qy, and the representation r,,, : SU(3) x T — S(U(3) x U(1)) such that

X ™eA 0
Tm(A,x) = ( 0 x™/2 )

As in Section 11.6, there is a representation p : S(LL(3) x U(1)) — SO(6) from the natural
double covering surjection SU(4) — SO(6). Then Ker(p o 1,,,) = {I3} x F. Hence the
SU(3) x T' acts on Qg by p o 1, such that K = T? x F. Moreover we see, for all m = |F|,
the induced effective actions are equivariantly diffeomorphic. Therefore such action is
unique up to essential isomorphism.

Put M = SU(3) Xsu@)xu() S* such that S(U(2) x U(1)) acts on $* C R? x R? through
the representation S(U(2) x U(1)) — SO(3). This manifold has the action of SU(3) x T',
that is, SU(3) acts on SU(3) canonically and T' acts on S* N R? by m-fold. Then this
SU(3) x T'-manifold M satisfies the assumption of this case. We can assume T'-action on
$* N R? is canonical because all m-fold actions are essentially isomorphic. O

The manifold M = SU(3) xsu(2)xu(1) S* is an S*-bundle over P4(C) = SU(3)/S(U(2) x
U(1)). Hence this is not a rational cohomology complex quadric. So this case is unique
up to essential isomorphism and such (G, M) will be constructed in Section 11.6.

11. Compact transformation groups on rational cohomology complex quadrics with
codimension one orbits.

All the pair (G, M) which has codimension one principal orbits are exhibited in this
last section.

11.1. (SO(2n+1),Q2n)-.

In this case M = Q,n and SO(2n + 1) acts on M through the canonical representation
to SO(2n + 2). Then there are two singular orbits S°™ and Q,,,_1. The principal orbit type
isRViyni12=SO0(2n+1)/SO(2n —1).

-1 0
0 In+1

with the action of SO(n+1). (SO(n+1), Qn/Z;) has two singular orbits P, (R) and Qn_;
and the principal orbit is RV, 41 ,/Z;. From [Uch77] Section 9.6, such manifold (SO(n +
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1), M) is unique up to essential isomorphism thatis (SO(n+1), M) ~ (SO(n+1), P, (C)).
Hence we get the following proposition

PROPOSITION 11.1. Forn > 3, Q../Z; = P, (C).

11.2. (SU(n+ 1), Q2n).
In this case M = Q;, and SU(n + 1) acts by the natural representation of SO(2n + 2)
that is
A —-B

SU(n+1)9A+BiH( N

> € SO(2n +2).
Then there are two singular orbits, both orbit types are P, (C). The principal orbit type is
SUn+1)/(SO(2) x SU(n—1)).

For G = U(n + 1) we get a similar result.

11.3. (SpU) X Sp(m)a Q4m72)l m > 1.

In this case M = Q4m_2 (n = 2m — 1) and the action of Sp(1) x Sp(m) on H™ is
defined by Axh where (h, A) € Sp(1) x Sp(m) and x € H™. Then there is a representation
p:Sp(1) x Sp(m) — SO(4m) that is

il hsl, —holn  haln X —-Y Z —-W

| L, hIn —hl, —holy Y X —-W -7
p(h,A) = ol hal, hl, —hsl, —Z W X Y
—hyl, hol, hsl., hyl, W Z Y X

where h = h; + hyi 4+ h3j + huk € Sp(1) and A = X+ Yi+ Zj + Wk € Sp(m).

Hence there is an action of Sp(1) x Sp(m) on Q4m_, through the representation p. Then
there are two singular orbits S? x P,,(C) and Sp(m)/(Sp(m — 2) x U(1)). The principal
orbit type is Sp(1) x11 Sp(m)/(Sp(m —2) x U(1)).

11.4. (Splﬂ(9), Q]4).

In this case M = Q4. It is well known that Spin(9) acts on S'° transitively by the
spin representation p : Spin(9) — SO(16) ([Yok73]). Hence Spin(?) acts on Q4 through
this representation. Then the principal orbit type is Spin(9)/SU(3) o T' and two singular
orbits are Spin(9)/Spin(6) o T' and Spin(9)/G, o T'.

11.5. (G2, Q).

In this case M = Qg and the exceptional Lie group G, acts through the canonical
representation to SO(7). Then there are two singular orbits S® and G,/S(U(1) x U(2)).
The principal orbit type is RV7, = G,/SU(2).

11.6. (S(U(3) x U(T1)), Q4).

In this case M = Q4. It is well known that there is the double covering representation
p:SU(4) — SO(6) ([Har90], [Yok73]) because of SU(4) ~ Spin(6). Hence S(U(3) x U(1))
acts on this manifold through the restricted representation of p, and the principal isotropy
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groupis S(U(1)xU(1))xS(U(1)xU(1)). Consequently principal orbits are of codimension
one.

11.7. (SP(Z),S7 Xsp(1) Pz((C)).

In this case M = S xs,(1) P2(C) and Sp(2) canonical acts on S” = Sp(2)/Sp(1). The
manifold M is a quotient manifold of S” x P,(C) by the action Sp(1) where Sp(1) acts on
S” = Sp(2)/Sp(1) canonically and on P,(C) by the double covering Sp(1) — SO(3). Then
the Sp(1) action on P,(C) has codimension one principal orbits Sp(1)/{1,—1,i,—i} and
two singular orbits Sp(1)/U(1) and Sp(1)/U(1); UU(1);i where U(1); = {a + bj| a* +b? =
1}. Hence the Sp(2) action on M has codimension one principal orbits Sp(2)/Sp(1) x
{1,—1,i, —i} and two singular orbits Sp(2)/Sp(1) x U(1) and Sp(2)/Sp(T) x (L(1);ULL(T);i).

11.8. (G, x T', Gg(2,0)).

In this case M = Gg(2,0). Theng € Gy actsuAve Mbyg-uAv =g(u)Agv). We
see g(u), g(v) is an oriented orthonrmal basis because of G, C SO(7). Hence this action
is well defined on M. Moreover T' acts on M by the induced action from the canonical
SO(2)-action on O@?. These two actions are commutative. Therefore we have the G, x T'-
action on M.

Put G = G, x T'. Then the isotropy subgroup Gia; is SU(3) x T', Gjajis U(2) x T' and
Gia1 vy 18 SU(2)oT'. Hence this action has codimension one orbit (G, x T')/SU(2) o T!
and two singular orbits (G x T')/(SU(3) x T') =S¢ and (G, x T")/(U(2) x T").
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Part 2

Equivarinat Graph Cohomology of Hypertorus
graph and (n + 1)-dimensional Torus action on
4n-dimensional manifold



12. Introduction of Part 2

A research in Part 2 is motivated by two problems about GKM-graphs and hypertoric
manifolds. First we mention a GKM-graph.

Let M?™ be a 2m-dimensional manifold which has an n-dimensional torus action. We
denote it by (M?™,T"). This pair (M*™, T") is called a GKM-manifold if it satisfies the
following three conditions (GKM-condition);

e Its fixed point set M is finite.
o (M?™ T") is an equivariantly formal space.
e (M?™ T") satisfies a pairwise linearly independence around its fixed point.

Here an equivariantly formal space (M?™, T") means the spectral sequence of the fibre
bundle

M — ET xtM — BT

collapses (see [GKM98]), and a pairwise linearly independence means the induced T"-
action on the tangent space of a fixed point T,,(M) is equivariantly decompose into V(o) x

- X V(o) such that the weights {«;, ..., &y} are pairwise linearly independent in t*,
where t* is a dual Lie algebra of the torus T.

A regular m-valent graph I'(M)(=T) = (V",E") can be defined by the above GKM-
manifold (M?™, T"), regarding the fixed point in M as a vertex in V" and the connected
component in the orbit space of one-dimensional orbits as an oriented edges E". Moreover
“labels” on the oriented edges E" are defined by its isotropy weight representations (in
the dual Lie algebra (t");). We denote it & : E' — (t")3 and call « an axial function
on . The important fact in [CS74] and [GKM98] is that the equivariant cohomology
ring of (M?™, T") is isomorphic to an equivariant graph cohomology of I'(M) defined by
(M2™ T™) (see Section 13), that is the following equation holds;

HT(M;Z) ~ H3(T(M), o),

where H}(M; Z) is the equivariant cohomology of (M, T) and H3}(I'(M), ) is the equivari-
ant graph cohomology of the GKM-graph I'(M).

Now a GKM-manifold (M*™, T") is a geometrical object, on the other hand, a GKM-
graph I' can be assumed to be a combinatorial object. So we are naturally led to study to
compute the equivariant cohomology ring H}(M; Z)(~ H3} (I, «)) from combinatorial stru-
cures of I'. In fact, it has already succeeded in some cases. In 2001, Guillemin and Zara
initiated to study a class of the GKM-graph I" (a toric graph) which contains the GKM-
graph defined by the toric manifold. They give generators of H}(I') as H*(BT)-module by
combinatorial structures of I' and they compute the Betti number of H%(T") in [GZ01]. In
2003, Masuda and Panov study on a torus manifold which is more general than the toric
manifold in [MP03]. They compute its equivariant cohomology ring and describe it by
combinatorial structures of their characteristic manifolds. Maeda and they also define a
class of GKM-graphs (a torus graph) in [MMPO05] which contains the GKM-graph defined



by the torus manifold and describe its graph cohomology ring by combinatorial struc-
tures (by a connection 0 of I' which will be defined in Section 13). The torus manifold M
(contains the toric manifold) is a 2Zn-dimensional manifold which has a T™-action and it
satisfies a GKM condition if M holds H°4¢(M) = 0. So, in the above cases, the GKM-graph
I'is an n-valent graph and has an axial function « : E" — (t")3. However little is known
about the GKM-graph I' which is an m-valent and has an axial function o : E" — (t")},
such that m > n, we call such GKM-graph an (m, n)-type GKM-graph. Therefore the first
motivation of Part 2 is as follows.

PROBLEM 1. Let (I} &, 0) be an (m, n)-type GKM-graph, where m > n.. Describe the graph
cohomology ring H3 (T, «) by its combinatorial structures (a connection 6).

Next we mention a hypertoric manifold.

In 2000 [BDO00], Bielowski and Dancer define 4n-dimensional variety, the hypertoric
variety M*", by the hyperKéler quotient of a torus action on the quaternionic spaces.
Remark the hypertoric variety and the toric hyperKiler are same things, we use hypertoric
variety in Part 2. The hypertoric variety corresponds to a hyperplane arrangement. In
the same year, Konno computed the equivariant cohomology ring (and the ordinary co-
homology ring) of (M*™, T") by the combinatorial structure of hyperplane arrangements
[Kon00] and [Kon03]. The hypertoric variety (M*", T") satisfies the upper two condi-
tions in GKM-condition, that is M" is finite and it is the equivariantly formal (because
of H°d4(M) = 0). However it does not satisfy the pairwise linearly independentness on
M7, that is, it does not satisfy the GKM-condition. Hence we can not define the GKM-
graph from the hypertoric variety (M*™, T"). In 2004 [HHO04], Harada and Holm found a
hypertoric variety (M*™, T") extends to a transformation group (M*", T"*") and it satis-
ties the GKM-condition. Therefore we can define the (2n,n + 1)-type GKM-graph from
(M*, T™ x S'). Moreover they describe the eqgivariant cohomology ring of (M, T x S')
in terms of its hyperplane arrangement and they coorespond its generator to an element
of its equivariant graph cohomology H7}(I'). So we are naturally led to think there might
be a class of GKM-graphs which contains the GKM-graph defined by the hypertoric vari-
ety like the Masuda-Maeda-Panov’s torus graph in [MMPO05]. From the above researches,
we can denote the second motivation as follows;

PROBLEM 2. Define the class of GKM-graphs which contains the GKM-graph coming from
the hypertoric variety and compute its equivariant graph cohomology.

The aim of Part 2 is to solve the above Problem 2. We define a hypertorus graph as
a new class of GKM-graphs, which contains the GKM-graph defined by the hypertoric
variety or the cotangentbundle of the torus manifold and describe its equivariant graph
cohomology in terms of its combinatorial structure for some cases. The hypertorus graph
is (2n,n + 1)-type GKM-graph, so to describe its equivariant graph cohomology is to
solve the Problem 1 partially. A main result of Part 2 is a generalization of the main
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result in [HHO04] from the other aspect, which is not the hyperplane arrangement but the
hypertorus graph. We also define a quaternionic torus graph as generalization of hypertorus
graph. This graph contains the GKM-graph coming from a complex quadric or a quaternion
projective space. We do not compute its equivariant graph cohomology in Part 2, but to
compute it might be an important problem.

The main result of Part 2 is as follows.

MAIN THEOREM 2. Assume for each codimension two hypertorus subgraph L there is a
unique hyperfacet H and its opposite side H such that 0H = L, and H N G = () or connected for
all hyperfacets H and G. Then there is the following isomorphism:

HE(L ) ~ ZIT, ).

The organization of Part 2 is as follows. First we recall a GKM-graph and its equi-
variant graph cohomology in Section 13. Because we would like to define a quaternionic
torus graph which contains the GKM-graph coming from T™"*'-action on HP™, we define
the GKM-graph more general than the GKM-graph which is defined in other papers, for
example [GZ01] or [MMPO5]. In Section 14 we define a hypertorus graph and quater-
nionic torus graph, before to define we recall a hypertoric variety. Next we exhibit three
examples of hypertorus graph and quaternionic torus graph in Section 15. To state our
main theorem, we have to prepare some notations and propositions in Section 16. Finally
we prove the main theorem in Section 17. To prove the main theorem, we consider three
cases as follows:

(1) T has only one vertex;
(2) T is a minimal hypertorus graph;

(3) T is general hypertorus graph.

13. GKM-graph and equivariant graph cohomology

Guillemin and Zara [GZ01] introduce a GKM-graph to study equivariant cohomology
rings of GKM-manifolds from combinatorial aspects. They succeed to translate the no-
tations from toric manifolds into toric graphs, where a toric graph contains a GKM-graph
which is defined by toric manifolds. For instance they define a Betti number of toric
graphs by its combinatorial information and show it accords with a Betti number of toric
manifolds.

Maeda, Masuda and Panov introduced the torus graph in [MMPO05] as a GKM-graph
which is more general than a toric graph. They succeed to describe its equivariant graph
cohomology rings.

In this section we state a definition of a GKM-graph which has more general condition
(of an axial function) than the above two papers [GZ01] and [MMPO05] and also define its
equivariant graph cohomology.
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Remark. A toric graphs called GKM-graphs in [GZ01], but we use the terminology
GKM-graph is more general meaning in Part 2.

First we state some notations. Let I' = (V' £") be a connected regular m-valent graph
which is possible to have a leg, where V' is a set of finite vertices of . Here &' is a set
which consists of two parts as follows:

gr=te"ut
Here E' is a set of all oriented edges, so each edge e € E" has two possible orientations,

and L is a set of legs where aleg 1 € L is an out going half line from the vertex, so each
leg 1 has an only one orientation. The following two figures are examples of our graphs.

edge edge

leg

FIGURE 13.1. Examples.

The above left example is a 2-valent graph which has two legs and edges and the right
one is 3-valent graph which has no legs.

An opposite orientation of the edge e = pq is denoted by & = qp, we also denote the
initial vertex of e = pq by i(e)(= p) and the terminal vertex of e by t(e)(= q). So aleg |
does not have terminal vertex but it has an initial vertex i(1), hence we can state the leg 1
is an out going half line from i(1). The leg has only one orientation.

Next we prepare two important notations, a connection and an axial function. We can
regard a connection as a combinatorial structure on the graph T', on the other hand an
axial function as an algebraic structure on it.

For p € V" we put

& ={ec& |ile) =p},

and for an edge e = pq € E" we denote a collection of bijections

0. : Sg — Eg
by 8 = {6.}. Now we denote the number of all edges and legs which have a same initial
vertex p by |£]]. In our case |€]| = m holds for all p € V' because the graph T is an

m-valent graph. Hence the bijective map 0. always exits on all edges E". Let us state a
definition of a connection.
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Definition[connection]. A connection on I is a collection 6 = {0.} which satisfies the
following two conditions:

(1) 0 =0,

(2) B.(e) =e.

We can easily show an m-valent graph I' admits different ((m — 1)!)9 connections,
where g is the number of (non- oriented) edges E'.

Next we define an axial function which is more general than the definition of axial
functions in [GZ01] and [MMPO05].

Definition[axial function]. We call a map o : £" — Hom(T, S") = H?(BT) = tz an axial
function (associated with the connection 0) if it satisfies the following three conditions:

(1) My x(€) = mye)x(e) for some mye), Mie) € Z — {0}
(2) Elements of «( Eg ) are pairwise linearly independence for each p € V';

(3) mi x(Be(e)) — merx(e’) = 0 (mod «(e)) for any e € £7, e’ € &, and some
non-zero integer m,,, m.» which depend on e’.

We call the above third relation a congruence relation.

Remark. The GKM-graph which defines in [GZ01] (resp. in [MMPO05]) is the first
condition of the axial function was m;z) = —1 = —Mmy¢) (resp. My = £1 and mye) = 1)
and the congruence relation was both of them were m/, = m.. Because we would like
to define a quaternionic torus manifold as a class of GKM-graphs which contains the GKM-
graph defined by T"*'-action on HP™, we need to define the axial function which has
more general condition than [GZ01] and [MMPO05].

Let us define a GKM-graph.
Definition[ GKM-graph]. Assume a connection 6 defines on an m-valent graph I' and

I' is labeled by an axial function « whose terget is tj;. Then we call (I, x,0) a (m,n)-type
GKM-graph.

The GKM-graph is defined by a GKM-manifold as follows. Put vertices V' by M,
edges and legs £ by the set of connected components of 5, where s = {x € M | dimT(x) =
1}/T. Remark s is a one dimensional open manifold from the GKM-condition. Set the
graph (M) by 5, where 5 = {x € M |dimT(x) =1}/T = s U V'. Then we call 5 a
one skelton of T-action on M (X means a closure of X). Since GKM-manifold satisfies
the pairwise linerly independence around its fixed points, there is an isotropy weight
decomposition on the tangent space of p € M = V" as

T (M) > V(i) @ - & V(ian),
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where o; € (t™)* is a weight of an isotorpy group representation on T,(M) and the rep-
resentation space of «; is denoted by V(«;) ~ C for alli = 1,---n. Now each «; corre-
sponding to some e; € £" which has an initial point p.

Remark. We can assume e; as the T™ '-invariant manifold in M, thatis (T¢;)¢ ~ CP(1)
or C which contains p € M.

So an axial function &y on I'(M) is the map which satisfies oo (ei) = «;. Finally we
define the connection 6 from the above axial function o (possibly not unique). Therefore
we get an (m, n)-type GKM-graph (I'(M), apm, 0) from a GKM-manifold (M?™, T™).

Guillemin and Zara define a toric graph in [GZ01]. The toric graph is an (n,n)-type
GKM-graph (without legs) and it satisfies mi) = —mye) = 1 on the first condition and
m,, = M., = 1 on the third condition of the axial function. We call such axial function a
toric axial function. Moreover oc(Eg) forms a basis of t}.

Maeda, Masuda and Panov define a torus graph in [MMPO5]. The torus graph is an
(n, n)-type GKM-graph (without legs) and it satisfies m;(), mie) = =1 on the first con-
dition and m/, = m¢, = 1 on the third condition of the axial function. We call such axial
function a torus axial function. In this case x(E}) also forms basis of t}. The torus graph
contains the toric graph and Maeda, Masuda and Panov show its equivariant graph co-
homology is isomorphic to some ring which is defined by its combinatorial information.
The following Figure 13.2 is an example of torus graph and the next one Figure 13.3 is an

example of generalized torus graph which is possible to have legs.

-B o—p
p —a+f
>«
p o —o q

FIGURE 13.2. The GKM-graph associated with T?-action on CP(2).

p i —a+p
—
p o« o o q

FIGURE 13.3. The GKM-graph associated with T?-action on CP(2) — {r}.
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Give a GKM-graph (I} «, 0). Then we can define a ring Hj.(I; «) which is called an
equivariant graph cohomlogy.

Definition[equivariant graph cohomology]. Let (I}, 0) be an (m,n)-type GKM-
graph. Then we set an equivariant graph cohomology Hy. (T, o) as follows:

Hin (T &) = {f: VI = Hiw (pt) | f(p) — f(q) = 0 (mod x(pq))}
where pq € E' is an edge.

As is well known Hz. (pt) is a polynomial ring Z[x1, - - - , xn] where x; € H3. (pt) = 3.
Now we exhibit an example of an element of Hj (T o).

Examples. Let ' be a GKM-graph as the above Figure 13.2. Put f : VI — Hz(pt) as
follows:

f(p) = a(2a+ B), f(q) = 2B, f(r) =20 + pla—B),

where tZ ~ («, B). Then we have f(p) — f(q) = 20 — aff = 0 (mod «), f(q) — f(r) =
20(p— ) — B(x—B) =0 (mod B — «) and f(r) — f(p) = —B% = 0 (mod — B). Hence the
map f is an element of Hy(T").

14. Hypertoric variety and hypertorus graph

A hyperkédhler quotient is defined by Hitchin, Karlhede, Lindstrom and Rocek in
[HKLR87] as a quotient which constructs an hyperkdhler manifold. In 2000, Bielowsky
and Dancer study a special case of a hyperkdhler quotient that is a hypertoric variety in
[BDO00]. A hypertoric variety is constructed by a hyperkahler quotient of torus action on
T*CN ~ HN (see Section 14.1) like a toric variety, which is defined by a kihler quotient of
torus action on CN. In same year [Kon00], H. Konno studies its cohomology ring struc-
ture in detail. In 2004, Harada and Holm relates the hypertoric variety with the GKM
theory in [HHO4]. In this section, we recall a hypertoric variety and define a hypertorus
graph.

14.1. hypertoric variety.

A hypertoric variety is motivated to define a hypertorus graph in this thesis, note that
in the paper [Kon00] a hypertoric variety called a toric hyperkihler but we use the name
hypertoric variety as [HHO04]. Let us recall a hypertoric variety. Consider the natural torus
group K(C TN)-action on T*CN. Then we can define a hyperkiihler moment map as follows:

wk: TCN S et 5 e B
Here t* and ¢* are dual Lie algebras of TN and K, i* is an induced homomorphism from
the inclusion i: ¢ — t, and a map p is defined by

1 -
w(z,w) = 5 E (|Zi|2 - |Wi|2)ai ©® E zZjw; 0,
i=1 i=1
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where z = (z;,- -+ ,zy) is a point of a base space CN, w = (wy,--- ,wy) is a point of a fibre
space and 01, - - - , Oy are canonical basis of t*. Take a regular value of (v,0) € & @ £, then
a manifold .} (v,0)(C T*CN) has an almost free K(C TN)-action. Hence the quotient
space uﬁ}((v, 0)/K = M is an orbifold and it has a (T"/K =)T™-action. This orbifold is
called a hypertoric variety. Moreover M*" has an induced residual S'-action from a scaler
multiplication on fibres of T*CN. Therefore M*™ has a T™ x S'-action and it satisfies a
GKM-condition. The tangent space of its fixed point p has isotropy weight decomposition
as follows:

T, (M) =V()® - @ V(xtn) ® V(=1 +x) D - & V(—0tn +x),

where t* ~ (o4, -+, ) and s ~ (x).
Remark. T"-action on M*™ does not satisfy a pairwise linerly independentness.

Hence there exists a GKM-graph coming from a hypertoric variety M*" with (T™ x S')-
action which has a properties, that the edges or legs consist n-pairs {e;",e; } (1=1,--- ,n)
in £ and their axial function holds x(e) 4+ «(e;) = x. From these properties, we will
define a hypertorus graph as in next section.

The most essential example of the hypertoric variety is a cotangent bundle of com-
plex projective space T*CP(n) which has a natural T"-action and S'-action on fibres. The

following Figure 14.1 is the GKM-graph coming from T? x S'-action on T*CP(2).

—B+x o—P+X

FIGURE 14.1. The GKM graph associated with T? x S'-action on T*CP2.

14.2. Hypertorus graph.

In the begining, we define a quaternionic torus graph as generalization of hypertorus
graph.

Definition[quaternionic torus graph]. Let I' = (V" £") be a regular 2n-valent graph,
possibly with legs. Let (I, 0) be a (2n,n + 1)-type GKM-graph. Its axial function «
satisfies two conditions such that
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(1) x(e) = +«(e)

(2) «(e') = ecrx(Bc(e)) (mod «fe)) forany e € £, e’ € &, and ecr =1 or —1.
For each p € V', we can put & = {ef(p),---,el(p),e;(p), -~ ,e,(p)} and the pair
(e (p), ey (p)) satisfies
(14.1) «(ef (p)) + «(e; (p)) = x(p)
foralli=1,--- ,n where an element x(p) € (t""')* depends on p € Vi. Moreover the set
{oler (), exle (), x(p)}
is a basis of t"*! for all p € V'. Then we call such GKM-graph a quaternionic torus graph.

The following proposition can be proved by easy calculating.

PROPOSITION 14.1. Let (T, &, 0) be a quaternionic torus graph and x(p) € t* be a value of
x(ef (p)) + «le; (p)) for each p € V', where {e] (p), e, (p)} is a pair of E. Then the following
two statements are equivalent.

(1) The edge pq € E" satisfies 0,q(ef) = hi, 0,4(e;) = h{ foralli =1,--- nand
x(e) = x(0,4(e)) (mod x(pq)) forall e € £}, thatis e, =1 forall e € &].

(2) The equation x(p) — x(q) = 0 mod «(pq) holds for the edge pq.
PROOF. First we show (1 = 2). Because I is a quaternionic torus graph, we have
afe] (p)) + ale; (p)) = x(p)and
a(ef (q)) + ale (q)) = x(q),

foralli,j = 1,--- ,n. Now we can put 0,4(e*(p)) = e"(q) and 0,4(e"(p)) = e (q), and
then we have (e (p)) — a(e*(q)) = 0and x(e (p)) — (e (q)) =0 (
assumption 1. From the above equations, we have

(x(e'(p)) — (e (q))) + (x(e” (p) — ale™(q))) = x(p) —x(q) = 0 (mod x(pq)).

So we get (1 = 2).

Next we show (1 & 2). Put the edge pq by e(= e") and qp by h(= h'). First we
begin to show 0.(e”) = h™. Now we have the following equations by the definition of
the quaternionic torus graph:

Hence we have
o(e”) —ecax(Be(e7)) = x(p)—ale) —ecax(Bc(e))
x(p) — €cx(Bc(e7)) =0 (mod x(h)),
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by «(e) = £a(h). Therefore we get e.x(6.(e7)) —x(q) = 0 (mod x(h)) by the assumption
2. So we get
€ex(Bc(e”)) —ra(h) = x(q)
= «a(h)+«(h)
for some v € Z. Because of the definition of quaternionic torus graph, we have e, =1,
r=—1and 6.(e") = h™. Therefore for (£] e, e; # pq, we see Op4(ef) =hy, Bpq(e;) =
h, € & are not equal to the pair of qp.
Next we show «(h;) + «(h;) = x(q). Now we have
x(ef) + ofe;) = x(p),
x(p) —x(q) = 0 mod «(pq),
«(e]) — erax(hy) = 0 mod «(pq),
x(e; ) — exa(hy) = 0 mod x(pq)
for some €5, €, = 1 or —1. Therefore we have the following equation:
x(p) — e1x(hy) — e2a(hy)
= x(q) — erx(hy) — e2a(h2) = 0 mod a(pq).

So we have ¢ = €, = 1 and a(hy) + «(h,) = x(q) because of the definition of the
quaternionic torus graph. U

The quaternionic torus graph contains the GKM-graph coming from a T""'-action on
a quarternionic projective space HP(n) (see next section). Let us define a hypertorus graph.
Definition[hypertorus graph]. Let " = (V" £") be a regular 2n-valent graph, possibly
with legs. We say (2n,n + 1)-type GKM-graph (I} «, 0) is a hypertorus graph if o is a torus
axial function, that is my.), Mie) = £1 and m., = me, = 1 on the definition of the axial

e’ —
function, and it satisfies
o= (" x s = (o, o)z X (X)z

where the o (i = 1,--- ,n) is a basis of (t")* and x is a basis of (s')* and (t" x s'); is the
weight lattice in the dual Lie algebra of T™ x S'. Moreover for all p € V" we can put

(c/‘]l; :{eT(p)v >e:(p)>e1_(p)a"' )e;(p)}

and its axial function satisfies

(14.2) el (p)) + «ler (p)) =x,
(14.3) (x(ef (p)), -+ alel(p)),x)z = (ou, -+, &n)z X (X)z
foralli=1, --- , nand vertices.

We see easily (x(e; (p)), -+, x(e;(p)),x)z = (x1,- -+, &n)z X (X)7 .

The following corollary is easy to show by Proposition 14.1.
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COROLLARY 14.1. Let (T} &, 0) be a hypertorus graph and 0,,4(e™) = hy and 0,,4(e”) = hy,
where e, e~ are pair of Eg and h,, h, are elements in Sg . Then we have hy = ht and h, = h™,
that is hy and h, consist the pair in 85 .

We will exhibit examples in the next section.

15. Typical examples

In this chapter, we exhibit some examples which define a hypertorus graph and a
quaternionic torus graph as a GKM-graph. First example is about a hypertorus graph
and second and third examples are about a quaternionic torus graph.

15.1. cotangent bundle of torus manifold.

The torus manifold is a 2n-dimensional compact smooth manifold M with an effective
action of an n-dimensional torus T whose fixed point set (finite) is non-empty. A character-
istic submanifold of M is a codimension-two connected component of the fixed pointwise
by a circle subgroup of T. An omniorientation of M consists of a choice of orientation for
M and for each characteristic submanifold. The torus manifold defined by Masuda in
[Mas99] and [HMO03]. It contans the toric manifolds and it satisfies a GKM-condition if
Hed4(M) = 0. So we get a GKM-graph as a torus graph from torus manifold.

Denote a cotangent bundle of a torus manifold M by T*M. Then T*M has a canonical
T™-action and the scaler S'-action on fibres. Of course this case also satisfies a GKM-
condition, so we have a GKM-graph. Moreover we can easily show this graph is a hyper-
torus graph.

One of the example of torus manifolds (but not toric manifolds) is 2n-dimensional
sphere S™ (n > 2). This manifold $*"(C C™ x R) has a T"-action p coming from the
canonical T"-action on C". Define T™ x S'-action on T*S*™ by the T™-action induced from
the above action p and the scaler S'-action on fibres. Let I' = (V" ") be the graph given
by finite fixed points and the one skelton of the orbit space. In this case there are just two
fixed points that is VI = {N, S}, n edges connecting two vertices N, S and each vertex has
n legs, that is ' has 2n legs. Moreover we can get the axial function « by the isotropy
weight representation on fixed points and the connection 0 is defined by this function
o. Then (T} «, 0) is a hypertorus graph. The following Figure 15.1 is a hypertorus graph
associated with T? x S'-action on T*S%.

15.2. quaternionic projective space.
The quaternionic projective space HP(n) is a 4n-dimensional projective space over the
quaternionic numbers which defines as follows:

HP(n) = (H"" —{0})/H",

where H is the quaternionic numbers and H* is H — {0}. Remark the scaler multiplication
of H* on H™*' — {0} by the right side.
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—0+X —B+X
B o
B (o}

—0+X —B+x
FIGURE 15.1. The hypertorus graph associated with T? x S'-action on T*S*.

Then (n + 1)-dimensional torus T**! acts HP(n) as follows:

(t1,--, tny, tnp1) - [ho: yioot hyl = [tllﬁho : tjl/ﬁt]h] - tjl/fﬁnhn],
where (t1, - ,tn,thy1) € T"and [hy : hy @ ... hy] € HP(n). Note that the left diagonal

action of t,,;1 € S' on HP(n) is not trivial because the scaler H* acts from right side.
Then this action defines a GKM-graph I'. This graph I' is not a hypertorus graph but a
quaternionic torus graph.

The following Figure 15.2 is a quaternionic torus graph coming from T3-action on
HP(2).

FIGURE 15.2. The quaternionic torus graph associated with T3-action on HP2.
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15.3. complex quadric.
The complex quadric Q»y, is a non-degenarate degree two homogeneous space in the
(2n + 1)-dimensional complex projective space P,n11(C) which is defined as

Qm =1{z€Pum1(C) | 2122+ -+ - + Zont12Zon42 = 0}

where z = [z : ... : Zon42] € Pyny1(C). This manifold Q,, has an (n + 1)-dimensional
torus T*! action as follows:

. . _ R B . Lol
) O “ o e e . n _— . 1 * o o s . n n . n+] T‘L )
(t1,--- ,tap1) o [z Zmt2l =iz 1 'z thr1Zonst ¢t Zons2l

where (t;,--- ,tn11) € T™'. Then this action satisfies the GKM-condition. It has 2n + 2
tixed points and the axial function x(pq) = —x(qp). The shape of graph is the complete
graph except all diagonal edges. The following Figure 15.3 is the quaternionic torus graph
coming from T?-action on Q4.

FIGURE 15.3. The quaternionic torus graph associated with T3-action on Q4

In next section we will state a main theorem.
72



16. Equivariant graph cohomology of hypertorus graph
—Main theorem and Preparation—

In this section we state a main theorem of Part 2. To state a theorem, we prepare some
terminologies. From now on (I} &, 0) means a hypertorus graph. First we give a definitoin
of a pre-hyperfacet.

Definition[pre-hyperfacet]. Put a subgraph H = (V* ") c T = (V' £") such that
(&N =2n—1or2n forall p € VH, where &' = £] N €™ and |£]| means a number of out
going edges and legs on p € VM in H. Moreover this H is closed by a connection on T, that

is B,qln : £ — &} is bijective (if [£]!| = |€}!]) or injective (if [£)| < |E]]) and if [£]] < [}
then 0,41 satisfies

a(e) — a(Bpq(e)) =0 (mod x(pq)) and
—x =0 (mod «(pq))

where h € Sg is an element which is not in Im0,4/ (h ¢ Im0,4[1). We call H a pre-
hyperfacet.

If the edge pq € £M satisfies [£]] < |£}], then the element of £] — &' denotes by ny(p)
and we call it a normal edge or leg of H on p . The following proposition is easy to show by
the definition.

PROPOSITION 16.1. The normal edge (or leg) nu(p) stisfies 0,q(Mu(p)) € Im O,4ln for
pq € &} which satisfies a number of edges (or legs) |E{!] = 2n.

PROPOSITION 16.2. Let ny(p) = e* be a normal edge (or leg) of a pre-hyperfacet H. If the
vertex q € VH satisfies the assumption of Proposition 16.1, then we have pq = e

PROOF. From Proposition 16.1, we see 8,4(e") = h* & Im0,4/1. Hence we have
a(h") —x = ka(pq)

for some integer k by the definition of pre-hyperfacet. Since our GKM-graph is a pairwise
linearly independent on q and the equations a(h*) + «(h™) = x and «(pq) = £a(qp), we
get qp = h™ and k = 1 or —1. By the equation 6,4(e”) = h" and the congruence relation
on pq, the following equation holds for some integer k':

x(e) — a(h™) =Kk'«(pq).

Hence we get a(e") — (k + k’)x(pg) = x from the above equations. Because our GKM-
graph is a pairwise linearly independent on p and «(e*) 4+ «(e~) = x, we have

a(pq) = x(e")and k + k' = —1.

Hence we have pq = e™. O
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Next we start to mention generators of the equivariant graph cohomology H7 (T} «).
Definition[Thom class of pre-hyperfacet]. Define 1, : VI — H?(BT) by

0 p g VH
TH(P) = ¢ X |5E| =2n
x(nu(p)) [€=2n—1.
We call Ty a Thom class of the pre-hyperfacet H.

Then we have 1y € H} (I} &) from the following proposition.

PROPOSITION 16.3. A Thom class Ty is an element of an equivariant graph cohomology
H (T ).

PROOF. A Thom class is a map 1y : V' — H?(BT), so we check this map satisfies the
conditions of an element in H} (I &) (the congruence relation). In the case |8;{| = |<€'(‘f| =2n
(pq is an edge), we have T (p) — Th(q) = x — x = 0. So this map satisfies the congruence
relation on pq if |£]!| = |E!] = 2n, that is Tw(p) — T(q) = 0(mod x(pq)). Because the
pre-hyperfacet H is closed by connection 0 of I', we have the congruence relation even if
&N =& =2n —1.

If [EN] < [EY (resp. [E]}] > [E}]), then we have Ty (p)—Tn(q) = x(e’)—x (resp. x—ax(e')).
From Proposition 16.2, the equation x(e’) —x = —a(pq) holds. Hence a Thom class 1
satisfies the congruence relation for all edges. Therefore Ty € H}(T"). O

Thom classes will be generators of H} (T ).

Next we define an opposite side of pre-hyperfacet to except a Thom class associated
with a disconnected pre-hyperfacet from genarators of H} (T} x).
Definition[opposite side of pre-hyperfacet]. If a pre-hyperfacet H satisfies the fol-
lowing:
T +TH =X

for a pre-hyperfacet H, then we call H an opposite side of H.

The following proposition holds for the opposite side of the pre-hyperfacet.

PROPOSITION 16.4. For all pre- hyperfacet H in the hypertorus graph (T, «,0), there is a
unique opposite side H and the opposite side H is a pre-hyperfacet.

PROOF. Take a pre-hyperfacet H = (V" £M) in T which have p € V" such that |£}| =
2n — 1. We construct H as follows. If the vertex q € V™ has 2n out going edges (or legs) in
H that is £/t = £, then we put p & V" and EH = (). If the vertex ¢ is not in V" (q ¢ V1),
then we put q € VH and ' = £l If the vertex T € VM has 2n — 1 edges or legs in H and
EN ={ef,-- el er, -, n7]} thenwesetr c Vtand &M = {ef,--- el e, -+, enl
The above H = (VI €M) is closed under the connection 6|z from Proposition 16.2. So this
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pre-hyperfacet H is an opposite side of H, that is T + T = X, from the above construction
and uniqueness is easy to show. 0

The following Figure 16.1 is one of the pre-hyperfacet and its opposite side in the
example of Figure 14.1, the value on each vertex is the value of its Thom class.

o
—a+B+X
—a+X
L]
a 0 X
FIGURE 16.1. Thom class of pre-hyperfacet and its opposite side.

Here we state a generator of the equivariant graph cohomology of T".
Definition[hyperfacet]. We call a connected pre-hyperfacet a hyperfacet if its opposite
side is connected.

The following Figure 16.2 is an example which is not a hyperfacet but a pre-hyperfacet.

I =
pre-hyperfacet Its opposite side
FIGURE 16.2

By the definition of hyperfacet and Proposition 16.4, we have the following proposi-
tion.

PROPOSITION 16.5. For the hyperfacet H, its opposite side H is the hyperfacet.

We prepare the following notation.
Definition[boundary of hyperfacet]. We denote 9H = H N H where H is a hyperfacet
and we call 0H a boundary of hyperfacet.
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From the connection of hyperfacet, we have the following proposition.

PROPOSITION 16.6. 0H = (V" ERNEN) is a codimension two ((2n—2)-valent) hypertorus
subgraph.

For the codimension two hypertorus subgraph, the following proposition holds.

PROPOSITION 16.7. For the vertex p € V' and the edge (or leg) e € E], there is a unique
codimension two hypertorus subgraph T' = (V"' E™") whose normal edge (or leg) on p is e.

PROOF. Pute = e* € &]. Let{e*, e} bea pairin £ . Then we can construct a (2n —2)-
valent hypertorus subgraph I'" such that &' = £ —{e", e"} as follows.

First we take n—1 lines via p which contain £ —{e™, e~} = 55 '. We denote an abstruct
graph which is defined by these lines by £,,. Take q € £, such that pq € £". Then we can
take & —{0pq(e"), Byq(e7)} = &', From Corollary 14.1, £ consists of n — 1 pairs in £
and the restricted bijection 0,,4] PN & — gl is well-defined. Next we take n—1 lines via
q which contain €]’ (and denote it by £,). Similarly we can get a graph Il = U,y z, L.

If this graph I is (2n — 2)-valent graph then we get a codimension two hypertorus
subgraph that we want. Assume this graph I} has a vertex r which is not (2n — 2)-valent.
Then there is a path 1 from p to r. Denote the edge (or leg) in £ which corresponds to e™
by 6:(e™). If we can take two diffenrent paths 1y, 1, from p to r. Then we have 6y, (e") =
01,(e™) or {0y, (e™), 61,(e")} is a pair in &, because of Corollary 14.1, the congruence

relation and the definition of the hypertorus graph that if we put{e{, ---, ef} C &, then
(x, a(e]), -+, alel)) =~ tz for all p. Hence we get a (2n—2)-valent hypertorus subgraph
I C T to apply the similar argument. O

Before to state a main theorem, we prepare a notation.
Notation. Let (I} x, 0) be a hypertorus graph. Denote the set of all hyperfacet of I by
H. The algebra Z[I 0] is as follows:

Z[T, 8] = Zlx, H|H € H]/Z,

where Z[x, H | H € H] is a polynomial ring generated by all hyperfacets of I', x, and the
ideal 7 is generated by

H+H—xforall H € H and
H H where H' C 'H is the set ﬂ H=0.
HeH! HeH!

Let us state a main theorem.

MAIN THEOREM 2. Assume for each codimension two hypertorus subgraph L there is a
unique hyperfacet H and its opposite side H such that 0H = L, and H N G = () or connected for
all hyper facets H and G. Then there is the following isomorphism:

H (1 o) ~ Z[T, 0],
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Before to show the above theorem we prepare notation.
Definition[neighborhood of subgraph]. Let H be a subgraph of I Put N(H) be a
2n-valent graph in I' which satisfies the following properties:

VN(H] _ VH,
N(H) _ eH H| _ .
ENH) — gHif |£H] = 2

N = ENU{LN(a)),- -, Un(q)} I IEL] = 2n — K,

where {n(q)y, -+ ,n(q)x} = 55 — 5;*. Here if n(q) is a leg then l(n(q)) = n(q), if not so
then we regard the edge n(q) as a leg whose initial vertex is q (denote it by l(n(q))). We
call N(H) a neighborhood of the subgraph Hin T

Remark. We do not call a neighborhood N(H) a subgraph of I'if N(H) has aleg l(n(q))
such that n(q) is an edge in I'. Of course the neighborhoods N(H) is a hypertorus graph
for every hyperfacet H.

The following figure is an image of the neighborhood of pre-hyperfacet in Figure 14.1.
The upper image is an example whose neighborhood is not a subgraph in I'.

pre-hyper facet its neighborhood
FIGURE 16.3. Hyperfacet and its neighborhood.

From the next section we will prove the main theorem.

17. Proof of the main theorem

In this section we show the main theorem. The program of proof is first we will prove
the case [V'| = 1, and next we will prove about a minimal hypertorus graph by the in-
ductive argument for VT, finally we will prove the general hypertorus graph by the in-
ductive argument and the Mayer-Vietoris analogue dividing a non minimal hypertorus
graph into two hypertorus graphs.
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17.1. The case [V'| =1.
First of all we prove Theorem 17.1 about the easiest hypertorus graph, that is

I'= ({‘p}v{eT> T e:» e]_) Ty e;}),
where e]” and e; arelegs foralli=1,--- n.

Remark. If the quaternionic torus graph T has only one vertex (|V'| = 1), then " is always
the above graph. So the following theorem also holds on the quaternionic torus graph.

THEOREM 17.1. Set the hypertorus graph T = ({p}, E"), that is the graph consists of only one
vertex and 2n legs. Then we have Z[T, 0] ~ H3 (T} ).

PROOF. We can put " = {e], .-+, e}, ey, ---, e,). By the definition of hypertorus
graph, we have (x(ef), - ,x(el)) ~ ¢} and «(e;) = x — «(e]) foralli =1,--- ;n. Put
o = o(e]). Then we have

Hi ([ o) ={f : {p} = Hi(pt)} = Hi(pt) = H'(BT) = Zlx, o, -+, ol
where (x, &1, -+, an) = tz. _ _
Let H be all hyperfacets in I'. Then we can put H = {H;, ---, Hy, Hy, ---, Hy}

such that Ty, (p) = & (that is ny, (p) = € and np (p) = e]) from the definition of the
hyperfacet and [V'| = 1. Since the intersection of all hyperfacets is Njey = {p}, we have

ZINel =Zlx, H{He H]/(H+ H—x|H € H).

By the above ideal (H+H—x|H € H) = (Hi+ Hi—x[i=1, ---, n) = Z, we can assume
[Hi] = [x — Hil in Z[T, 6], so we get the natural surjective homomorphism

@ :Z[x, Hy, ---, H. — ZI[T, 0].
Next we put

p:Z[T,0] — Z[x, Hy, -+, Hyl

by p([x]) = x, p([Hi) = Hiand p([Hi]) = x —Hi. f [X] = [Y] € Z[I;6] then X — Y € T C
Zlx, H|H € H], thatis X — Y = Z(H; + H; — x) for someiand Z € Z[x, H|H € H].
Hence we have p([X]) = p([Y]) from p([X— Y1) = p([Z])(H; + p([Hi]) — x) = 0. So this map
p is a well-defined homomorphism. Because the composite map is p o ¢ = id from the

definition of p, we have @ is an isomorphism and p = ¢~'. So we get
Z[rye] ~ Z[X> H]) R Hn]

Hence the following map is isomorphic:

W:ZIN6] -5 Zlx, Hi, -+, Hol =5 Zlx, o, -+, o] =~ H3 (T &)
such that P(x) = x and P (H;) = T, (p) = . Therefore we have W([x]) = x, W([Hi]) = i,
and Y([Hi]) = x — Ty, = T, O

Next we show our main theorem about the subclass (minimal hypertorus graphs) of the
hypretorus graphs.
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17.2. The case where " is the minimal hypertorus graph.

A minimal hypertorus graph is a hypertorus graph which can not divide into two
hypertorus graphs. The rigorous definition is as follows.

Definition[minimal hypertorus graph]. Let I' be a hypertorus graph. We put a set of
all hyperfacets in I" as follows:

HZ{H]) Ty Hm) H]) Ty Hm}
Then we call T" is a minimal if it satisfies the neighborhood of H; coincides with T, that is
N(H;)=Tforalli=1,---,m

In this section, we show the main theorem on all minimal hypertorus graphs.

17.2.1. Injectivity.
First we show the following lemma.

LEMMA 17.1. Let T be a minimal hypertorus graph and H = {H1, oo Hp, Hy, oo, Hind
is a set of all hyperfacets in I" such that N(H;) =T foralli=1,--- ,m. Then there is the following
isomorphism:

Z[r)e] = Z[X) H])"'aH Fl F{m]/I
~ Z[x, Hy, -+, Hp <H HIH' C{H, -+, Hul),
HeH’
where H' is a set of disjoint hyperfacets in {H;, --- |, Hy )
PROOF. Because the relation N(H;) = I' holds, we have VI = Vi foralli=1, --- , m.

So we see that if H; N (Nj_;H;) = 0, then N;_;H; = (). Hence we can put
IT=(]]H H+H-x)
HeH’

such that H' C {Hy, -+, Hu.}.
Put the ideal Z' as follws:

= ([T H-

HeH!
Because we have [H;] = [x — H;] foralli = 1, ---, m in Z[T, 0], the following map is
well-defined and surjective:
(P:Z[X, H])"')Hm]/z",_)Z[xv H])"')Hnm H]))Hm]/z

such that ¢ ((x)) = [x], @((Hi)) = [Hi].
Moreover the following map p is an inverse map of ¢:

p:Z[X> H])"' ) Hm> Fl]) R Hm]/I%Z[X) H]a R Hm]/I/
such that p([x]) = (x), p([Hil) = (Hi), p([Hi]) = (x — Hi). Hence ¢ is an isomorphism.
Therefore we get Z[T, 0] ~ Z[x, H;, ---, Hal/Z'. O
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Next we put the homomorphism ¥ : Z[I; 8] — H3 (T, &) as follows:
Y([x]) =x;
Y([H]) = tn.
Then this map is well-defined by the following equations:

TH + Ty =X,

where H' is a set in H such that the intersection of all elements is "{H € H’'} = (). The
following lemma holds for this map V.

LEMMA 17.2 (Injectivity). Let I be a minimal hypertorus graph. If there exists unique hyper-
facet H and its opposite side H such that 9H = L for every codimension two hypertorus subgraph
L, then VY is injective.

PROOF. Define{ : Z[x, Hy, -+, Hnl/Z" — H%(T, «) as follows:
P([x]) =x
P(Hi) = ;.

Then we have 1\ o p = W. So the injectivity of ¥ is equivalent to the injectivity of \». We
will prove the injectivity of .
Put Z[T'l, = Z[x, Hy, .-+, Hul/(H|p & VH). Then we have

ZIlM, ~Z[x, H|p € VH].
Put the homomorphism V,, : Z[x, H|p € V] — H%(pt) as follows:
Py (x) = x(p),
Pp(H) = th(p).

Now the hypertorus graph I" is minimal and the opposite side of the generator H of
Zlx, H|p € V'] is N(H) = T. So we have if p € VM then p € V1. Since the axial
functions around of the vertex p and x span t and we have Proposition 16.7 and the as-
sumption of this lemma, we have this map 1, is isomorphic that is there is the following
isomorphism:

Z[T, ~ Z[x, H|p € VO] ~ Hx(pt).

We can put x,, : Z[x,Hy,--- ,Hn]/Z" — Z[T'l, by the canonical surjection because of 7' C
(H|p ¢ V™). So we have the following commutative diagram:

Z[X, H]) T Hm]/I/ L> @peer[r]p
P | 1~
Hz (T, ) 25 @pevrHE(pY),
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where X = @, cyrXp and ¢(f) = ©,cvrf(p). Because ¢ is injective, if the injectivity of x is
known then we have the injectivity of 1.
Since we have Ker(x,) = (H | p & VH)/Z’, the followings hold:

Ker(x) = Ker(®pevrxp)
NpevrKery,

= Npevr((H[p ¢ V)/T")
= (Mpevr(HIp g VH)/T".

Hence we assume x([X]) = 0 for some element [X] € Z[x, Hy, ---, H.]/Z’, then we have
X] € (Mpevr (H|p & V)/T".
Assume X € N,eyr (H|p & V') C Zlx, Hy, -+, Hul. Then we can denote uniquely by
X=" 3 Kaap - an X H{? - HI
a, ar, -, am
forsomeXK(q, a;. -, am) € Z, because there is no relation on x*Hj" - - - H&™ and xa'Hf{ - HEm
in Z[x, Hy, -+, Hylif (a, a7, ---, am) # (a’, a}, -+, a},). Because of X € (H|p ¢

VM), we have there is a hyperfacet H; such that p ¢ V" and a; # 0 for each term
Kia, ay, -, am)X*H7" - - Hé™ of X. This fact holds for all p € V" because X € N,cyr(H | p &

VH). Hence there arejy, - - - , jrsuchthatN!_;H;, = 0and a;,, - - -, qj, # O for each term of
X. This means X € Z'. Hence we assume x([X]) = 0 then [X] = 0in Z[x, H;, --- , H..|/Z".
So we have the injectivity of . O

17.2.2. Surjectivity.

Next we prepare the following concept of the hypertorus graph.

Definition[line and end point]. Let I" be a hypertorus graph. We call the 2-valent
hypertorus subgraph 1in I" a line. We call an end point of the line 1 such that £} has a leg.
We also call an end point of I such that p is an end point of all line which through on p.

For the end point of the minimal hypertorus graph I', we have the following proper-
ties.

LEMMA 17.3. Let T be a minimal hypertorus graph which satisfies the condition there is a
unique pair hyperfacet H and its opposite side H for all codimension two hypertorus subgraph in
I', then all the elementes of V' are end points of T

PROOF. From Proposition 16.7 and an assumption of this Lemma, we can take H;
(i=1,---,n) such that N(H;) = T for a vertex p € V' as it has a normal edge e € Eg.
Now the normal edge e on p of H; is a leg because of V' = V. Hence p is an end point
of all lines through on p. So the vertex p is an end point of T". O

Moreover we have the following proposition for the hypertorus graph which is in
Lemma 17.3

81



PROPOSITION 17.1. Let T" be a hypertorus graph. If all vertices are end points of T;, then the
number of vertices on Lis [V'| < 2 for all lines 1 C T.

PROOF. Assume there is a line | such that |V!| > 3. Then there is a vertex p € V! which
is not an end point for this line 1. Hence this is a contradiction. O

The following lemma will be used to prove the surjectivity of ¥ : Z[I’ 8] — Hj (T ) for
the minimal hypertorus graph I'. First we prove the following proposition.

PROPOSITION 17.2. Let T be a graph. Then there exists a vertex p € V' such that T — N(p)
is connected.

PROOF. We show the statement by the inductive argument. If the number of vertices
VT = 2, then we easily see this proposition. Assume the statement of this proposition
holds for all T such that [V'| < k. When the number of vertices |[V'| = k, take a vertex
p € VI.IfI'—N(p) is not connected, then we can put ' — N(p) = I UT,. Because we have
V'] < [VT| = k and the assumption of the induction, there exists ¢ € V" C V' such that
I’ — N(q) is connected. Hence I' — N(q) is connected. O

LEMMA 17.4. Let T be a hypertorus graph. There is a vertex p € V' such that L — N(p) N L
is connected for all codimension two hypertorus subgraph L.

PROOF. If [V'| = 2, then we can easily show this lemma. Assume this statement holds
all hypertorus graph I' such that [V'| < k — 1. If we put [V'| = k, we can take p € V'
such that " = T"'—N(p) is connected from Proposition 17.2. Then I'’ is a hypertorus graph
which has k — 1vertices. So from our assumption, there is a vertex ¢ € V"' C V' such that
' — N(q) satisfies the statement of this lemma.

Now we denote the codimension two hypertorus subgraph in I’ by L’. Then there is
a codimension two hypertorus subgraph Lof 'such that L’ C L. If p € V', then L = L. If
not so then there are two cases where

(1) L’=L—LnNN(p) is connected

(2) L—LNN(p) is a disjoint union L’ UL".

In each above case, (L'—N(q)NL")U(LNN(p)) is connected. Because N(q)NL" = N(q)NL
and p # q, wehave (L'—N(q)NL")U(LNN(p)) = L—N(gq)NL. Hence we have L—N(q)NL
is connected for all codimension two hypertorus graph Lin T O

Let us prove the surjectivity.

LEMMA 17.5 (Surjectivity). Let I" be a minimal hypertorus graph. If it holds Hy NH, = 0 or
connected for all hyperfacets Hy and Hy in T and there is a unique pair {H, H} such taht 9H = L
for every codimension two hypertorus subgraph L, then ¥ is surjective.

82



PROOF. We only show the surjectivity of 1p because of ¥ = 1pop. There is the following
commutative diagram:

ZIx,Hy, - ,Hnl —= Z[x,Hy, -, Hul/Z’

ml L
H; (T o) - H; (o)

where the natural projection p is surjective. So we will show that 7t is surjective by the
inductive argument for [V'].

If [VT| = 1, then we have this lemma by Theorem 17.1, hence 7 is surjective. Assume
the surjectivity of 7t holds for all minimal hypertorus graphs I' such that |V'| < k and take
the minimal hypertorus graph I' such that [V'| = k. From Lemma 17.4, we can take p € V'
such taht " = I'—N(p) is connected and L—LNN(p) is connected for all codimension two
hypertorus subgraphs L. Now we have, for the edge (or leg) e in '/, there is a codimension
two hypertorus graph L’ of I'" from Proposition 16.7 such taht e is a normal edge (leg) of
L’. Moreover for this e we can take codimension two hypertorus subgraph L of I' such taht
e is a normal edge (leg) of L. Then we see L’ = L — L N N(p). Because of our assumption,
we can take hyperfacets H and H such that 9H = L. We also have H' = H — H N N(p)
is a hyperfacet of I'" such that 0H’ = L’. Hence I'’ is a minimal hypertorus graph and it
satsfies our assumptions. Moreover we have V| = k — 1, so we have the following map
7’ o 1 is surjective from the assumption of the induction:

T

Zlx, Hy, -+, Hnl — Hy(M )
Tl Lr
Z[X) H{) Ty H{] L/) HT(r/) (X|5r’),

where r(H) = HNT’, r(x) = x and r/(f) = f[r.. Hence we have v’ o m = 7’ o 1 is surjective.
So all f|rs are denoted by Z[x, Hy, - - - , H;,] as identified H' (= HNT') and H.

Because we see g = f — f|r/ is in H} ([ ) and g(q) = O for all g # p, the following
equation holds from the definition of H} (T} «) and the definition of the hyperfacet:

gp) =%k [ alpa) =k J] tu,(p),
pacEl pqeEl

where H, is the hyperfacet whose normal edge on p is pq and some element k € H}(pt).
Moreover we have the vertices of X = Ny, 4cer Hq is only one point p that is

{p}=V*
from the assumption that HNH’ = () or coonected for all hyper facets H and H'. Therefore

we see
g=% J] Ha
pqeEp
Hence we have f = f|;» + g € Im(m). O
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Hence we have the following theorem from Lemma 17.2 and 17.5.

THEOREM 17.2. Let T be a minimal hypertorus graph. If it holds Hy N Hy = 0 or connected
for every hyperfacet Hy and Hy in T and there is a unique pair {H, H} such that HNH = L for all
codimension two hypertorus subgraphs L, then we have ZI[T, 0] >~ H3 (T, ).

17.3. Proof of the main theorem.

In this section we will prove the main theorem. To prove it, we will use an inductive
argument for [V'| and the Mayer-Vietoris analogue.

First of all we can assume the statement of Main Theorem 2 holds for all hypertorus
graphs I' such that [V'| < k—1 because we have already known Main Theorem 2 holds for
V| = 1 by Theorem 17.1. We also have already known the statement of Main Theorem
2 holds for the minimal hypertorus graph by Theorem 17.2. So there is the codimension
two hypertorus subgraph L C T which has the unique hyperfacet H and H such that
HNH = Land N(H), N(H) # T'. Put these neighborhood N(H) = I, N(H) = I and
I NT, = N(L) = T5. Then the graph I} = (V'i,£™) is the hypertorus graph which has
a restricted connection 0|r, and a restricted axial function «|r, of the hypertorus graph
(T, 0) and all 1 = 1, 2, 3. Since we assume the condition H N G = () or connected for
all hyperfacets H and G of (I} ,08), HNT; is connected for every hyperfacet H of (I} x, 0).
Hence all hyperfacets of I} are inherited from hyperfacets of (I «, 0), that is the set of all
hyperfacets of [1isaset Hi = {li N H|H € H} fori =1, 2, 3. So we also have these
hypertorus graph satisfies conditions as follows:

(1) There is a unique hyperfacet H and its opposite side H for every codimension two
hyperfacet L in (I3, |r,, 6|r,) such that 0H = L.

(2) For all hyperfacets H and G, these intersection H N G = () or connected.
From the assumption of the induction, we also have ¥; : Z[I}, 0|,] — H3 (I}, o) is iso-
morphic foreachi=1, 2, 3.
Put the homomorphism p; : Z[T; 0] — Z[I7, 6]r,] & Z[T;, 6]r,] such that
pi(H) =TT NnH@& T NH,
p1(x) =x & x,
and p; : Z[I, 0|, ] @ Z[I, 0|r,] — ZIT3, 0]r,] such that
p2(Hi ® Hz) =T3 N Hy — T3 N Hy,
P2(x @ Hz) =x — T3 N Hy,
p2(Hy ®©x) =T3NHy —x,
where H (resp. H,) is a hyperfacet of T" (resp. I}) and assume if ;NH = then ' NH = 0in
ZT%, 0], ]. Because all hyperfacets in [} are inherited from T’, these maps are well-defined.
Then p; is injective because we have Ker(p; o p;) N Ker(p; o p1) = {0} = Ker(p;) by

the definition of the assumptionif ; "H =0 then i NH =0in Z[I},0|r ] and I UT, =T,
where p; = Z[, 0|, ] & Z[Iy, 0|, ] — ZIT}, 0]r,].
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Because all hyperfacets of I3 are inherited from I';, we can get all generators G of
Z[T3,0lr,] by p2(H @ 0) = I3 N H for some generator H € Z[I,0|r]. So we see p; is
surjective.

Moreover we have the following lemma.

LEMMA 17.6. The following sequence is exact:
{0} — ZIT,68] 5 ZIN, 8lr,] @ ZIT3, 8lr,] = ZIT3, 8lr,] — {0).

PROOF. We may only show Im(p;) = Ker(p,). First we can get Im(p;) C Ker(p,) from
the following equation:
p2 o p1(X)
= pz(Xﬂﬂ @Xﬂrz)
= XNI—=XNT;
0.

Next we assume generators H; € Z[I, 0|, ] and H, € Z[I3, 0|, ] satisfy [N H; — 3N
H, = 0. Then this means the hyperfacet H; of I7 coinsides with the hyperfacet H, of
I, on the hypertorus graph 5. So H;y U H, = H is a hyperfacet of I'. Hence we have
Im(p71) O Ker(p2). U

Next we consider the equivariant graph cohomologies H3 (T} «) and H} (I3, «fr,) (i =
1, 2, 3).
Put the homomorphism pj : H} (T, &) — H3 (7, «lr, ) @ H} (T2, «lr,) such that

p{ (f) = ﬂﬂ ¥ f|l"2
and p; : H}(T7, «lr,) @ H} (12, «fr,) — H} (T3, «lr, ) such that
pé(g@h’) == 9‘F3 _h|F3-

Now pj is injective because we see if pj(f) = 0 then f(p) =0 forallp € V' U V2 = VI,
Moreover we have the following lemma.

LEMMA 17.7. The following sequence is exact:

{0} — HH(N o) =5 Hi (M, odry ) @ HE (T, oy ) —2 HE (T3, o).

PROOF. First we have pj o pi(f) = flr, — fl, = 0, so Im(p;) C Ker(pj) holds. Next
we take g & h € Ker(p}), then g|r, = hlr,. Hence the following map f : VI — H#(pt) is
well-defined and in Hy (T ):

f(p) = glp)ifpe V™,
f(q) = h(q)ifqe V™.
So we have Im(p7) D Ker(p5). O
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LEMMA 17.8. The following diagram is commutative:

0 — z[re % Zh,eln] @ ZINM), 8l 5 Z[T3,6|r]
1 v YieV, | Y |

0} — HiMa) 25 Hi(D, o) @ HID), o) —2 HE(TS, o)

PROOF. Now we see p}(TH) = Trnr, ®THAr,, P1(x) = x@®x by the definition of pj. Hence
we see the left square is commute from the definitions of p;, ¥, ¥; and ¥,. Similarly we
have the right square is commute by definitions of p, and p5. O

From the assumption of the induction, we have ¥; ® ¥, and ¥; are isomorphic. Hence
we have V¥ is isomorphic from the above Lemma 17.6 through 17.8 and the five lemma.
Therefore we have the Main Theorem 2.

Finally we exhibit two examples which does not satisfies two assumptions of Main
Theorem 2 that is

(1) There is a unique hyperfacet H and its opposite side H for every codimension two
hyperfacet L in (] «, 0) such that 0H = L.

(2) For all hyperfacets H and G, these intersection H N G = () or connected.

— @ - @
® ®

FIGURE 17.1. The figure which does not satisfy the assumption 1.

86



—0+X —B+x

B o
B (o}
—0+X —B+x

FIGURE 17.2. The figure which does not satisfy the assumption 2.

On the above two cases Main Theoreom 2 deos not hold, that is
ZI[T; 6] 2 HY (T, «).

87






Bibliography

[Ada69] J. F. Adams: Lectures on Lie Groups, Benjamin, 1969.

[Aso81] T. Asoh: Compact transformation groups on Z;-cohomology spheres with orbits of codimension 1, Hi-
rosima Math. J., 11 (1981), 571-616.

[BDOO0] R. Bielowski, A. Dancer: The geometry and topology of toric hyperKiler, Com. Anal. Geom., Vol. 8, No.
4 (2000), 727-759.

[BH58] A. Borel, F. Hirzebruch: Characteristic classes and homogeneous spaces 1, Amer. J. Math., Vol. 80, No. 2
(1958), 458-538.

[Bre72] G. E. Bredon: Introduction to compact transformation groups, Academic Press, 1972.

[BJ82] TH. Brocker, K. Janich: Introduction to differetial topology, Cambridge Univ. Press, 1982.

[BP02] V. M. Buchstaber, T. E. Panov: Torus actions and their applications in topology and combinatorics,
Amer. Math. Soc., 2002.

[CS74] T. Chang, T. Skjelbret: The topological Schur lemma and related result, Ann. Math., 100 (1974), 307-321.

[DJ91] M. Davis, T. Januszkiewicz: Convex polytopes, Coxeter orbifolds and torus action, Duke. Math. J., 62
(1991), no. 2, 417-451.

[GKM98] M. Goresky, R. Kottwitz, R. Macpherson: Equivariant cohomology, Koszul duality, and the localization
theorem, Invent. Math., 131 (1998), 25-83.

[GZ01] V. Guillemin, C. Zara: 1-skeleta, Betti numbers, and equivariant cohomology, Duke Math. J., 107 (2001),
283-349.

[HHO4] M. Harada, T. S. Holm: The equivariant cohomology of hypertoric varieties and their real loci, arXiv:
math. DG/0405422.

[HMO3] A. Hattori, M. Masuda: Theory of Multi-fans, Osaka ]. Math., 40 (2003), 1-68.

[HH65] W. C. Hsiang, W. Y. Hsiang: Classification of differentiable actions on S™, R™ and D™ with S* as the
principal orbit type, Ann. Math., 82 (1965), 421-433.

[HKLR87] N. Hitchin, A. Karlhede, U. Lindstrém, M. Ro¢ek: Hyperkihler metrics and supersymmetry, Com-
mun. Math. Phys. 108 (1987), 535-589.

[Iwa78] K. Iwata: Compact transformation groups on cohomology quaternion projective spaces with codimension
one orbits, Osaka J. Math., 15-3 (1978), 475-508.

[Iwa81] K. Iwata: Compact transformation groups on raional cohomology Cayley projective planes, Tohku Math.
J. (2), 33 (1981), no. 4, 429-442.

[Kaw91] K. Kawakubo: The theory of transformation groups, Oxford Univ. Press, London, 1991.

[Kon00] H. Konno: Cohomology rings of toric hyperKihler manifolds, Int. J. of Math., 11, no. 8 (2000), 1001-
1026.

[Kon03] H. Konno: Variation of toric hyperKéhler manifolds, Int. J. of Math., 14 (2003), 289-311.

[Kol02] A. Kollross: A Classification of hyperpolar and cohomogeneity one actions, Trans. Amer. Math. Soc., 354
(2002), no. 2, 571-612.

[Kurl] S. Kuroki: On the construction of smooth SL(m, H) x SL(n, H)-actions on §HmAn)=1 Byll. of Yamagata
Univ., Nat. Sci., Vol.15, No.3 Feb. 2003, 49-59.

[Kur2] S. Kuroki: Classification of compact transformation groups on complex quadrics with codimension one orbits,
submitted.

89



[Kur3] S. Kuroki: On SL(3,R)-action on 4-sphere, to appear in the Journal of Fundamental and Applied
Mathematics.

[Kur4] S. Kuroki: Equivariant graph cohomology of hypertorus graph and (n + 1)-dimensional torus action on
dn-dimensional manifold, preprint.

[MMPO05] H. Maeda, M. Masuda, T. Panov: Torus graphs and simplicial posets, arXiv: math. AT/0511582.

[Mas99] M. Masuda: Unitary toric manifolds, Multi-fans and Equivariant index, Téhku Math. ]J., 51 (1999),
237-265.

[MP03] M. Masuda, T. Panov: On the cohomology of torus manifolds, arXiv: math. AT/0306100.

[MS74] J. W. Milnor, J. D. Stasheff: Characteristic classes, Princeton Univ. Press, 1974.

[MS43] D. Montgomery, H. Samelson: Transformation groups on spheres, Ann. of Math., 44 (1943), 454-470.

[Nak84] A.Nakanishi: SO(n), SU(n), Sp(n)-homology spheres with codimension two principal orbits, Tokyo. J.
Math., Vol. 7, No. 2, 1984.

[Har90] F. Reese Harvey: Spinors and Calibrations, Academic Press, 1990.

[TM] H. Toda, M. Mimura: Topology of Lie groups (Japanese), Kinokuniyasyoten, 1978, 1979.

[Uch77] F. Uchida: Classification of compact transformation groups on cohomology complex projective spaces with
codimension one orbits, Japan J. Math., Vol. 3, No. 1 (1977), 141-189.

[Uch78] F. Uchida: Compact transformation groups on complex projective spaces with codimension two principal
orbits, Osaka J. Math., 15(1978), 137-150.

[Wan49] H. C. Wang: Homogeneous spaces with non-vanishing Euler characteristics, Ann. of Math., 50 (1949),
925-953.

[Wan60] H. C. Wang: Compact transformation groups of S™ with an (n — 1)-dimensional orbit, Amer. J. Math.,
82 (1960), 698-748.

[Yok73] I Yokota: Groups and Representations (Japanese), Shokabou, 1973.

90



