Hypertorus graphs and graph equivariant cohomologies

Shintaro KUROKI

ABSTRACT. The purpose of this paper is to establish a new graph: a hypertorus
graph which is the analogue of the GKM-graph or the torus graph, and to study
a ring structure of its graph equivariant cohomology. A hypertorus graph is
a regular 2n-valent graph labeled by the dual of Lie algebra of the (n + 1)-
dimensional torus 7" x S1 encoding combinatorial informations about some
4n-dimensional manifold with 7" x S'-action. For instance, graphs induced
by hypertoric varieties or cotangent bundles of toric manifolds are hypertorus
graphs.

1. Introduction

Suppose a torus 1" acts on a space M such that the dimension of the 1-skelton
is 2. Here the 1-skelton of a T-manifold M is the set of points p € M, where
dim T, > dimT —1. From this 1-skelton, we can construct a graph I': the vertex set
YI' = MT and two vertices are linked with an edge in I" whenever the corresponding
fixed points on M are connected by an invariant sphere. In [GKM] Goresky,
Kottwitz and MacPherson showed that, for such manifold with some assumptions,
this 1-skeleton has the structure of a “labeled” graph (T', «) labeled by the weights
of the T-action on the tangent space T,M for p € M T and that the equivariant
cohomology ring of M (over the real number R) is isomorphic to the “cohomology
ring” of this graph (T, «). For example, 1-skeltons of 2n-dimensional non-singular
toric varieties (toric manifolds) with T™-action satisfy this property.

Motivated by the above Goresky, Kottwitz and MacPherson’s theorem (we call
it the GKM theorem), in [GZ2], Guillemin and Zara introduced the GKM-graph
(', @) and the cohomology ring H (I, o). If this GKM-graph (I', o) is associated
with some torus T-action on M, then its equivariant cohomology ring is isomorphic
to H(T',«) by the GKM theorem. So we can regard the GKM-graph as a gener-
alized object of a space with some torus action. The above Guillemin and Zara’s
research has been of independent combinatorial interest since the appearance of
their paper [GZ1] (1999), and they translated the important topological properties
of Hamiltonian T-actions on M into the languages of combinatorics and applied
the combinatorial theory.
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We can also define a “labeled graph” from the torus manifold, which is de-
fined by Hattori and Masuda in [HM] as the topological generalized object of the
non-singular toric variety in the algebraic geometry. The torus manifold is a 2n-
dimensional manifold with an effective T™-action and finite fixed points, and torus
manifolds do not always have an almost complex structure (this part is the most
different part of the previous researches). Motivated by such torus manifold and
the GKM-graph, a torus graph T' and its equivariant cohomology H}.(I") were de-
fined by Maeda, Masuda and Panov in [MMP], and they showed that H;(I') is
isomorphic to the face ring associated with I' which is the ring described by the
combinatorial data of T'. According to [MP], if odd degree cohomologies of the
torus manifold are 0 then its equivariant cohomology ring (over the integer Z) is
isomorphic to H5(T'). Remark that GKM-graphs and torus graphs are different
graphs, but the intersection of the set of GKM-graphs and the set of torus graphs
include the set of graphs associated with toric manifolds.

On the other hand we can also define a labeled graph from the hypertoric vari-
ety. The hypertoric variety is the hyperKéahler analogue of the toric variety, which
is defined, in [BD], by the hyperKahler quotient of a torus action on a quaternion
space. From this quotient, the hypertoric variety is a non-compact orbifold with
the natural T"-action. Its ordinary cohomology and equivariant cohomology were
studied by Konno in [Kol] and [Ko2]. According to Harada and Proudfoot in
[HP], this T™-action can extend to T" x S'-action and they studied about its equi-
variant cohomology. Its equivariant cohomology ring is described by the half space
arrangement induced by the hypertoric variety with 7™ x S'-action. According to
Harada and Holm in [HH], from this 7™ x S!-action we can define a labeled graph,
and they also define a “cohomology ring” of graph and study the correspondence
between generators of equivariant cohomology of the T™ x S'-action and elements
of a cohomology ring of graph.

Motivated by such hypertoric variety and the torus graph, in this paper, we
define a hypertorus graph G = (I', «, 0) and its graph equivariant cohomology
H}.  s1(G). The goal of this paper is to show the ring structure of H}.. ¢:(G) in
some case (Theorem 3.1). A hypertorus graph is a generalization of graphs which
appeared in [HH], and a remarkable difference of this graph and other graphs
(GKM-graphs and torus graphs) is that some hypertorus graphs have a leg which
is a half line from one vertex (see Figure 2). Because of the leg, we can define
the neighborhood of the subgraph in G and apply the main theorem (Theorem
3.1) to show the Mayer-Vietoris exact sequence holds for H7.,. ¢ (G) in some case
(Theorem 4.1).

We now give a brief outline of the contents of this paper. In Section 2, we
give definitions of a hypertorus graph and its graph equivariant cohomology, and
also prepare to state the main theorem (Theorem 3.1). For the main theorem, we
need to prepare definitions of a hyperfacet which is some subgraph in a hypertorus
graph, a Thom class of a hyperfacet, and a ring Z[G] defined by some combinatorial
data of hyperfacets. In Section 3, we prove the main theorem. In order to prove it,
we divide the proof into two parts: the first part is to study an z-forgetful graph of
a hypertorus graph, and to show its graph equivariant cohomology; in the second
part, using a result of a graph equivariant cohomology of an z-forgetful graph, the
main theorem is proved. In Section 4, as an application of the main theorem, we
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prove that there exists the Mayer-Vietoris exact sequence on the graph equivariant
cohomology in some case (Theorem 4.1).

2. Definitions: hypertorus graph

The aim of this section is to define a hypertorus graph and its graph equivariant
cohomology. In order to state the main theorem in Section 3, we also define a
hyperfacet and a ring Z[G] in the last section (Section 2.3).

2.1. Notations. First we prepare some notations. In this paper I' is a con-
nected graph which possibly has legs, where a leg means an out going half line from
one vertex (see the left graph in the Figure 1). Let V' be a set of vertices, E' a
set of edges, L' a set of legs in I, and &' = E¥ U L. Then I' can be denoted by

=", eh.

In this paper we assume the number of V' and £ are finite.

Moreover we assume all edges and legs have an orientation (see Figure 1): each
edge e € E' has two possible orientations, and we denote the opposite orientation
of the edge e = pq by & = gp; each leg [ € L' has only one orientation which is
an out going direction from one vertex. We denote the initial vertex of e = pq by
i(e)(= p) and the terminal vertex by t(e)(= ¢), and remark that a leg I does not
have a terminal vertex but an initial vertex i(l). For a vertex p € V!, we put the
set of all out going edges and legs from p € V' by

& ={ec e i) =),

and |E]£ | denotes the size of 5[1; . In this paper we consider only a connected graph
I'= V', €Y) which satisfies |€]| = [€] | = m for all p, ¢ € V''. We call such graph
a (regular) m-valent graph. The following two figures are examples of our graphs.

FIGURE 1. These are examples of regular graphs with legs and
orientations. The left 2-valent graph has two legs, on the other
hand the right 3-valent graph has no legs. Remark all edges have
two orientations and all legs have only one orientation.

2.2. Hypertorus graph and Graph equivariant cohomology. We will
define a hypertorus graph in the first section 2.2.1, and the graph equivariant coho-
mology in the next section 2.2.2.
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2.2.1. Hypertorus graph. Let T' = (W', ) be an m-valent graph. In order to
define a hypertorus graph, we will define a connection and an axial function.

Before we define a connection, we prepare the set § = {0, | e € E'} which is a
collection of bijective maps

0, : 511: — 55

for all edges e = pg € E'. Since T is an m-valent graph, we have |511;\ =m= |55\
for all p, ¢ € V''. Hence the bijective map 6, always exists for all edges e € E'.
A connection on T is the set § = {f,| e € E'} which satisfies the following two
conditions:

® 0= ‘9@_1 (qu = Q;ql)?

* Oc(e) = € (6pg(pq) = qp)-
We can easily show that an m-valent graph I'" admits different ((m — 1)!)9 connec-
tions, where g is the number of (unoriented) edges E'.

Next we define an axial function. In order to define it, we prepare some no-
tations. Let T™ be an n-dimensional torus, that is, an n-dimensional compact
commutative group. 7" is often denoted by T'. In particular a 1-dimensional torus
is denoted by S'. Let t be a Lie algebra of T, t; a lattice of t, and t* the dual
algebra of t. Hom(7, S*) means a set of all homomorphisms from the group 7' to
St and we know that it can be regarded as a lattice of the dual algebra t;. More-
over we can identify t; with H(T;Z) = H?(BT;Z), where BT is the base space of

the universal principal T-bundle ET" — BT. Therefore we have the identification
Hom(T, S') = t;, = H*(BT). An azial function
a: & = Hom(T,S') = ¢, = H*(BT)
is a map which satisfies the following three conditions:
e a(é) = +a(e) for all edges e € ET;
e a(&)) =A{ale) | e € &'} is pairwise linearly independent for all p € V',
that is, for two distinct elements €1, €3 € S}: , these axial function values
a(er), a(ez) are linearly independent in t;

e « satisfies the congruence relation for all edges e € E, that is, the relation

a(e) — a(f.(e)) =0 (mod a(e)) holds for all € € 5}26).

DEFINITION 2.1 (hypertorus graph). Let G = (I', «, 6) be a collection of a
2n-valent graph I' = (W', £), a connection 6 on I', and an axial function

a: &Y — Hom(T™ x S*, SY) = (")} @ Za,
where z is a generator of Zz which is the dual of the Lie algebra of S'. We call

G = (I, «, ) a hypertorus graph if it satisfies the following conditions for all
peV:

(1) Wecanput £ = {e (0), -, €4 (p)s 6 (p)s -+, 5 ()} and (¢} (0), 5 (9))
satisfies oz(ej'(p)) + a(ej_(p)) =zforallj=1, -, n

(2) The set {a(ej(p)), x| j=1,---,n} spans (t")5 @ Zzx, we denote it by
(ale]), -+, aleh), z) =t @ Za.

We call {e;r (p), €; (p)} such that a(ej (p)) + ale; (p)) = x a pair in &)

The following Figure 2 is examples of the hypertorus graph.
Because the axial function o satisfies the congruence relation, we have the
following Lemma 2.2.
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FIGURE 2. Hypertorus graphs, where (a, b) ~ (t?)3.

LEMMA 2.2. Let {€*, €} be a pair in E). Then {Opq(et), Opq(e)} is also a
pair in 55.

2.2.2. Graph equivariant cohomology. Let G = (T, a, 0) be a hypertorus graph.
First we put the set of generators of t§ by {1, ---, a,}. Then we can identify
t;, @ Zx as follows:

ti@z‘r = <011, Tty O, $> = H2(B(Tn X Sl))a
and we can consider the equivariant cohomology of a point as follows:
Hiuysi(pt) = H*(B(T" x §1)) = Z[ou, -

Here Z[ovy, ---

y On, :L']
, Qp, 2] is the polynomial ring.

H*

DEFINITION 2.3 (graph equivariant cohomology). We define the ring H.,. , ¢

of G = (T, a, 0) as follows:
Hinys1(9) ={f : V' = Hruy51(pt) | f(p) = f(a) = 0 (mod a(pg))},
H?(B(T™ x SY))
H}.. 51(G) a graph equivariant cohomology. We also call the relation f(p) — f(q)
0 (mod «(pq)) a congruence relation of f.

<)

We call

where pg € E' is an edge and a(pq) € t;, @ Zx

2.3. Hyperfacet and Ring Z[G]. Before we mention the main theorem, we
need to introduce a special subgraph (we call it a hyperfacet) of G and a ring Z[J]
induced by G.

In order to define a hyperfacet, we will define a pre-hyperfacet, its Thom class
and its opposite side.

2.3.1. pre-hyperfacet. First we define a pre-hyperfacet. Let H = (VH, £H) be
a subgraph of I' = (W', &), that is, H satisfies V¥ C V' and €7 C £V, Put
Eﬁ = 511; NEH and |5If{| the number of out going edges and legs from p € V¥ in
H. Assume |E'| = 2n — 1 or 2n for all p € V¥, where there always exists a vertex
p € VH which satisfies |5£\ = 2n — 1. Moreover we assume that H is closed by
the connection 0 of G = (T, «, ), that is, 95{1 = pq‘gé‘i : Ef — Ef is bijective (if
(EF] = |EM]) or injective (if |EF] < |EF]), and if [EF| < [EF] then 0 satisfies the
following congruence relation for {ny(p)} = &) — & (we call ng(p) a normal edge
or a normal leg of H on p):

a(nu(p)) — = =0 (mod a(pg)).
We call such subgraph H a pre-hyperfacet in G = (I', «, 0).
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2.3.2. Thom class. Next we define a Thom class of the pre-hyperfacet. Let H
be a pre-hyperfacet in G = (I', «, ). We call the map 75 : V' — H?(BT) such
that

0 if pg VH
H(p) =< = if |EF|=2n
a(ng(p)) if [ =2n -1,

the Thom class of a pre-hyperfacet H. For the Thom class 7y of a pre-hyperfacet
H, we have the following lemma.

LEMMA 2.4. 7y is an element of H}.,  ¢1(G).

PrOOF. Take an edge pg € E'. It suffices to prove that 7y satisfies the
congruence relation on pq, that is, 77 (p) — 7 (¢) = 0 (mod «a(pq)).

Suppose that p € V¥ and ¢ & V. Then |5£| =2n—1and {pg} =&} — Ef =
{ng(p)}. So we have a(pq) = a(nuy(p)). Because of the definition of the Thom
class, we also have 7 (p) = a(ng(p)) and 77(¢) = 0. Hence we know that

T (p) — Tr(q) = a(nu(p)) — 0= a(pg) = 0 (mod a(pg)).

Suppose that p, ¢ € V. If |é‘f\ = |Ef\ = 2n — 1, then 74(p) = a(ny(p))
and 75(q) = a(ng(q)). Because {ng(p)} =& —EX, {nu(q)} = &) — EF and the
map 0L = Opglen g — &8 is bijective, we have Op(ny(p)) = nu(q). By the
congruence relation of «, we know that

u(p) —r(e) = a(nu(p) —alnm(q))
a(nu(p)) — a(Opg(nu(p))) =0 (mod a(pg)).

If |E] = 2n — 1 and |E] = 2n, then 7 (p) = a(np(p)) and 7 (q) = . Because
of the definition of the pre-hyperfacet, we know that

T (p) — TH(q) = a(ny(p)) —2 = 0 (mod a(pqg)).

For the other cases (the cases p, ¢ € V' and |E]!| = |EF| = 2n), we can easily
show that 7 (p) — 7 (q) = 0 by the definition of the Thom class. O

2.3.3. opposite side. Next we define the opposite side of the pre-hyperfacet. In
order to define it, we prove the following two lemmas: Lemma 2.5 and 2.6.

LEMMA 2.5. If G = (T, «, 0) is a hypertorus graph, then there is a unique
(2n — 2)-valent hypertorus subgraph of G containing any given (n — 1) pairs in 511;
for allp € V.

PRrROOF. Let Slf ={e, -, € 1, €, -, € _1} be(n—1) pairs in 511:. Then
a(ef)+aley) =xforj=1,---, n—land (a(e)), -, a(ef_y), ) ~ (" 1);0Zx
by the definition of the hypertorus graph. We put that

(aler), -+, ale_y), z) =4, ® ZLa.

Take any edge e from EY = £ N E}. By Lemma 2.2, through the connection 6.,
&y maps to some (n — 1) pairs 0.(£)) in & ). The a-images of these (n — 1) pairs

in Etr(e) and z span the same subspace £, @ Zx, because « satisfies the congruence
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relation on e. We can translate the given (n — 1) pairs in £} along all edges in EX
in this way. Then we have the following (2n — 2)-valent graph

Li= | (e uek.

L
eEEp

We continue this operation along all edges E** — Eﬁ, where E is the set of edges
in Ly, then we get a graph Ly. This graph Lo is also a (2n — 2)-valent graph,
because the a-images of all (n — 1) pairs in EPL?, for all p € V2, and z also span
£, @ Zx. Continuing this process, finally we can get a (2n — 2)-valent hypertorus
subgraph in G.

Suppose that L and L' are (2n —2)-valent hypertorus subgraphs and £ = EPLI.
Similarly we translate EZI;/ along each edge in Elf and translate EpL along each edge

in E]g/ by the connection 6 of G. Then we have two same graphs

Li= | (e YUE and Ly = ] 0.(Ef)UEL,

e€E] eEEé’

because EIf = Eﬁl. We continue this operation along edges of L; and L. Then we
also have two same graphs Ly and L. Moreover we continue this operation, finally
we know that L = L'. O

Next we will prove Lemma 2.6. In order to prove it, we define a boundary
of a pre-hyperfacet. Let H be a pre-hyperfacet. By the definition of a pre-
hyperfacet, there is a vertex p € V¥ such that |€z{{| = 2n — 1. Then Sf has

(n — 1) pairs {ef, -+, ¢ _4, €/, =+, €,_1}. Because of Lemma 2.5, we can
get the unique (2n — 2)-valent hypertorus subgraph L in G such that p € VL and
g =A{ef, -, ¢ _1, e, -+, e,_1}. Then we call the union of all such L a

boundary of H, and we denote it by 0H. Note that a boundary of H need not be
connected.

LEMMA 2.6. Let H be a pre-hyperfacet in the hypertorus graph G = (T, «, 6)
and x be a generator of Zx C t; ® Zx. Then there is a unique pre-hyperfacet I
which satisfies the following conditions:

e HUI =T},
o Tp+Tr=XxE€E H;nxsl(g),
where x is a map x(V'') = {x}.

PROOF. Set H = (VH, &) and I = (V' —VH, 7 — €M), Define
I=1U0H.

Then we can easily see that H U I = (W', V) =T.

Next we prove I is a pre-hyperfacet. Take p € V1. If p € vl =yr— VH  then
gl =& that is, |€]| = 2n. If p € V?H  then & = 97 U {ny(p)}, that is, |E]] =
2n — 1. Here ny(p) is a normal edge (leg) of H on p. So 9;,1 : 51{ — Sg is bijective
(if || = |€F]) or injective (if |E]| < [E]]). Put ny(p) = €, then the normal edge
(leg) of I on p can be denoted by e~ = n;(p) where {¢, e} =&} — E;?H is one of
the pair in 511: . So we have the following equation:

)

a(ni(p)) = a(€”) =z —a(e") =z — a(nu(p)).
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If ny(p) = pg € E' such that || = [E]] = 2n, then we see that a(n;(p)) —z =
—a(ng(p)) = 0 (mod a(ng(p)) = a(pg)) by the above equation. Hence I is a
pre-hyperfacet. Moreover we have that 74 4+ 77 = x, because of the above equation
and the definition of the Thom class of the pre-hyperfacet.

Finally we prove the uniqueness of I. By two conditions HUI =T, Ty +717 = x
and the definition of the Thom class, we see I = OH and I = (V' — VH gl —
EHYUOI. From Lemma 2.5, the boundary 0H = 9I is unique. So we know the
uniqueness of I. O

We call I in Lemma 2.6 an opposite side of H and denote it by H. Note that
HNH=0H

by the proof of Lemma 2.6.
2.3.4. Hyperfacet and Ring Z[G]. Under the above preparations, we can define
the hyperfacet.

DEFINITION 2.7 (hyperfacet). We call a connected pre-hyperfacet a hyperfacet,
if its opposite side is also connected.

REMARK 2.8. For the hyperfacet H, its opposite side H is also a hyperfacet.

a-b —a+b+x X a+x -a X
—te ° ° >
0 0
—xo— ° ® —q
°
— ) ®
_ X
a 0 a+x X atx 0 0o _,

FIGURE 3. The above figures are hyperfacets and their opposite
side of the left and right examples in Figure 2. Labels on ver-
tices mean values of their Thom classes on vertices. Note that the
boundary OH = H N H of the left example is connected, but the
right one is not connected.

T

Let ‘H be the set of all hyperfacets in G, then we can put
H:{Hla Ty Hm7 Flv Ty Hf’m}
by the finiteness of V!, Lemma 2.6, and Remark 2.8. Put
Z[Xv H]:Z[Xa Hlv IR Hmv Fla Ty Hfm]
where Z[X, Hy, -+, Hp, Hy, ---, Hp,] is a polynomial ring which is generated
by X and all elements in H, and put
I:<Hi+E—X, I = ] i=1, .., m, H’EJ(H)>
HecH'
which is the ideal in Z[X, H] generated by H; + H; — X (i = 1, ---, m) and
irewes H, where I(H) = {H' € H | NH' = 0}. We define a ring Z[G] as
follows:

7] = Z|X, H]/I.
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3. Main theorem: ring structures of graph equivariant cohomologies
The aim of this section is to prove the following main theorem.

THEOREM 3.1. Let G be a 2n-valent hypertorus graph and L ={Ly, -+, Ly}
a set of all connected (2n — 2)-valent hypertorus subgraphs in G. If G satisfies the
following two assumptions:
(1) For each L € L, there are a hyperfacet H and its opposite side H such
that HNH = L, and such H, H are unique;
(2) For all subsets L' C L, its intersection NL' is empty or connected.

Then Hj.., 6:(G) ~ Z[G].

Henceforth in this section the hypertorus graph G = (I, «, 0) satisfies as-
sumptions (1), (2) of Theorem 3.1. For example two left hypertorus graphs in
Figure 2 satisfy these assumptions. However the third example does not satisfy the
assumption (2) and the right (fourth) example does not satisfy the assumption (1).

In order to prove Theorem 3.1, we will prove that the following map is an
isomorphism:

U Z[G] = Hnys1(9)

such that ¥(X) = x and V(H) = 7g, where x(p) = z for all p € V' and H is a
hyperfacet. Because 7 + 77 = x and [[ o9 7 = 0 (H' is a set of hyperfacets
whose intersection is empty), the map ¥ is well-defined. From the next section we
start to prove the bijectivity of W. The proof will be divided into two steps:

(I) To study an equivariant graph cohomology of an x-forgetful graph G and

to prove Hi. (G) ~ Z[G]:

(IT) To prove V¥ is surjective and injective.
In the first step, we will use the method of [MMP] (or [MP]) which was used
to show ring structures of graph equivariant cohomologies of torus graphs. In
the second step, we will use the method of [HP] which was applied to show ring
structures of equivariant cohomologies of hypertoric varieties.

3.1. z-forgetful graph _CZ. In order to prove Theorem 3.1, as the first step, we
introduce an z-forgetful graph G = (T', &, ) of the hypertorus graph G = (T, «, 0).
Here an x-forgetful axial function

a=Foa:& — (t");
is defined by the z-forgetful map F : (t*) & Zz — (t")5.
Moreover we define a graph equivariant cohomology of G as follows:
Hipo(G) = {f = V' = Hin(pt) | £(p) = f(a) = 0 (mod @(pg))}-
Fix {Hy, --+, Hp,} in the set of all hyperfacets H = {Hy, -+, Hy,, Hy, -+, Hp},
and define the Thom class of L by

TL:FOTH

for the (2n — 2)-valent hypertorus subgraph L = H N H. From the assumption (1)
of Theorem 3.1 and Lemma 2.6, there is a one to one corresponding between H and
L = HN H. Therefore we can put a set of all connected (2n — 2)-valent hypertorus
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FIGURE 4. An example of the z-forgetful graph for the left hyper-
torus graph in Figure 2.

subgraphs by £ = {Ly, ---, Ly} where L; = H; N H; for all i = 1, ---, m.
Moreover we have
_Jo p g V-
5 ={ S eV

by the definitions of 77 and the a-forgetful map F', where ny(p) is a normal edge
(leg) of H on p. We also have F o 77 = —7, by the definition of the opposite side
of H. Since 7y € Hfny g1(G) (Lemma 2.4), we have 7, € H: (G).

Next we define the following ring:

26 = Z[Ly, -, Lm]/< 1 ( £’63(£)>,
Ler’

where J(£) = {£' C L | NL =0} and ([, L | £ € I(L)) is an ideal which is
generated by the product [], .., L for all L € 3(L).

The goal of this section (the first step (I) of the proof of Theorem 3.1) is to
prove H}..(G) =~ Z[G]. Define the map

V' 1 7[G] = Hin(G)

by ¥/(L) = 71. Obviously ¥’ is a well-defined homomorphism. We will prove this
homomorphism is bijective.

First we prove the injectivity of ¥’. In order to prove the injectivity of ¥/, we
study the following ring:

ZGly = Z[L, -+, L) /(L | p € VF),
where (L | p ¢ VF) is an ideal which is generated by L such that p ¢ VL. As a
beginning, we prove the following lemma.
LEMMA 3.2. For the x-forgetful graph G = (T, a, 0), we have
Iy : 2[Gl, ~ ZIL | p € VI = Z[Ly, -+, Lu] = Hiu (ph),

where the last isomorphism v, is defined by ¢, : L — 71,(p).

PROOF. The first equivalence Z[G], ~ Z[L | p € V¥] is trivial by the definition

of Z[Gl,. We prove Z[L | p € VE] = Z|Ly, ---, Ly] 2 Hopn (pt).
Because of the definition of the hypertorus graph, we can put

gzg = {eii_(p), ) e;:(p)v el_(p)v R} 6;(]9)}



HYPERTORUS GRAPHS AND GRAPH EQUIVARIANT COHOMOLOGIES

11

for all p € V. There is a unique L; such that 77, (p) = a(e] (p)) = —a(e; (p)) for

alli =1, ---, n by Lemma 2.5. Hence we have Z[L | p € V] = Z[L,, ---

By the definition of the axial function of the hypertorus graph, we see
(et @), -+, alef(p), 7) = & ® Za = HA(B(T" x ).

n

Hence, by the definition of a, we have that
Zla(ef (p), -+, aley (p))] = Hin (pt).

This means that ¢, is an isomorphism.

Next we will define p and prove Lemma 3.3.

Y Ln]'

O

Since there is a L € £’ such that p & V¥ for the set £’ such that Npcp L = 0,

we have
(Lipgvh > ([] L1c e
LeL’

Therefore there exists the natural projection

Py Z[G] — Z[Glp,
and for this p, we can easily see that

Ker p, = (L [pg V")/(]] L | £ €3(L)).
LeL’

Define the homomorphism

o= @ ny:2i0) » @ 2@,
pevVl peVl
by p(Y) = @, cypr pp(Y) for Y € Z[G]. Then we have the following lemma.
LEMMA 3.3. p is injective.

PRrROOF. Obviously we have

Ker p = n (L|pgVh) /<HL [I'GCT(E)>.
peVT LeL’
We may only show that
(N Clpgvh) (] LIL eaNCLy, -, L)
peEVT Lec!
Take a non-zero element
A = Z k(ay, -, Qm)LS* .- Lom
a1, ,am €NU{0}
e () @WlpgV*) CZLy, -+, Lyl
peVT
where k(ay, -+, am)(= k) € Z — {0}. Because > k(ay, -+, am)Ly'---Lim €

(L | p & VE), we have that each term kL --- L% € (L | p & VE) for all p € V.

Hence we have each term

RLS - Lym e () (L |pgVh).

peVr
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This means, for each term kL{'---L% and all vertices p € V', there is r €
{1, ---, m} such that p € VL and a, # 0. We put the set of such L, by £".
Because for all p € V there is L, € £" such that p &€ VI, we have NL" = (). This
means L” € J(L). Therefore each term kL{" --- Lom is in ([], . L | L € 3(L)).
We conclude A € (J[,c. L | L' € 3(L)). O

From the above two lemmas: Lemma 3.2 and 3.3, we can prove the injectivity
of W',

PROPOSITION 3.4. WU’ is injective.

PRrROOF. Define p/ . H*n(g) — GBPGVF H*, (pt) by p’(f) — @pevf f(p) Then
we can show the following diagram is commutative:

Z[g} £ @pevF Z[g]p

v L,
) o' *
H7p.(G) — ®pevr Hi. (pt)
by chasing generators Ly, ---, L,,. Now p is injective by Lemma 3.3, and the right
map @,I, is bijective by Lemma 3.2. Consequently ¥’ is injective. O

Next we prove the surjectivity of ¥’. In order to prove the surjectivity, we will
define an ideal I(K) of Hx.(pt).

Let K be an intersection Ly N---NLy(# @). Note that the graph K is connected
because of the assumption (2) of Theorem 3.1. K is also a (2n—2b)-valent subgraph
of G = (T, @, 0), that is, the restricted bijection 9;2 = qu|5£< : Ef — 55{ is well-
defined for pg € EIX. We define an ideal I(K) (in Hj..(pt)) on K as follows:

I(K) = (a(e) | e € £F),

that is, this ideal is generated by all z-forgetful axial functions of edges and legs in
K. The following lemma holds for this I(K).

LEMMA 3.5. Let f be an element in H., (é) If f(p) € I(K) for somep € VK,
then f(q) € 1(K) for all g € VE.

PROOF. Assume f(p) € I(K) and f(q) € I(K). Since K is connected, there is
a path in K from ¢ to p, which is constructed by edges

K K
qri, Tir2, oy Ts—1Ts, TsP € D) - 8 .
Because of the congruence relation, we have

fla) = f(p)
= (fl@) = f(r1)) + (f(r1) = f(r2)) + -+ (f(rs—1) = f(rs)) + (f(rs) — f(D))
= Ajalgr) + Asa(rirs) - -+ + Asa(rs_irs) + A'a(rgp)
€ I(K),
where Ay, -+, As, A’ € H..(pt) and the last relation is known by the definition of

I(K) Since f(q)> Al&(qu)a Y Asa(TS,1TS)7 Ala(f‘sp) S I(K), we have f(p) c
I(K). This gives a contradiction. d

From the above lemma, we can prove the surjectivity of ¥'.

PROPOSITION 3.6. U’ is surjective.
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PROOF. Assume that f(p) € Hx.. (pt) has a non-zero constant term k € Z—{0}
for some p € V', that is, f(p) = k + g(p) where g(p) € HZ.(pt) U {0}. Because
feHpn (G) satisfies the congruence relation, we see that f(q) = k + g(q) for all
ge V' and g € H22(G) U {0}, where HZ2(G) U {0} is the set of g € Hi.(G) whose
constant term is 0. So we can take k € Z C Z[G] such that f = ¥ (k) +g. Hence it
suffices to prove the case that g € H}.. (G)—{0} satisfies g(p) = 0 or g(p) € HZY(pt)
for all p € V', that is, g € H>2(G)(= Hz2(G) U {0} — {0}).

Assume that g € HZ(G). Put Z(g) = {p € V' | g(p) = 0}. If Z(g) = 0,
then g(p) € H}.(pt) = Zlrr,(p), -+, 71, (p)] because of Lemma 3.2, where L; is
the (2n — 2)-valent hypertorus subgraph such that p € VLi. So there is an element
A € Z[G] such that W' (A)(p) = g(p). Hence p € Z(g — V' (A)).

So we can assume Z(g) # 0. Take p € V'\Z(g), that is, g(p) # 0. Let
kril---77"(p) be a monomial appearing in g(p), where k is a non-zero integer, p €

V&lianda; >0(i=1, ---, n). Since g(p) € H7)(pt), we can assume ay, --- , ap #
0and apy1 = -+ = a, = 0. Put K = NY_,;L;. Then g(p) & I(K) because g(p)
contains the monomial k77! --- 77" (p) and 77,(p) (i = 1, ---, b) is defined by the

axial function of the normal edge or leg of K on p. Hence g(q) ¢ I(K) for all
q € VK because of Lemma 3.5. In particular g(q) # 0 for all ¢ € VK. Let r ¢ VX,
Then we see k7! ---7/2(r) = 0. Put ¢’ = g — krj}-- 700 = g — W/(KL] -+~ L"),
then ¢'(r) = g(r) for all r ¢ VE.

Therefore we see that g(q) # 0 for all ¢ € VX and ¢/(r) = g(r) for all r ¢
VE. Hence Z(g') D Z(g) holds. Note that the number of monomials in g¢'(p) is
strictly smaller than that in g(p). Again we apply the same argument for ¢’ = g —
W(KLS -+ Lf®). Then we get g" = ¢/ — W/(KLI1 .. L) such that Z(g”) > Z(g')
and the number of monomials in ¢” (p) is strictly smaller than that in ¢'(p), where
{Liy,-+,Li;} C{L1, -+, Ly} and k' is non-zero integer. Repeating this argument,
we obtain B € Z[G] such that Z(g — ¥/(B)) contains Z(g) as a proper subset.
Moreover repeating this procedure, we can take C' € Z[G] such that Z(g—¥/(C)) =
VL. This gives g — ¥/(C) = 0. Therefore we conclude that ¥’ is surjective. O

Consequently ¥’ is an isomorphic map by Proposition 3.4 and 3.6, and we have

H;..(6) ~ Z(G].

REMARK 3.7. From the above argument, we know that the assumption (2) of
Theorem 3.1 does not need to prove the “injectivity” of ¥’, but it needs to prove the
“surjectivity” of ¥’. Hence the assumption (2) of Theorem 3.1 means that H}(g)
(resp. Hi.., 51(G)) is generated by elements of HZ., (G) (resp. HZ... 51(G)), that is,
71, € H2.(G) (vesp. Ta, X € H2.  4:(G)). In fact, there exists a generator which
is not in H%nx 41(G) for the graph equivariant cohomology of the third example in
Figure 2.1, note that this example does not satisfy the assumption (2) of Theorem
3.1 because the intersection of two lines (2-valent hypertorus subgraphs) are dis-
connected two vertices. In the future paper, we hope to find the generalized result
of Theorem 3.1 without the assumption (2).

3.2. Proof of Main theorem. Let G be a hypertorus graph which satisfies
the assumptions (1), (2) of Theorem 3.1, that is, G satisfies the following two
assumptions:
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(1) For each L € L, there are a hyperfacet H and its opposite side H such
that HNH = L;
(2) For all subsets £ C L, its intersection NL is empty or connected.
Let us recall the homomorphism V¥ : Z[G] — Hj.,., ¢ (G). This ¥ is defined as
follows:
V(X)=x, V(H)=r1n.

The goal of this section is to prove ¥ is the isomorphism.
By the assumption (1), we can put the set of all hyperfacets by

H:{Hla"'aH’ma Fb"'aHim})
and the set of all connected (2n — 2)-valent hypertorus subgraphs by
EZ{Lla R Lm}

such that L, = H; N H;.
First we consider the following diagram:

ZIX,Hy,--  Hy] 5 Z[G]

9" v
Z[XaHla"' 7Hm] L) H’;"nxsl(g)
¢l I F

ZLy, -, Lm] = Hi.(G).

We explain about the above diagram. # is the natural projection, ¢’ is defined
by ¢'(X) = X, ¢'(H;) = H;, ¢'(H;) = X — H; and 7n(X) = x, n(H;) = 75,. So
the top diagram is commutative. On the other hand 7’ is defined by 7'(L;) = 77,
(' is surjective from Proposition 3.6), ¢ is defined by ¢(X) =0, ¢(H;) = L; (i =
1, -+, m)and F(f) = Fof where f € H},. ¢ (G)and F : H}.. ¢ (pt) = H7.(pt)
is the a-forgetful map (z is the generator of Za C (t")} & Zx = H3., 4 (pt)). So
the bottom diagram is also commutative.

We will use the above diagram to prove W is the isomorphism.

3.2.1. Surjectivity of . Let us start to prove the surjectivity of ¥. In order to
prove the surjectivity, we will prove Proposition 3.11 which states the surjectivity
of 7 (in the diagram). Moreover, in order to prove the surjectivity of = (Proposition
3.11), we need to prove the following three lemmas Lemma 3.8, 3.9 and 3.10.

LEMMA 3.8. Let x be in Hj.. ¢1(G) such that x(p) = x for all p € V. Then
we have Ker F = Hf.. 1 (G)x,

PRrROOF. Let f € Ker F. By the definition of F, we have F(f)(p) = Fof(p) =0
for all p € V''. Since F : H.  oi(pt) = Zlw, a1, -+, an] = Z[B1, -+, Bn] =
H..(pt) is defined by F(z) = 0 and F(a;) = 3; for all i = 1, ---, n, we have
Ker F = (z) C Hj., s:(pt). So f(p) = g(p)x for all p € V', where g(p) is a
polynomial in H}., ¢ (pt). Because f € H}. ¢ (G), it satisfies the congruence
relation

f(p) = f(@) = 9(p)z — g(g)x = (9(p) — 9(g))x = 0 (mod a(pq))
for all edges pg. By the definition of the hypertorus graph, we see a(pq) # =. Hence
g € Hpnys1(G). Therefore for all f € Ker F, there exists some g € HJ.,, 1(9)
such that f = gx. Hence Ker 7 C HJ.., ¢1(G)x. On the other hand, we can easily
show Ker F D H}.. 1 (G)x. So we have that Ker F = HJ.. i (G)x. O
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LEMMA 3.9. Let f € H}. 1(G). Then there exists fo; € Hj,\ o1(G) which
satisfies f2;(p) = 0 or a 2i degree homogeneous polynomial in H3.. ¢ (pt) such that
f=fo+ fot- 4 fau.

PROOF. Since f(p) € Hj., ¢ (pt), we have that f(p) = fo(p) + -+ + fa(p)
where fo;(p) € H%’;LX gi(pt) for all p € VI, Because f satisfies the congruence
relation for all edges gr, we see that

F(@) = f(r) = (fol@) = fo(r)) + -~ + (fala) — fa(r)) = Aalgr)

for some A € Hj.., i (pt). Moreover A can be divided into A = Ag + -+ + Ag_o,
where Ao; € H%inxsl (pt). Hence fa2;(q) — foi(r) = Ag;—2a(qr). This concludes
Joi € H}o 61 (G) foralli =0, -+, L. O

We call each fy; in Lemma 3.9 a 2i degree homogeneous class (i =0, ---, ).
We denote deg fo; = 2i and fo; € HZ, | 1 (G).

LeEmMA 3.10. If f € Im «, then there are A € Z[X,Hy, -+ ,Hy,) and g ¢ Im =
such that

m(A) = f =9x
where g can be denoted by g =", g2j, whose all homogeneous classes g2j, ¢ Im 7.

PROOF. Assume f ¢ Im m. Since ¢ is surjective by the assumption (1) of
Theorem 3.1 and #’ is surjective by Proposition 3.6, there is a non-zero element
Be€Z[X,Hy,- -, Hpy] such that F(f) = 7’ 0 ¢(B). Because 7’ o p = F om, we have

7 0 6(B) = Fon(B) = F(J).

Hence 7(B) — f € Ker F. Because of Lemma 3.8, there is a ¢’ € H}.. ¢:1(G) such
that

m(B) - f=g'x.
Since f ¢ Im 7 and 7(X) = x, we have
g €Im 7.

Form Lemma 3.9, we can divide ¢’ into ¢’ = gg + - - - + go; Where go; is a 2¢ degree
homogeneous class. If go; € Im 7, then ¢’ — go; & Im 7. Therefore ¢’ can be divided
into two terms (0 #)g = >, g2j, & Im mand h =), g2;,, € Im 7 such that

g =g+h,
where homogeneous classes goj, & Im m and go;,, € Im 7. Since
9'x = gx + hx = gx + 7(CX)

for some C € Z[X, Hy,--- , Hy], we see that there is an element A = B — CX €
Z[X,Hy, -, Hy] such that m(4) — f = gx. 0

Next we prove Proposition 3.11.

PROPOSITION 3.11. The homomorphism 7 : Z[X, Hy,--- , Hp] — H}.  61(G)
is surjective.
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PROOF. If we show all homogeneous classes f € H}.. ¢ (G) are in Im 7, then
we have that the graph equivariant cohomology H7.., ¢:(G) is included in Im 7 by
Lemma 3.9, that is, 7 : Z[X, Hy,- -+, Hp,] = H}.. 61(G) is surjective. We prove all
homogeneous classes are in Im 7.

Let f be a minimal degree homogeneous class in H}.,  ¢:1(G)\Im 7. Then f(p)
is a non-zero homogeneous polynomial or f(p) = 0 for all p € V! by the definition
of the homogeneous class. Because of Lemma 3.10, we have the following two cases
for all p € V' and f ¢ Im m:

(3.1) m(A)(p) — f(p) = g(p)z (if f(p) # 0);
(3.2) m(A)(p) = g(p)z  (if f(p) = 0),
for some A € Z[X,Hy,--- ,Hy,] and g ¢ Im 7 whose all homogeneous classes are

not in Im 7.
Because f ¢ Im m, in particular f # 0, we can take a vertex p € V' such that
f(p) # 0. Then we have the above case (3.1):

m(A)(p) — f(p) = g(p)x.

Here, put the minimal degree homogeneous class of w(A) by 7(A’) € Hrnys1(G).
If 7(A")(p) # f(p), then there is a term in g(p)z whose degree is less than or equal
to deg f. So there is a non-zero homogeneous terms g5, (p) of g(p) such that

deg g2, (p) = 2ji = deg gaj, = deg gaj,x —1 < deg f.
Moreover this homogeneous class g2j, ¢ Im 7 from Lemma 3.10. This gives a
contradiction, since f is a minimal degree homogeneous class in H.,., ¢ (G)\Im 7.
Hence the minimal degree homogeneous class m(A’) satisfies 7(A’)(p) = f(p), when
f(p) # 0. We also have deg 7(A") = deg f.

If f(p) # 0 for all p € VT, then f = m(A’) by the above argument. This gives a
contradiction, by the assumption f ¢ Im 7. Therefore we can take a vertex ¢ € V©
such that f(g) = 0. Then we have the case (3.2): m(A)(q) = g(¢)x. Because w(A")
is the minimal degree homogeneous class of 7(A), we also have

m(A)(q) = ¢'(9)z
holds for some homogeneous class ¢’ € Im 7 of g (by Lemma 3.10). If ¢’(¢)x = 0 for
all such ¢, then we have f = w(A’). This gives a contradiction, by the assumption
f € Im 7. Hence there is some ¢ € V' such that f(¢) = 0 and ¢'(¢)z # O.
However deg ¢'(q) = deg ¢ = deg ¢'x — 1 < deg ©(A’") = deg f. This also
gives a contradiction, because ¢’ is a homogeneous class in H7.., ¢ (G)\Im 7 and
[ is a minimal degree homogeneous class in H7.., ¢:(G)\Im 7. Consequently all
homogeneous classes of H7.., ¢ (G) are in Im 7. O

Now 7 is surjective by the definition of Z[G], and ¢’ is also surjective by its
definition. Moreover 7 is surjective by Proposition 3.11. Since ¥ o & = 7w o ¢’, we
have the following corollary.

COROLLARY 3.12. ¥ is surjective.

3.2.2. Injectivity of ¥. Finally we will prove the injectivity of W. In this section
we put

Ij:{]-v ,l}_{j}
forj=1, ---, L



HYPERTORUS GRAPHS AND GRAPH EQUIVARIANT COHOMOLOGIES 17

First we need to prove Proposition 3.14. In order to prove Proposition 3.14, we
prepare the following lemma.

LEMMA 3.13. If Nt _ Ly =0 and Ly = Hy N Hy, (k=1, -+, 1), then we can
take a hyperfacet H; as H; N (Mker, L) =0 forall j =1, -+, 1.

PRrROOF. Esume ﬁ2:1Lk =0. If Lj n (ﬁkefjli) = ﬂkteLk = Qichen Hj N
(Nker, Lr) = Hj N (Nrer, Li) = 0 for each H; and H; such that H; N H; = L;. So
we may assume, for all j =1, .-, [,

() L #0.
k)EIj
If p e Velilk satisfies 7i,(p) = a(nu, (p)), then p € VX by the definition of
the Thom class 7p,;. However this gives a contradiction, since L; N (Nrer; Lx) =
NL_, Ly, = 0. Hence all vertices p € V"4 " satisfy
_ [0 (fpgVT)
THj(p) = { z (ifpe VHj)
by the definition of the Thom class 7x;.
Assume 74, (p) = z for all p € V=2l Retaking H, as H;, we can put
T, (p) =0 for all p € Vi—2Li by the equation 7m, (P) + 7 (p) = . This implies
that H; satisfies Hi N (ﬂ§€=2Lk) = (. So we may assume that there is a vertex

p € Vk=2Lr such that 7, (p) = 0, that is, p ¢ VA1, Because we assume the
assumption (2) of Theorem 3.1, we can take edges from p to the other vertex

l
q € V"e=2Lr as follows:
Nt _,L
pri, rir2, 0, Tu—1Tu, Tuq € B k=27k,

Because ry € Vk=2Ls for t = 0, -+, u, we see TH,(r1) = 0 or x by the above
argument. Hence we have 7g, (p) — 7, (r1) = 0 or —z. Moreover we have 75, (p) —
T, (r1) = 0 (mod a(pr1)) by the congruence relation. Because of the definition
of the hypertorus graph, we also have a(e) # x for all edges e € E¥. So we have
7, (r1) = 0. Inductively we have 75, (q) = 0 for all ¢ € V2Lt This implies that
we can take Hy as Hy N (NL_,L;) = 0. Since we can apply the same argument for
the other H; (j =2, ---, ), we can take H; as

Hj n (ﬂkteLk) =0
forall j=1, ---, [. (I
From Lemma 3.13, we have the following key fact.

PROPOSITION 3.14. Assume the hypertorus graph G satisfies two assumptions
(1), (2) of Theorem 3.1. If N,_, Ly = 0 and Ly = H, N Hy (k=1, -+, 1), then
we can take a hyperfacet Hy such that ﬂklek = 0.

Proor. If OizlLk =Qand L, = H,NHy, (k=1, ---, 1), we can take H; as
Hj N (Nker,Ly) =0 forall j =1, ---, [ from Lemma 3.13. Set
H/:{Hla T Hl | Hjm(mkEIij):q)? .7:17 Ty l}

Let us show NH’ = (. In order to show it, we use the inductive argument. The first
step of the induction has already shown in Lemma 3.13. Set R={1, --- , [}, SCR
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and T'= R — S. Assume that the hyperfacet H; satisfies (NjesH;) N (NgerLy) =0
for all S C R whose number |S| <s—1 (s > 2).

Assume (N3_) H;) N (N_y 41 Li) # 0 and take p € VO H)N(—e 1 L) | Then
we have [T5_, 7a,(p) # 0. Because Nj_ Ly = (NjesH;) N (NkerLy) = O for all
S C R such that |S] < s—1, we see that p € V% forall j =1, -+, s. So g, (p) #

a(ng,(p)) for all j =1, ---, s. Hence we have, for all p € VOt H)DN (i1 L)

s
H THj (p) = xs'
Jj=1

Therefore we have, for g € Vﬂ56=5+1L’“,

ﬁ (q) = 0 (fq¢ V(ﬁilej)ﬂ(mL:SﬂLk))
LT e (i g e VTNl ),
J=1

Because of the assumption (2) of Theorem 3.1, for all ¢ € VOLZSHL’“, we can take

H)N(Mi—e1 L) Applying the similar argument in the

edges from ¢ to p € V(M=
proof of Lemma 3.13, we have [[5_, 7, (q) = =° for all ¢ € VYNk=s+1Lk | This implies
Nt gi1Li C Ni_1H;. So we have
l l s s—1
(NLrc () Lxc () Hic () H;-
k=s k=s+1 j=1 j=1
This gives a contradiction, since we assume (ﬁ]"f;%Hj) N(NL_,Lx) = 0 as an as-
sumption of the induction. Therefore we have (N5_; H;) N (Nj—,,; Lx) = 0. From
the above argument, we also have (N;jcsH;) N (Nger'Li) = 0 for all S” C R such
that |S'|=sand T' =R - 5.
Inductively, we see that (NjesH;) N (NkerLy) = O for all S C R such that
S| <l—1and T=R—S. So we have

l 0 (if pg V=)
T, (p) ={
1

2t (if p e V=1t
because Ni_ Ly = 0. If Nf_,H; # 0, then there is a vertex p € V' such that
H§‘=1 T, (p) = z!. By the definition of the hyperfacet, we see ﬂélej #T. So

we can take a vertex ¢ € V' such that H;Zl 71, (q) = 0. Since I' is connected, we
can take edges from p to ¢q. Similarly this gives a contradiction by the congruence
relation. Consequently we conclude that if ﬂé-:le = () then we can take H; such
that N’_, H; = 0. O

Next we will prove Proposition 3.17. In order to prove it, we prepare some
notations and lemmas: Lemma 3.15 and 3.16.

Let 7 : Z[X, Hy, ---, Hp) — Z[G] be the natural homomorphism such that
7(X)= X, 7(H;)=H; fori=1, ---, m. Because H; = X — H; in Z[G], we have
To¢ =7 :Z[X, Hi, -, Hy] — Z[G].

Since 7 is surjective, 7 is also surjective. Moreover we have

Vor=m:Z[X, Hi, -, Hp] = Hfny51(9)
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by definitions of ¥ and 7. Hence we have the following commutative diagram:

ZIX, Hy, - H,) > Z[G)
&1 oL
Z[Xlea"' 7H'HL] l> Hr;:nxsl(g)
) L F

’

ZILy,- Ln] T Hia(9).
Then we have the following lemma.

LEMMA 3.15. For the ideal (in Z[X,Hy,- -+, Hpy))

7= <Hi+E—X, I = ‘ i=1, -, m, H 63(7—[)>,
HeH'
where J(H) = {H' CH | NH =0}, it satisfies the following two properties:
(i) Ker 7 = ¢/(7);
(ii) Ker 7’ = ¢ o ¢'(Z).

PRrROOF. Since 7 is the natural projection, we know Z = Ker 7. So we see
7(¢'(I)) = #(Z) = 7(Ker 7t) = {0}. Hence ¢/(Z) C Ker 7. Let A be an element
in Ker 7. Because ¢’ is surjective, there is an element B € Z[X, Hy, ---, H,,]
such that ¢'(B) = A. Now #(B) = wo¢'(B) =7(A) =0. So B € Ker & = 7.
Hence A = ¢'(B) € ¢'(T), that is, Ker 7 C ¢/(Z). Therefore we conclude the first
property: Ker 7 = ¢'(Z).

From Proposition 3.4 and 3.6, we know Ker n" = ([[, ., L | £ € 3(L))
where J(£) = {£L' C L | NL" = 0}. Take a generator [[; ., L € Ker 7’. From
Proposition 3.14, for £ = {Ly, ---, L;} € J(L), there is a set of hyperfacets
H = {Hy, -, H;} € J(H) such that Hy N Hy = Lj. By the definition of
the ideal Z, a product H§c=1 Hj. is one of the generators of Z. Moreover we see
pod'(Z) > ¢po ¢/(H2:1 Hy) = :I:Hi:1 Lj, by definitions of ¢ and ¢. Hence we
have Ker ' C ¢ o ¢/(Z). Moreover we have 7’ o ¢ o ¢'(A) = {0} for all A € T,
because ¢'(H + H — X) =0 and ¢ o ¢/ ([T yeqy H) = £ [1,cp L € Ker @'. So we
have Ker " D ¢ o ¢/(Z). Therefore we conclude the second property: Ker 7/ =

¢ o ¢'(I). .

In order to prove Proposition 3.17, we also prepare the following lemma.

LEMMA 3.16. Let T C Z[x1, -+, x;] be an ideal generated by homogeneous
polynomials, that is, T = (p1, -+, Pm) where p; is a homogeneous polynomial of
Zlxy, -+, ] such that deg p; < deg p; for i < j. For A € I, we denote A =
A+ -+ A, where A; is a homogeneous term (i =1, ---, n) and deg A; < deg A;
fori<j. Then A; €7 foralli=1, ---, n.

PROOF. Because A € Z, we can denote A = Xyp; + - + X,,pm where X; €
Z[x1, -+, x;]. Then we can put X = Xp1 + Xgo + -+ - + Xis, where Xj; is a
homogeneous term (i = 1, ---, s;) and deg Xi; < deg Xy, for i < j. Hence we
see that

A = X+ + X))+ +(Xm + -+ Xins, )Pm
= A +---+A,.
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Because A; is a homogeneous term, we have A; = > jep, Xjn;pj where D; =
{j | deg X;n, 4+ deg p; = deg A;}. Therefore A; € Zforalli=1, ---, n. O

Using the above two lemmas, we have the following lemma.
ProposITION 3.17. Ker ™ = Ker .

Proor. By Lemma 3.15 (i), the commutativity of the previous diagram and
Ker # = Z, we see n(Ker 7) =m0 ¢'(Z) = Vo #(Z) = 0. Hence Ker 7 = ¢'(Z) C
Ker 7.

Let A(e Z[X, Hy, ---, Hp]) be a minimal degree homogeneous polynomial
in Ker w\¢'(Z). By the previous diagram, 7’ o ¢(A) = Fow(A) = 0. So ¢(A) €
Ker ' = ¢ 0 ¢/(Z) by Lemma 3.15 (ii). Therefore we can take B € ¢'(Z)(C Ker )
such that ¢(A) = ¢(B). By the definition of ¢, we have

A—BeKer ¢ =2Z[X, Hy, -, Hp]X.
So there is a polynomial C' € Z[X, Hy, ---, Hp,,] such that
A-B=CX.

Since A, B € Ker w, we have 71(A — B) = 0 = 7(CX) = n(C)x. Because 0 =
T(C)x € Hjnyg:(G), we have that 0 = 7(C)(p)z € Hjy g (pt) for all p € V'
Since H}.. o1 (pt) is a free HZ, (pt)(= Z[z])-module, we see that 7(C)(p) = 0 for
all p € VI'. Hence n(C) = 0, that is, C € Ker 7. If C € ¢/(Z), then CX € ¢'(Z)
because Z is the ideal and ¢'(X) = X. So we have A = B+ CX € ¢'(Z). This
gives a contradiction, since A € Ker 7\¢'(Z). Hence we have

C € Ker 7\¢'(2).

Now we can denote C = Zi:l C; € Ker 7\¢'(Z) where C; is a homogeneous
polynomial and deg C; < deg C; for ¢ < j. Then we see that there is a term
Cr € Ker m\¢/(Z) of C = 22:1 C;. If there is a term C; € ¢/(Z), then B’ = B +
C; X € ¢'(T) because B € ¢'(T) and ¢'(X) = X. Moreover we have ¢p(B’) = ¢(A)
because ¢(X) = 0 and ¢(A) = ¢(B). Hence we can put

A=B+CX €Ker n\¢'(2)

where C' = Zgzl Cj, such that Cj, € Ker n\¢/(Z) for all k =1, ---, I’ and
B € ¢'(Z) such that ¢(A) = ¢(B). From the definitions of Z and ¢’, we have that
the ideal ¢'(Z) is generated by homogeneous polynomials of the polynomial ring
Z|X, Hy, .-+, Hp]. Hence we have that all homogeneous terms By, of B € ¢/(Z)
are elements in ¢/(Z) from Lemma 3.16. Since By, € ¢'(Z) and C}, € Ker 7\¢'(Z),
we have Cj, # —Bj,. Therefore, since A is a homogeneous polynomial, we have
that B and C are also homogeneous polynomials. In particular C' € Ker 7\¢'(Z)
and deg A = deg CX > deg C. This gives a contradiction, since A is a minimal
degree homogeneous polynomial in Ker 7\¢'(Z). Hence we have Ker 7\¢'(Z) = 0,
that is, Ker m = ¢/(Z) = Ker 7 by Lemma 3.15 (i). O

So we can prove the injectivity of U.
COROLLARY 3.18. ¥ is injective.

PROOF. Let A be in Ker W. Then there is an element B € Z[X, Hy, ---, Hp,]
such that m(B) = A, because 7 is surjective. So we have 7(B) = Vo n(B) =
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U(A) = 0. Hence B € Ker m = Ker 7 by Proposition 3.17. Therefore we have
7(B) =0 = A. Hence we conclude that ¥ is injective. O

Because of Corollary 3.12 and 3.18, we have that ¥ is the isomorphism. Con-
sequently the proof of Theorem 3.1 is complete, that is, we get H}.., ¢1(G) ~ Z[G].
4. Application: Mayer-Vietoris exact sequence of graph

Let G = (T', a, 6) be a hypertorus graph which satisfies the assumptions (1)
and (2) of Theorem 3.1. In this final section, we give one application of Theorem
3.1. The purpose of this section is to prove the following theorem.

THEOREM 4.1. If G is not a minimal hypertorus graph, then there is the fol-
lowing ezxact sequence:

* P * * P *
{0} — Hijny51(9) = Hiny51(G1) & Hin o 51(G2) = Hi 51 (G3) — {0}
We start to prepare notations which appear in Theorem 4.1.

4.1. Neighborhood and Minimal hypertorus graph. In order to define
a minimal hypertorus graph, we define a neighborhood N(H) = (VNWH)  gNUH)) of
the subgraph H = (V| £H)in T = (V' &€L).

DEFINITION 4.2 (neighborhood of subgraph). Let H be a subgraph of I'. Let
N(H) be a 2n-valent graph which satisfies the following properties:

PN(H) VH;
ENUD = gl if |gH| = 2n;
ENUD = £1 U {i(n(q)r), -+ U (n(q)w)} if [E]| = 2n — k,

where {n(q)1,- - ,n(q)r} = £} —EF. Hereifn(q) is aleg (in T') then I(n(q)) = n(q),
if not so then we regard the edge n(q) (in I') as a leg (in N(H)) whose initial vertex
is ¢. We call N(H) a neighborhood of the subgraph H in I

T 7

hyper facet its neighborhood

F1GURE 5. Two neighborhoods in the left graph in Figure 2.

REMARK 4.3. We do not call a neighborhood N(H) a subgraph of I', if N(H)
has a leg I(n(q)) such that n(q) is an edge in I". Of course the neighborhoods N (H)
is a 2n-valent hypertorus graph for every hypertorus subgraph H.

Let us define a minimal hypertorus graph.
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DEFINITION 4.4 (minimal hypertorus graph). We call G is a minimal hypertorus
graph, if we can put a set of all hyperfacets in G as follows:

H:{Hh Tty Hm7 Fla Tty Fm}
such that N(H;) =T foralli=1,--- ,m.

For example left two hypertorus graphs in Figure 2 are minimal hypertorus
graphs. However the following graph in Figure 6 is not a minimal hypertorus
graph, because we can divide I' into the upper graph H and the lower graph H for
the middle line (2-valent hypertorus subgraph) in Figure 6.

-b a—b+x

FIGURE 6. An example which is not a minimal hypertorus graph.

REMARK 4.5. For an n-valent torus graph in [MMP], if we put n legs on all
vertices, then we can construct a 2n-valent hypertorus graph. We can regard this
hypertorus graph as a tangent bundle over a torus graph. We can easily check this
hypertorus graph is a minimal hypertorus graph.

Next we define G, G2 and Gz in Theorem 4.1. If a hypertorus graph G =
(T, a, ) is not minimal hypertorus graph, then there are a hyperfacet H and its
opposite side H such that

N(H), N(H) #T.

Put N(H) =T, N(H) =Ty and N(H)NN(H) = N(L) =T'3, where L= HNH.
Then we can easily check that all I'; are 2n-valent graph, all restricted connections
0; = {0. | e € E'" C E'} are well-defined connections on T'; and all restricted
axial functions a; = algr; are also well-defined axial functions on I'; (i =1, 2, 3).
Therefore G; = (I';, «y, ;) is a hypertorus graph for all ¢ = 1, 2, 3, and we can
define each graph equivariant cohomologies HE. . g1 (Gi).

The expressions p1, p2 and p3 will be defined in the next section.

4.2. Proof of Theorem 4.1. Henceforth in this section a non-minimal hy-
pertorus graph G = (T, «, 0) satisfies assumptions (1), (2) of Theorem 3.1. Take
some hyperfacet H in G such that N(H), N(H) #I. Put N(H) =T'y, N(H) =T,

and N(H)NN(H) = N(L) =T3, where L=HNH.
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4.2.1. Preliminary. In order to prove Theorem 4.1, first we study some prop-
erties for G, = (I, a4, 0;) (1 =1, 2, 3).

The following lemma shows that all (2n — 2)-valent hypertorus subgraphs in G;
come from (2n — 2)-valent hypertorus subgraphs in G.

LEMMA 4.6. Put Ty = N(H), T's = N(H), 's = N(L) and L = H N H, where
H is a hyperfacet in G. The following statements hold for (2n—2)-valent hypertorus
subgraphs in G;.

(1) If L' is a (2n — 2)-valent hypertorus subgraph in G;, then there is unique
(2n — 2)-valent hypertorus subgraph L in G such that L' =T; N L.

(2) If a (2n — 2)-valent hypertorus graph L' in G; satisfies L' N L # 0, then
L'NL=LNL. In particular L' N L is connected in G;.

(3) If L', = TyNL, and L}, = T;N Ly, are two distinct (2n—2)-valent hypertorus
subgraphs in G;, then La #* ﬁb, where I:a, Ly, are (2n—2)-valent hypertorus
subgraphs in G.

PROOF. First we prove the statement (1). Let L’ be a (2n—2)-valent hypertorus
subgraph in G;. Then we can take (n— 1)-pairs EPL' (C Szl:i) for p € VI'. Conversely,
for such (n — 1)-pairs, a (2n — 2)-valent hypertorus subgraph which is through this
(n — 1)-pairs is L', by Lemma 2.5. Now we see 8[1;1' = 5}:, and we can also take
a unique (2n — 2)-valent hypertorus subgraph Lin g, by Lemma 2.5. Moreover
L' =T; N L by their uniqueness.

Next we prove the statement (2). Assume a (2n—2)-valent hypertorus subgraph
L’ in G, satisfies L' N L # (). By the statement (1), we can take (2n — 2)-valent
hypertorus subgraph L in G such that L' = T; N L. Because L C I';, we have
L'NL = LN L. By the assumption (2) of Theorem 3.1, we also have L'\ L = LNL
is connected.

Finally we prove the statement (3). Assume two (2n — 2)-valent hypertorus
subgraphs L) and Lj satisfy that L) # L; in G,. By the statement (1), we have
L =T;n L, and L,=T;N Ly for (2n — 2)-valent hypertorus subgraphs Lo, Ly in
G.ItL, = L, or L) = ﬁb, that is, L, or Ly is a hyperfacet in G;, then we can easily
prove L, # Ly because L/ # L;. Hence we can assume L/ # L, and Ly # L.
In this case, we also see L, N L # () and Ly N L # 0. If L\, N L, # 0 in T;, then
Epia = SPLI“ #* SPL;’ = Epib for p € pLanLy by Lemma 2.5. Hence L, # Ly, because of
Lemma 2.5. If L), N L, = 0 in I';, then L/, N L separates from L; N L in I'; and I.
By the statement (2), we have that L, N\ L = L,N L and L, L = LN L. Hence, if
L, = Ly, there are two connected components L, "L and LyNLin L,NL = LyNL.
This gives a contradiction, since the assumption (2) of Theorem 3.1 holds for G.
Therefore we have L, #* ﬁb. O

The following lemma is the key lemma to prove Theorem 4.1.

LEMMA 4.7. Assume G satisfies the assumptions (1) and (2) of Theorem 3.1.
Then the following statements hold:
(1) All hyperfacets in G; can be denoted by I'; N F' for unique hyperfacet F of
G and its opposite side is T; N F, fori=1, 2, 3;
(2) Gi also satisfies the assumptions (1) and (2) of Theorem 3.1.
PRrROOF. First we prove the statement (1). Take hyperfacet F’ and its opposite
side F’ in G;. For its boundary L' = F’ N F’, there is a unique (2n — 2)-valent
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hypertorus subgraph L in G such that L' = I'; N L by Lemma 4.6 (1). Because
G satisfies the assumption (1) of Theorem 3.1, we can take unique hyperfacet F'
and its opposite side F such that F N F = L. Since FUF = I', we can assume
FNF'—L'# (. Moreover we have I;N(FUF) = (I,NF)U(;NF) =T, = F'UF".
We can easily show I'; N F is a hyperfacet in I'; and I'; N F is its opposite side.
Now L' divides I'; into two hyperfacets F/, F’, and I'; N L also divides T; into two
hyperfacets I'; N F, ;N E. Therefore we have I';yNF = F/ and I'; N F = F’, because
L'=D;NLand FNF — L' #0.

Next we prove G; satisfies the assumption (1) of Theorem 3.1. Put a (2n — 2)-
valent hypertorus subgraph L' = T'; N L in I';, by Lemma 4.6 (1). Since G satisfies
the assumption (1) of Theorem 3.1, for a (2n — 2)-valent hypertorus subgraph L
there is a unique hyperfacet F' and its opposite side F such that L = FNnF.
Then we can easily show that I'; N F is a hyperfacet, ['; N F is its opposite side and
(L;NF)N(T;NF) = L'. Conversely, take hyperfacet F’ in I'; such that F'NF’ = L'.
Then we see I =T'; N F and F’ =T'; N F by the statement (1). Hence G; satisfies
the assumption (1) of Theorem 3.1.

Finally we prove G; satisfies the assumption (2) of Theorem 3.1. Take some
distinct (2n — 2)-valent hypertorus subgraphs L}, ---, L; in G;, and put £’ =
{L}, ---, L;}. By Lemma 4.6 (1), (3), we can take distinct (2n — 2)-valent
hypertorus subgraphs ﬁl, ey Ly in G such that T; N f/j = L;-, and put £ =
{Ly, -, Lg}. Assume NL' = LiN---NL, =T;N(NL) # 0. If NL C T,
we can easily show NL = NL'. Hence NL' is connected by the assumption (2) of
Theorem 3.1. If NL ¢ Ty, that is, LN (NL) # 0 and NL ¢ L. By the assumption
(2) of Theorem 3.1, L N (NL) is connected. For I's = N(L), because I's is a hy-
pertorus graph which attaches two legs on each vertex V¥ for L, the intersection
NL =T5nN (NL) is the graph which attaches two legs on each vertex of the con-
nected subgraph LN(NL). Hence NL is connected in I's. Next, for I'y = N(H) and
'y = N(H), we have that two subgraphs I'; N (N£) and 'y N (N£) are connected,
because HUH =T, HNH = L and LN (NL) is connected by the assumption (2) of
Theorem 3.1. Therefore NL' = T';N(NL) is connected in T'; (i = 1, 2). Consequently
G, satisfies the assumption (2) of Theorem 3.1. O

Because of Theorem 3.1 and Lemma 4.7, we have the following isomorphism:
Ui : ZGi] = Hpn i 51(Gi),

for all G, = (I, «y, 0;), such that ¥,;(X) = x|yr; and ¥,;(I'; N F) = 7p|yr;, where
x|yr: and 7g|yr; are the restricted to V' of x, 7p € Hi o 61(G) (i =1, 2, 3), and
F is a hyperfacet of G.

4.2.2. Ezxact sequence on Hj.,. o (G). Next we consider the graph equivariant
cohomologies H7.., ¢ (G) and H}.. 1 (Gi) (i =1, 2, 3).

Define the homomorphisms

P1: H;“"xsl (g) — Hl*“nxsl (gl) S2) H;‘"xsl (gQ)
by p1(f) = flyri @ flyrs, and
P2t Hiny51(G1) @ Hiny51(G2) = Hiny 51(G3)

by pa(g & h) = glyrs — hlyrs.
We have the following lemma.
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LEMMA 4.8. The following sequence is exact:
{0} — Hiuyes1(G) 7 Hiny51(G1) © Hiuyes1(G2) =2 Hiny51(G3).

PRrROOF. First we prove pp is injective. If p1(f) = flyrs @ flyr. = 0, then
f(p) =0forall pe Vi1 uVz = V' thatis, f =0 € H3.,.  s1(G). This means
Ker p; = {0}, hence p; is injective.

Next we have py 0 p1(f) = flyrs — flyrs = 0. Hence Im(p1) C Ker(pa).

Finally we take g @ h € Ker(pz), then g|yrs = h|yrs. Hence the following map
f:vr = H3.. o1 (pt) is well-defined and in HJ., ¢ (G):

B (p) ifpeyh
f<p>{2<§> i e Ve,

So we have Im(p1) D Ker(p2). O

4.2.3. Proof of Theorem 4.1. To prove Theorem 4.1, we prepare some facts for
Z[g].

Let A€ Z[X, Hy, -+, Hop). Then we can denote it by

A = Z k(ala"' ;a27n7a)H111 e Hg'g;nXa
(a17"' 7(12771,,(1)
for some k(q, ... ay,..0) € Zand (a1, -+, azpm,a) € (NU{0})?*" ! where Hy,- -+, Hop,
are all hyperfacets in G. Define I'; N A as follows:
IinA= Z k(alv"',azmﬂ)(rimHl)al "'(FimH?m)anXaa
(a1, ,a2m,a)

where if ].—‘1 ﬂHj = @, F1 OF]‘ = ].—‘1 (resp. Fz ﬂHj = Fi, Fl N j = @) as a
subgraph in I' then I'; N H; = 0, I'; ﬁﬁj =X (resp. I' NH; = X, T ﬂﬁj =0)
for j=1,--- ,2m. We define the homomorphism p; as follows:
p1 : ZIG] = Z[G1] ® Z[Go]

such that p1([4]) = [['1 N A]; @ [['2 N A]2, where [A] € Z[G] and [B); € Z[G;] for
i =1, 2, 3. Because of the definition of I'; N A and Lemma 4.7 (1), we can easily
see that p1([H; + H; — X]) = [0]1 @ [0]2 and p1([[]pesy 1) = [0]1 @ [0]2, where
a subset H' C H satisfies N"H' = (). Therefore p; is well-defined homomorphism.

Because I's = I'y N ['y, we can similarly show that the following homomorphism is
well-defined:

p2 1 Z[G1] ® Z[Go] — Z[Gs)

such that ,52([3}1 S5 [C}Q) = [Fg N B]g — [Fg N C]g S Z[gg]
By the definitions of p; and p; (j = 1,2), we can easily show the following
lemma.

LEMMA 4.9. The following diagram is commutative:

zlg] & ZG]eZG] P ZG] — {0}
v U@ Wy | VR
{0} — Hi(G) 5 Hj(G)®Hi(G) > Hi(ds)
From Theorem 3.1 and Lemma 4.7, we have that ¥, ¥, ® ¥y and W3 are
isomorphic maps.
Moreover we have the following lemma.
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LEMMA 4.10. The following sequence is exact:
ZIG) 5 2[G:] @ Z[Ga] 7 Z[Gs] — {0}.

PRrROOF. Because all hyperfacets of Gs are induced from G; (by Lemma 4.7 (1)),
we can get all generators (hyperfacets) [F’|3 and [X]3 of Z[G3] by p2([F]1 @ [0]2) =
[['s N Fls = [F']5 for some generator [F|; € Z[G;] such that I'sNF = F' in I's, and
p2([X]1 @ [0]2) = [I's N X5 = [X]3. Hence we see pq is surjective.

Finally Im(p;) = Ker(pz2) comes from the commutative diagram (Lemma 4.9)

zlg) % ziGlezg) 5 zig) — {0}
U Uy @y | L ERS
(0} — HyG) 5% HpG)®H;(G) % HiGs)

where its bottom sequence is exact by Lemma 4.8 and ¥, ¥, ®W,, W3 are isomorphic
maps. (I

From Lemma 4.8 and 4.10, we have that the top and bottom sequences in
Lemma 4.9 are exact. Hence we have that p; is injective and ps is surjective by the
snake lemma. Therefore we have the following two sequences are exact:

0y — zlg] 5 ziglezG) 2 zg) — {0}
{0y — H}G) &5 HiG)®HpG) = HpG) — {0}

In particular, we conclude Theorem 4.1.
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