Research on Toric Topology

Shintarô KUROKI

Abstract. In this report, we study on toric topology. In Part 1 we classify extended actions of (non-oriented) torus manifolds with codimension 0 and 1 orbits. Moreover we show their topological classification. From this result, we have a negative answer of cohomological rigidity problem for torus manioflds. In Part 2 we study operations and projective bundles of small covers. We prove relations for operations of small covers and a construction theorem of projective bundles of small covers. Finally, in Part 3, we study 6-dimensional quasitoric manifolds.

Keywords: cohomogeneity one action, cohomological rigidity problem, compact group action, complex projective bundle, equivariant surgery, finite group action, homogeneous space, non-singular toric variety, quasitoric manifold, real projective bundle, six-dimensional manifold, small cover, sphere bundle, spin manifold, three-dimensional manifold, three-dimensional simple polytope, torus action, torus manifold, toric topology.

2000 Mathematics Subject Classification: Primary 55R10, 57M50, 57M60, 57R22, 57S17, 57S25; Secondary 14F45, 19J25, 22F30, 52B10, 55R25, 57R20, 57R91, 57S17.

Contents

Introduction 7

Part 1. Extension problem and cohomological rigidity problem of torus manifolds 9

Chapter 1. Characterization of homogeneous torus manifolds 11 1. Introduction of Chapter 1 11 2. Preliminaries to the characterization 12 2.1. Basic notations and examples 12 2.2. Homogeneous space G/H with finite T -fixed points 13 2.3. Facts from classical Lie theory 14 2.4. Essential isomorphism and a remark for the characterization 14 3. Characterization of homogeneous torus manifolds 14 3.1. Structure of torus manifolds 15 3.2. Characterization of homogeneous torus manifolds 16 4. On other T -manifolds 19

Chapter 2. Classification of quasitoric manifolds with codimension one extended actions 21 1. Introduction of Chapter 2 21 2. Preliminary 23 2.1. Torus manifold 23 2.2. Review of classical Lie theory and the previous chapter 23 2.3. Review of transformation group theory 24 3. Orbits in extended actions 25 3.1. G-orbits on T -fixed points 26 3.2. Differences between quasitoric manifolds and torus manifolds 27 3.3. Singular orbit G/K_1 28 4. Assumptions and structures of two singular orbits 29 5. Tubular neighborhoods of singular orbits 30 5.1. Preparation 30 5.2. Transitive actions on sphere 30 5.3. Slice representations (rough structures) 31 6. Possibility for G, K_1, K_2 32 6.1. Decomposition of G 32 6.2. The cases (3) and (4) 32 6.3. The case (2) 33 6.4. The case (1) and the summary 34 7. Possibility for K and slice representations 34 7.1. Slice representations and K for the case (1) − (a) 34 7.2. Slice representations and K for the case (1) − (b) 36 7.3. Slice representations and K for the case (2) − (a) 37 8. Attaching maps from ∂X_1 to ∂X_2 and constructions of G-manifolds 37 8.1. Preparation 38 8.2. The case (1) − (a) 38 8.3. The case (1) − (b) 40

8.4. The case (2) − (a) 42 9. On moment-angle manifolds 42

Chapter 3. Classification of torus manifolds with codimension one extended actions 45 1. Introduction of Chapter 3 45 2. Review of the previous chapters 47 2.1. Codimension 1 extended G-actions and their singular orbits 47 2.2. Slice representations of G/K_1 47 2.3. Global structures of codimension 1 extended actions 49 3. The case (1): two singular orbits are torus manifolds 50 3.1. Notations and main theorem 50 3.2. Singular isotropy subgroups and images of their slice representations 51 3.3. The case (1)-(a) 51 3.4. The case (1)-(b) 53 3.5. The case (1)-(c) 54 4. Preliminary for the cases (2) and (3) 56 4.1. Structures of G/K_1 and their tubular neighborhoods of the cases (2) and (3) 56 4.2. Important remark for the attaching maps of the cases (2) and (3) 57 5. Main theorem and remarks of the case (2) 57 5.1. Main theorem of the case (2) 58 5.2. Remarks of the case (2) 58 6. The case (2)-(a) 59 6.1. The case (2)-(a)-(i) 60 6.2. The case (2)-(a)-(ii) 61 6.3. The case (2)-(a)-(iii) 63 6.4. The case (2)-(a)-(iv) 64 6.5. Summary of the results from (2)-(a)-(i) to (iv) 65 7. The case (2)-(b) 65 7.1. The case (2)-(b)-(i) 66 7.2. The case (2)-(b)-(ii) 67 7.3. The case (2)-(b)-(iii) 68 7.4. The case (2)-(b)-(iv) 68 7.5. Summary of the results from (2)-(b)-(i) to (iv) 69 8. Main theorem of the case (3) and preparations 69 8.1. Main theorem and notations 69 8.2. Structure of K_2 70 9. The case (3)-(a) 71 9.1. The case k_2 ≥ 3 72 9.2. The case k_2 = 2 76 10. The case (3)-(b) 80 10.1. The case (3)-(b)-(i) 80 10.2. The case (3)-(b)-(ii) 82

Chapter 4. Topological classification of torus manifolds which have codimension one extended G-actions 85 1. Introduction of Chapter 4 85 2. Notations 86 3. Topological invariants 87 3.1. Topological invariants of N_1 87 3.2. Topological invariants of N_2 and N_3 89 4. Main theorem and Preliminary 91 5. Proof of the main theorem 92 5.1. CASE 1 (1) : deg w = 2 and deg f > 4 93 5.2. CASE 1 (2) : deg w = 2, deg f = 4 and ℓ > 1 93

5.3. CASE 1 (3) : deg w = 2, deg f = 4 and ℓ = 1 93 5.4. CASE 2 (1) : deg w > 2 and ℓ ≥ 4 93 5.5. CASE 2 (2) : deg w > 2 and ℓ = 2, 3 94 5.6. CASE 2 (3) : deg w > 2 and ℓ = 1 95

Part 2. Operations and projective bundles on small covers 97

Chapter 5. Operations on three dimensional small covers 99 1. Introduction of Part 5 99 2. Basics of small covers 100 2.1. Definition of a small cover 100 2.2. Characteristic function and constructions of small covers 100 2.3. Examples 101 2.4. Z^3_2-invariant normal bundle over an invariant S^1 101 3. Operations for 3-dimensional small covers 102 3.1. The equivariant connected sum ♯ 102 3.2. The cutting edge operation ♯^e 103 3.3. The cutting edge-vertex-edge operation ♯^{eve} 103 3.4. The equivariant Dehn surgery ♮ 104 3.5. The equivariant Dehn surgery ♭ 104 3.6. The operation ♯^Δ 105 3.7. The coloring change ♯^C 105 4. Main theorem and corollaries 106 4.1. Main theorem 106 4.2. Constructions of oriented small covers 107 4.3. Constructions of all small covers 107 5. Relation between the Nishimura’s theorem and the Lü-Yu’s theorem 109 5.1. Relation of Corollary 4.4and the operation ♯^C 109 5.2. Problem 110 6. On 2-torus manifolds 110 6.1. Basics of 2-torus manifolds 110 6.2. The equivariant surgery ♮_0 110 6.3. Remark on the operations ♯^Δ and ♯^C 111

Chapter 6. On projective bundles over small covers 113 1. Introduction of Part 6 113 2. General results 113 3. Basic results for small covers 114 4. Structures of projective bundles over small covers 115 5. Topological classification of projective bundles over the 1-dimensional small cover 116 6. Construction theorem of 2-dimensional small covers 116 7. Topological classification of projective bundles over RP (2) and T^2 117 8. New characteristic function of projective bundles over 2-dimensional small covers 118 9. New operations of projective bundles over 2-dimensional small covers 119 10. Construction theorem of projective bundles over 2-dimensional small covers 120

Part 3. Appendix 121

Chapter 7. On 6-dimensional quasitoric manifolds 123 1. Introduction of Chapter 7 123 2. Geometric realization of the basic parts 123 3. Properties of oriented small covers and spin quasitoric manifolds 125 4. Remark on the McGavran’s paper 125

Bibliography 127

Acknowledgements 129

List of publications and preprints in postdoctoral period 131 1. ACCEPTED PAPERS 131 2. PREPRINTS 131 3. PROCEEDINGS 131 4. OTHERS 131

Introduction

Let G be a Lie group and X be a smooth manifold. A smooth map φ : G × X → X is called a (smooth) G-action on X if it satisfies the following two properties:

(1) φ(e, x) = x for the identity element e of G and all x ∈ X; (2) φ(g, φ(h, x)) = φ(gh, x) for all g, h ∈ G and x ∈ X. We call a triple (G, X, φ) a (smooth) transformation group.

A transformation group naturally appears in mathematics as the group of automorphisms of a manifold with a geometric structure such as a riemaniann metric, for instance the group of affine transformations on a Euclidean space or the group of rotations on a standard sphere. The first mathematician who recognized the importance of a transformation group from the geometrical point of view was Felix Klein. He proposed in his Erlangen program (in 1872) that geometry is the study of structures invariant under a group action. Since then, the theory of transformation groups has become one of the main research areas in mathematics.

The most manageable group G is the compact abelian group T^n = (S^1)^n (torus) and Z^n_2 (2-torus or real torus). Moreover, in the compact (topological) transformation group theory, to consider its maximal abelian group is often essential. For example, the equivariant cohomology (one of the most important invariant of topological transformation group) of compact Lie group H^∗_G(M; Q)(= H^∗(EG ×_G M; Q)) can be described by its maximal torus subgroup T ⊂ G, that is, H^∗_G(M; Q) ≃ H^∗_T (M; Q)^W , where H^∗_T (M; Q)^W is the invariant part of H^∗_T (M; Q) by the Weyl group W = N(T, G)/T action. So, to consider the abelian group action is one of the most essential study in compact (topological) transformation group theory.

On the other hand, toric geometry has independently developed in algebraic geometry since 1970’s. Toric geometry is the study of toric varieties defined as the n-dimensional normal algebraic variety which has the algebraic torus (C^∗ )^n with the dense orbit. The toric variety corresponds with the combinatorial object fan. So, algebraic geometers have studied toric varieties by using both of the algebraic method and the combinatorial method. Here, we remark that the group (C^∗ )^n has T^n as its maximal compact subgroup. Moreover, there was the big application from algebraic geometry to combinatorial theory, like the g-theorem proved by Stanley in [48] (he proved this theorem by using toric geometry). Therefore, toric geometry is the bridge between algebraic geometry and combinatorial theory.

Motivated by toric geometry, several mathematicians (Davis-Januszkiewicz in [11], Masuda in [29]) studied toric variety from topological point of view since 1990’s, and they found that toric theory can be also carried out in the topology as more generalized theory. Recently, this theory is called toric topology. Roughly speaking, toric topology is the study of algebraic, combinatorial, differential, geometric, and homotopy theoretic aspects of a particular class (not only manifolds) of torus actions, whose quotients are highly structured. For example, the orbit space of restricted T^nactions on non-singular, projective toric varieties is the simple convex polytope (highly structured space). So, toric varieties include research objects in toric topology.

Toric topology is the bridge between topology and combinatorial theory such as toric geometry. For example, the equivariant cohomology of torus manifold which is the generalization of toric manifolds can be described by the face ring of its orbit space by [33]. This is the generalization of the result that the equivariant cohomology of toric manifold can be described by the Stanley- Reisner ring of its orbit space in toric geometry (see [44]). The equivariant cohomology is the geometric object (topological object) and the face ring or the Stanley-Reisner ring are combinatorial objects. On the other hand, in [30], Masuda proved the necessary and sufficient condition of h-vectors of simplicial, cell decompositions on spheres by using toric topology. This result corresponds with the g-theorem for h-vectors of simplicial convex polytopes in toric geometry. Toric topology is developed very quickly in recent years; and simultaneously, toric topology yields new interesting problems. In this report, we study toric topology, in particular, the extension problem of torus actions on torus manifolds and operations on small covers.

The first Part 1 of the report deals with the extension problem of torus actions on torus manifolds. This extension problem is motivated by the following two problems:

(1) the beginning of toric geometry, i.e, the study of automorphism groups of toric variety by Demazure (see [12, 44]);

(2) the cohomological rigidity problem of certain torus manifolds (see [35]). The automorphism group of toric variety contains its original (C^∗ )^n-action; therefore, we can regard the Demazure’s study as the extension problem of (C^∗ )^n-action. Thus, our study corresponds with the Demazure’s study (in algebraic geometry) from topological point of view. In the first chapter (Chapter 1), we classify the homogeneous torus manifolds, that is, the torus T^n action on the torus manifold M^{2n} is extendable to a transitive G-action such that G contains T as its maximal torus. In the second and third chapters (Chapter 2, 3), we classify extended actions with codimension one principal orbits. For technical reasons, we classify more general torus manifolds (not only oriented case but also non-oriented case). The cohomological rigidity problem is originally the following problem: does the cohomology ring distinguish (quasi)toric manifold? This problem is motivated by the Masuda’s theorem: the H^∗(BT )-algebra of equivariant cohomology distinguishes the equivariant type of (quasi)toric manifold in [31]. Then, Masuda-Suh proposed the problem about the non-equivariant case in [35]. Because torus manifolds are generalization of (quasi)toric manifolds, they also proposed the problem about the torus manifolds whose orbit spaces are homotopy cell in [35]. In the forth chapter (Chapter 4), we classify the topological types of our classification results in Chapter 1, 2, 3. Then, we know that their topological types are determined by not only their cohomology rings but also characteristic classes. Moreover, the orbit space of our torus manifolds which appear in the result of Chapter 1, 2, 3 is a homotopy cell. This gives the negative answer of the cohomological rigidity problem of torus manifolds.

The next Part 2 of the report deals with operations of small covers and projective bundles over small covers. Here, the small cover is the real version of quasitoric manifolds introduced by Davis- Januszkiewicz in [11]. For example, the geometric operations (e.g., equivariant connected sums or equivariant surgeries) are described by the combinatorial operations (e.g., connected sum along vertex or bistellar moves). Several mathematicians have studied the operations on 3-dimensional small covers (Izmestiev in [19], Nishimura in [42], Lü-Yu in [28]). In Chapter 5, we prove some relations on operations on 3-dimensional small covers. From this result, we can improve the construction theorem of Nishimura in [42] (for oriented 3-dimensional small covers) and Lü-Yu in [28] (for 3-dimensional small covers). In Chapter 6, we study on projective bundles over small covers and prove the construction theorem of projective bundles over 2-dimensional small covers, i.e., all projective bundles over 2-dimensional small covers can be constructed by using some operations from the basic projective bundles over small covers. In order to show this theorem, we induce the new characteristic functions and new operations.

In the final Part 3, we give the appendix for 6-dimensional quasitoric manifolds. Small covers and quasitoric manifolds behave similarly in some case; for example, their cohomology rings are described by their Stanley-Reisner rings of their orbit spaces (coefficients are Z_2 for small cover and Z for quasitoric manifolds). However, in some case, their behaviors are quite different. One of the most typical examples is the construction theorem for 3-dimensional small covers and 6- dimensional quasitoric manifolds (compare [28] and [25, 36]). We remark 6-dimensional quasitoric manifolds in this last part.

Main results (15 theorems and corollaries) are referred in each introduction of chapters.

Part 1

Extension problem and cohomological rigidity problem of torus manifolds

CHAPTER 1

Characterization of homogeneous torus manifolds

1. Introduction of Chapter 1

A torus manifold is an even dimensional oriented manifold M^{2n} acted on by a half-dimensional torus T^n with non-empty fixed point set: typical examples are the complex projective space C P (n) and the even dimensional sphere S^{2n} equipped with the natural T^n-actions. As is well known, the natural T^n-action on C P (n) is induced from the transitive U(n + 1)-action (or P U(n + 1)-action) on C P (n), that is, this T^n-action extends to a U(n + 1)-action or P U(n + 1)-action (see Example 2.2). Moreover, there is a similar property for the T^n-action on S^{2n} (see Example 2.3). So we can naturally ask which torus manifolds possess such extended actions (the exact definition is in Section 2.1). In the first three chapters, we focus on this extension problem of torus actions on torus manifolds.

This problem is reminiscent of the study of automorphism groups of toric varieties by Demazure in [12], where here a toric variety is a normal algebraic variety V on which an algebraic torus (C^∗ )^n acts with a dense orbit (see [14]). We note that a compact non-singular toric variety is a torus manifold by restricting its (C^∗ )^n-action to a T^n-action ((C^∗ )^n contains the topological torus T^n = (S^1)^n as its maximal compact subgroup). The automorphism group Aut(V ) of V contains (C^∗ )^n and the action of Aut(V ) restricted to (C^∗ )^n coincides with the original (C^∗ )^naction on V . Hence, we can regard Demazure’s study as the study of the extension problem of (C^∗ )^n-actions on toric varieties. In fact the notion of torus manifold (or unitary toric manifold in the earlier terminology) was introduced by Hattori and Masuda in [17, 29] as a far-reaching topological generalization of compact non-singular toric varieties. Consequently, our extension problem may be interpreted as the topological version of Demazure’s work. (From this point we assume our groups in this report are always compact.)

In the first three chapters, we will study extended G-actions. In particular, in Chapter 1 and the next Chapter 2, 3, we will characterize extended G-actions which have codimension 0 (i.e., G acts transitively) and 1 principal orbits up to essential isomorphism (i.e., the induced effective actions are same: see Section 2.4), respectively. We often call a torus manifold on which G acts transitively a homogeneous torus manifold. For technical reasons, in this chapter, we do not assume that torus manifolds are omnioriented.

Let Z_2 be defined as {I_{2mj +1}, −I_{2mj +1}} ⊂ O(2m_j + 1), and let P U(x) be a projective unitary group (see Example 2.2), SO(x) a special orthogonal group, O(x) an orthogonal group. Our main result (Theorem 3.4) is as follows:

Theorem 1. Suppose a torus manifold (M^{2n}, T^n) extends to a transitive G-action, where G is a compact, connected Lie group whose maximal torus is T^n. Then (M^{2n}, G) is essentially isomorphic to a∏ i=1 C P (l_i ) × ∏_b j=1 S^{2mj} A , a∏ i=1 P U(l_i + 1) × b∏ j=1 SO(2m_j + 1) ,

where A can be any subgroup of ∏_b j=1 Z_2, and ∏_a i=1 P U(l_i + 1) × ∏_b j=1 SO(2m_j + 1) acts on ∏_a i=1 C P (l_i ) × ∏_b j=1 S^{2mj} /A in the natural way, and ∑_a i=1 l_i + ∑_b j=1 m_j = n.

Furthermore, M^{2n} is orientable if and only if A ⊂ SO(2m_1 + · · · + 2m_b + b).

We also have the following result (see Corollary 3.9):

Corollary 2. Suppose a compact, non-singular toric variety or a quasitoric manifold (M^{2n}, T^n) extends to a transitive G-action, where G is a compact, connected Lie group whose maximal torus is T^n. Then (M^{2n}, G) is essentially isomorphic to (_a ∏ i=1 C P (l_i ), a∏ i=1 P U(l_i + 1) ) , where ∑_a i=1 l_i = n.

Here, a T^n-manifold M^{2n} is called a quasitoric manifold over a simple polytope P^n if the following two conditions are satisfied (see [7, 11]^1):

(1) the T^n-action is locally standard, that is, locally modelled by the standard action on C^n ; (2) there is the orbit projection map π : M^{2n} → M^{2n}/T^n = P^n constant on T^n-orbits which maps every k-dimensional orbit to a point in the interior of k-dimensional face of P^n, k = 0, · · · , n. Quasitoric manifolds were defined by Davis and Januszkiewicz as a topological counterpart of projective, non-singular toric varieties in [11]. We note that every smooth projective toric variety is a quasitoric manifold (e.g. [7, Chapter 5]). From our main result Theorem 1, we may conclude that if a compact, non-singular toric variety has a transitive G-action, then this manifold is a product of C P (l)’s (Corollary 2). Hence, such manifolds are projective toric varieties; thus, they are also quasitoric manifolds.

The organization of this chapter is as follows. In Section 2, we first set up some notation and basic facts. Next we prove our main result Theorem 3.4, that is, we characterize homogeneous torus manifolds G/H in Section 3. A key lemma for this characterization is Lemma 3.2, as well as the classification result of simply connected, simple Lie groups and their maximal rank maximal connected subgroups in classical Lie theory proved in [4]. Finally, we remark that our methods, in particular Lemma 3.2, do not work for other T -manifolds in Section 4.

2. Preliminaries to the characterization

In this section, we recall some fundamental results. We start with recalling some basic notation associated to a torus manifold and an extended G-action.

2.1. Basic notations and examples. A torus manifold is a 2n-dimensional, closed, connected, smooth manifold M^{2n}(= M) with smooth, finite kernel action of an n-dimensional torus T^n = (S^1)^n(= T ) such that M^T ≠ ∅ (see Section 2.4 for the kernel of an action). Let M^T denote the T -fixed point set. Automatically, every fixed point is isolated, because dim M = 2 dim T and T acts on M with finite kernel.

Remark 2.1. In the paper [17], the definition of torus manifolds involves the choice of orientations of manifold M and its characteristic submanifolds called an omniorientation on M. Because we will classify extended actions up to essential isomorphism in this report, we do not need to choose an omniorientation on M. Moreover, the T -action on M does not need to be effective.

Let φ : T^n × M^{2n} → M^{2n} be a T^n-action on M^{2n}. Assume that a compact, connected Lie group G has T^n as its maximal torus subgroup. If there exists an action Φ : G × M^{2n} → M^{2n} such that the restricted T^n-action Φ|_T n_{×M} 2n is the given φ, then we call Φ an extended G-action of (M^{2n}, T^n), and we also denote Φ as (M^{2n}, G). If a principal G-orbit is of codimension k, we call (M^{2n}, G) a codimension k extended G-action of (M^{2n}, T^n). Here, the integer k satisfies 0 ≤ k ≤ n. Because M and G are compact, if (M^{2n}, G) is a codimension 0 extended G-action then the G-action on M^{2n} is transitive and M^{2n} is a homogeneous manifold. The following three examples are standard and important.

1Davis and Januszkiewicz use the term “toric manifold” in [11], but in this report we use the term “quasitoric

manifold” in [7] because we would like to reserve the use of the term “toric manifold” to mean a “non-singular toric variety”.

Example 2.2. If the T^n-action φ : T^n × C P (n) → C P (n) on C P (n) is defined by

φ((t_1, · · · , t_n), [z_0; z_1; · · · ; z_n]) = [z_0; t_1z_1; · · · ; t_nz_n],

where (t_1, · · · , t_n) ∈ T^n and [z_0; z_1; · · · ; z_n] ∈ C P (n), then we can easily check that this is a torus manifold whose fixed points are (n + 1) points:

[1; 0; · · · ; 0], [0; 1; 0; · · · ; 0], · · · , [0; · · · ; 0; 1].

Considering the above T^n as the diagonal subgroup of U(n + 1) with a unit in the (1, 1)-entry, this action extends to the transitive U(n + 1)/Z(U(n + 1))-action, where Z(U(n + 1)) is the center of U(n + 1). Therefore (C P (n), U(n + 1)/Z(U(n + 1))) = (C P (n), P U(n + 1)) is a codimension 0 extended action of the torus manifold (C P (n), T^n). Remark that P U(n + 1) = U(n + 1)/Z(U(n + 1)) ≃ SU(n + 1)/Z_{n+1} ≈ SU(n + 1) has T^n as its maximal torus subgroup, where G ≃ G^′ means G and G^′ are isomorphic, G ≈ G^′ means G and G^′ have a same Lie algebra, and Z_{n+1} is the center of SU(n + 1).

Example 2.3. Assume the T^n-action φ : T^n × S^{2n} → S^{2n} on S^{2n} ⊂ R^{2n} ⊕ R = R^{2n+1} is defined as follows: first we identify T^n with SO(2)^n ⊂ SO(2n); and next T^n acts on R^{2n} by the restriction of the natural SO(2n)-action on R^{2n} . Then we can easily check that this is a torus manifold whose fixed points are 2 points: the North pole (0, · · · , 0, 1) and the South pole (0, · · · , 0, −1) of S^{2n}. Moreover this action extends to the SO(2n)-action whose orbits are principal orbits S^{2n−1} (codimension 1 orbits) and two singular orbits which are the 2 fixed points of the T^n-action. Therefore (S^{2n}, SO(2n)) is a codimension 1 extended action of the torus manifold (S^{2n}, T^n). Remark that (S^{2n}, T^n) also extends to a codimension 0 extended action (S^{2n}, SO(2n + 1)).

Example 2.4. In the above Example 2.3, S^{2n} ⊂ R^{2n+1} has a free involution by −I_{2n+1} ∈ O(2n + 1), where I_{2n+1} is the identity element in the orthogonal group O(2n + 1). Now we define the manifold RP (2n) by S^{2n}/Z_2, where Z_2 = {I_{2n+1}, −I_{2n+1}}. Because the T^n-action on S^{2n} commutes with the Z_2-action, we can define a T^n-action on RP (2n) induced by the T^naction on S^{2n}. Moreover, the two T^n-fixed points on S^{2n}, the North and South poles, go to the same point in RP (2n) under the Z_2-quotient, and this point is the unique fixed point of this T^naction on RP (2n). We can easily check (RP (2n), T^n) is effective, because (S^{2n}, T^n) is effective and T^n ∩ Z_2 = {I_{2n+1}}. Therefore, (RP (2n), T^n) is a torus manifold; however, we remark that RP (2n) is a non-orientable manifold. Furthermore, we have that (RP (2n), T^n) has a codimension 1 extended action (RP (2n), SO(2n)) and a codimension 0 extended action (RP (2n), SO(2n+1)), because the SO(2n)-action and the SO(2n + 1)-action on S^{2n} in Example 2.3 commute with this Z_2-action. Remark that the orbits of the codimension 1 extended action (RP (2n), SO(2n)) consist of: principal orbits S^{2n−1}, one singular orbit which coincides with the unique T^n-fixed point of (RP (2n), T^n), and one exceptional orbit RP (2n − 1).

In order to characterize torus manifolds which have codimension 0 extended actions, i.e., homogeneous torus manifolds, we will also need the following basic facts, summarized in Section 2.2 to 2.4.

2.2. Homogeneous space G/H with finite T -fixed points. First we discuss homogeneous spaces with T -actions. Let T be a maximal torus in a compact Lie group G, and H a closed subgroup in G. Suppose that (G/H, T ) is a torus manifold, that is, it satisfies the following three properties:

(1) the T -action on G/H has finite kernel; (2) dim G/H = 2 dim T ;

(3) the T -fixed point set (G/H)^T ≠ ∅.

Because of the third property, there is an element gH ∈ G/H such that T gH = gH. It follows that T ⊂ gHg^{−1} for some g ∈ G. Hence we can take a subgroup H as follows: T ⊂ H^o ⊂ H ⊂ G, where H^o is the identity component of H. Since T is a maximal torus in G, we have rank G = rank H^o = dim T = n,

where the rank of a compact connected Lie group is the dimension of a maximal torus subgroup. Consequently, we need to consider maximal rank subgroups of G.

2.3. Facts from classical Lie theory. In order to consider maximal rank subgroups, we recall some classical Lie theory (see [38, Chapter V]).

For any compact, connected Lie group G, there is a finite covering map: p : ~G = G_1 × · · · × G_k → G, (2.1)

where G_i (i = 1, · · · , k) is a compact, simply connected, simple Lie group, or a compact, connected, commutative Lie group, i.e., a torus. Let the kernel of p be denoted by N. Then we have G ≃ (G_1 × · · · × G_k)/N, where N is some finite central normal subgroup in G_1 × · · · × G_k.

Now we have the following lemma for a product of Lie groups (see [38, Theorem 7.2]).

Lemma 2.5. Let G_i (i = 1, · · · , k) be compact, connected Lie groups and let G be their product. Assume H^o is the identity connected maximal rank subgroup in G. Then H^o = H_1 × · · · × H_k, where H_i is a maximal rank subgroup in G_i.

2.4. Essential isomorphism and a remark for the characterization. In this subsection, we define an essential isomorphism.

We first need some notations. The kernel of (M, G) is defined as the intersection of all isotropy subgroups ∩_{x∈M} G_x. If the kernel N is the identity element, then this action is an effective action. The induced action (M, G/N) is always effective, and we call it the induced effective action. We may now define an essential isomorphism.

Definition 2.6. Let N be the kernel of (M, G) and N^′ the kernel of (M^′, G^′). We say that (M, G) and (M^′, G^′) are essentially isomorphic if their induced effective actions (M, G/N) and (M^′, G^′/N^′) are weak equivariantly diffeomorphic, that is, there are an isomorphism ρ : G/N → G^′/N^′ and a diffeomorphism f : M → M^′ such that f(φ(g, x)) = ψ(ρ(g), f(x)) for (g, x) ∈ G/N × M, where φ : G/N × M → M and ψ : G^′/N^′ × M^′ → M^′ are two induced effective actions.

Example 2.7. In Example 2.2, (C P (n), P U(n + 1)) is essentially isomorphic to the natural transitive action (C P (n), SU(n + 1)).

Example 2.8. Let Spin(m) be the universal (double) covering of SO(m) (m ≥ 3). This group Spin(m) acts on a sphere and a real projective space through the projection to SO(m). In Example 2.3 (resp. Example 2.4), the codimension 1 extended action (S^{2n}, SO(2n)) (resp. (RP (2n), SO(2n))) is essentially isomorphic to (S^{2n}, Spin(2n)) (resp. (RP (2n), Spin(2n))) for n ≥ 2, and the codimension 0 extended action (S^{2n}, SO(2n+1)) (resp. (RP (2n), SO(2n+1))) is essentially isomorphic to the natural transitive action (S^{2n}, Spin(2n+1)) (resp. (RP (2n), Spin(2n+ 1))) for n ≥ 1.

Let ~G = G_1 × · · · × G_k be a covering of G defined in (2.1) such that each G_i (i = 1, · · · , k) is a compact, simply connected, simple Lie group, or a torus group. Then (M, G) is essentially isomorphic to (M, ~G) = (M, G_1 × · · · × G_k). (2.2) Therefore, we only need to consider products of simply connected, simple Lie groups and tori as the transformation groups on a homogeneous torus manifold. In the next section we characterize homogeneous torus manifolds.

3. Characterization of homogeneous torus manifolds

Assume (M, G) is a codimension 0 extended G-action of a torus manifold (M^{2n}, T^n). In this section, we will classify such (M, G) up to essential isomorphism.

3.1. Structure of torus manifolds. Now we can put M = G/H and T is a maximal torus subgroup of H and G by the argument in Section 2.2. Moreover, a T -action of (G/H, T ) is defined by a natural inclusion of T to G. By (2.2), (G/H, G) is essentially isomorphic to (G/H, ~G) = (G/H, G_1 × · · · × G_k). Let p : ~G → G be the projection of (2.1). Then we have G/H ∼= ~G/p^{−1}(H), (3.1)

where X ∼= Y means X and Y are diffeomorphic. Therefore it is sufficient to classify ~G and its subgroup p^{−1}(H). To classify such ~G and p^{−1}(H), we first consider the identity component of p^{−1}(H).

Let ~H (resp. ~T ) be the identity component of p^{−1}(H) (resp. p^{−1}(T ))^2. Because of Lemma 2.5, ~G/ ~H is decomposed into a product as follows: ~G/ ~H = G_1/H_1 × · · · × G_k/H_k, where H_i ⊂ G_i is a maximal rank, connected subgroup for all i = 1, · · · , k. Because T is a maximal torus subgroup of G and H, we see that ~T is also a maximal torus subgroup of ~G and ~H such that p( ~T ) = T . Moreover, we have the following lemma.

Lemma 3.1. If (G/H, T ) is a torus manifold, then ( ~G/ ~H, ~T ) is also a torus manifold, and each G_i is a compact, simply connected, simple Lie group.

Proof. We prove ( ~G/ ~H, ~T ) satisfies the three properties in Section 2.2. Because ~T is a maximal torus subgroup of ~G and ~H, we can easily check ( ~G/ ~H)^{~T} ≠ ∅, i.e., property (3) holds. Because dim G/H = 2 dim T , we have dim ~G/ ~H = 2 dim ~T , i.e., property (2) holds. Since (G/H, T ) is almost effective, ( ~G/ ~H, ~T ) is also almost effective, i.e., property (1) holds. Moreover, we have each G_i is not a torus by property (1), i.e., each G_i is a compact, simply connected, simple Lie group. □

Taking a maximal torus subgroup T_i in H_i, the maximal torus subgroup ~T is decomposed into ~T = T_1 × · · · × T_k ⊂ H_1 × · · · × H_k ⊂ G_1 × · · · × G_k. The following structure lemma holds.

Lemma 3.2. Suppose that the torus manifold (M, T ) has a codimension 0 extended G-action and M = G/H such that T ⊂ H ⊂ G. Put ~G/ ~H = G_1/H_1 × · · · × G_k/H_k, ~T = T_1 × · · · × T_k, and G_i/H_i = M_i for all i = 1, · · · , k, where ~G is a universal covering of G, its subgroup ~H (resp. ~T ) is the identity component of p−1(H) (resp. p−1(T )), and T_i is a maximal torus subgroup in G_i and H_i. Then each factor (M_i, T_i) = (G_i/H_i, T_i) is a torus manifold.

Proof. By Lemma 3.1, ( ~G/ ~H, ~T ) is a torus manifold and each G_i is a simply connected, simple Lie group. Because ( ~G/ ~H, ~T ) is almost effective, we also have that (G_i/H_i, T_i) is almost effective for all i = 1, · · · , k. Since T_i is a maximal torus subgroup in G_i and H_i, we have (G_i/H_i)^{Ti} ≠ ∅ for all i = 1, · · · , k. Therefore, we have 2 dim T_i ≤ dim(G_i/H_i) for all i = 1, · · · , k. Hence, the following equation holds:

2 dim ~T = k∑ i=1 2 dim T_i ≤ k∑ i=1 dim(G_i/H_i) = dim ~G/ ~H. On the other hand 2 dim ~T = dim ~G/ ~H. Consequently, we have 2 dim T_i = dim G_i/H_i for all i = 1, · · · , k, and each factor (M_i, T_i) = (G_i/H_i, T_i) is a torus manifold. □

2We remark that p−1(T ) = ~T by [38, Theorem 4.9 in Chapter V].

From Lemma 3.2, in order to classify ~G/ ~H, we need to consider each factor G_i/H_i constructed by a compact, simply connected, simple Lie group G_i and its maximal rank connected subgroup H_i, such that

dim G_i/H_i = dim G_i − dim H_i = 2 dim T_i = 2 rank G_i = 2 rank H_i.

In the next subsection we classify all codimension 0 extended G-actions of torus manifolds (M, T^n) up to essential isomorphism.

3.2. Characterization of homogeneous torus manifolds. Let S be a compact, connected, simple Lie group, and S^′ a compact, connected, maximal rank, maximal subgroup of S. Here, a maximal subgroup means that if S^{′′} is another compact, connected, maximal rank subgroup in S and there is an element g ∈ S such that S^′ ⊂ gS^{′′}g^{−1} then S^′ = gS^{′′}g^{−1}. For such S and S^′, the classification of these types, i.e., the Lie algebras of S and S^′, is known by classical Lie theory: see the Table 1 (see [4] or [38, Chapter V]^3).

Table 1. maximal rank subgroups

S A_l (l ≥ 1) B_l (l ≥ 2) S^′ A_{i−1} × A_{l−i} × T^1 (1 < i < l) A_{l−1} × T^1 (i = 1, l) B_{l−1} × T^1 (i = 1) S B_l (l ≥ 2) C_l (l ≥ 3) S^′ D_i × B_{l−i} (1 < i < l) D_l (i = l) C_i × C_{l−i} (1 ≤ i < l) S C_l (l ≥ 3) D_l (l ≥ 4) S^′ A_{l−1} × T^1 (i = l) D_{l−1} × T^1 (i = 1) D_i × D_{l−i} (1 < i < l − 1) S D_l (l ≥ 4) E_6 S^′ A_{l−1} × T^1 (i = l − 1, l) D_5 × T^1 A_1 × A_5 S E_6 E_7 S^′ A_2 × A_2 × A_2 D_6 × A_1 A_7 S E_7 E_8 S^′ A_2 × A_5 E_6 × T^1 D_8 S E_8 S^′ A_8 A_4 × A_4 E_6 × A_2 S E_8 F_4 S^′ E_7 × A_1 C_3 × A_1 A_2 × A_2 S F_4 G_2 S^′ B_4 A_2 A_1 × A_1

Here, in the Table 1, A_l ≈ SU(l + 1), B_l ≈ SO(2l + 1), C_l ≈ Sp(l), D_l ≈ SO(2l) are the classical Lie groups and E_6, E_7, E_8, F_4, G_2 are the exceptional Lie groups (indices indicate their rank), and S ≈ X means S and X have the same Lie algebra. Note that each dimension of S is as follows:

dim A_l = l^2 + 2l; dim B_l = dim C_l = (2l + 1)l; dim D_l = l(2l − 1); dim E_6 = 78; dim E_7 = 133; dim E_8 = 248; dim F_4 = 52; dim G_2 = 14.

Therefore dim S/S^′ can be computed as in Table 2 below.

It follows easily from Table 2 that the following two cases are the only possible cases of dim S/S^′ = 2 rankS:

A_l/(A_{l−1} × T^1) and B_l/D_l.

3The Table 1 is based on the list in [38]. In the list in [4, 38], the cases i = 1, l in A l do not appear; however, we can easily check these cases should be included in their list by making use of [38, Theorem 7.16 in Chapter V]. Moreover, for the cases that i is not fixed in B_l, C_l and D_l in [38], we can easily check that indices of S^′ (G^′ in [38]) should be the indices in the above list by making use of [38, Theorem 7.16 in Chapter V].

Table 2. dimension of S/S^′

S/S^′ A_l/(A_{i−1} × A_{l−i} × T^1) A_l/(A_{l−1} × T^1) B_l/(B_{l−1} × T^1) dim 2i(l − i + 1); 1 < i < l 2l; 1 ≤ l 2(2l − 1); 2 ≤ l S/S^′ B_l/(D_i × B_{l−i}) B_l/D_l C_l/(C_i × C_{l−i}) dim 2i(2l − 2i + 1); 1 < i < l 2l; 2 ≤ l 4i(l − i); 1 ≤ i < l, 3 ≤ l S/S^′ C_l/(A_{l−1} × T^1) D_l/(D_{l−1} × T^1) D_l/(D_i × D_{l−i}) dim l(l + 1); 3 ≤ l 4(l − 1); 4 ≤ l 4i(l − i); 1 < i < l − 1, 4 ≤ l S/S^′ D_l/(A_{l−1} × T^1) E_6/(D_5 × T^1) E_6/(A_1 × A_5) dim l(l − 1); 4 ≤ l 32 40 S/S^′ E_6/(A_2 × A_2 × A_2) E_7/(D_6 × A_1) E_7/A_7 dim 54 64 70 S/S^′ E_7/(A_2 × A_5) E_7/(E_6 × T^1) E_8/D_8 dim 90 54 128 S/S^′ E_8/A_8 E_8/(A_4 × A_4) E_8/(E_6 × A_2) dim 168 200 162 S/S^′ E_8/(E_7 × A_1) F_4/(C_3 × A_1) F_4/(A_2 × A_2) dim 112 28 36 S/S^′ F_4/B_4 G_2/A_2 G_2/(A_1 × A_1) dim 16 6 8

If S^{′′} is not a maximal subgroup but is a maximal rank compact connected subgroup, then S^{′′} is a subgroup of a conjugation of one of the maximal subgroups S^′ in Table 1. Hence we have dim S/S^{′′} > dim S/S^′. By Table 2, we have dim S/S^{′′} > dim S/S^′ ≥ 2 rankS, hence such S^{′′} does not occur. Moreover, if S^′_1 and S^′_2 are compact, connected, maximal rank, maximal compact subgroups in the compact, connected, simple Lie group S with same Lie algebra type, i.e., S^′_1 ≈ S^′_2, then S^′_1 and S^′_2 are unique up to conjugation in S (see [38, Chapter V]). Therefore we have the following Lemma 3.3.

Lemma 3.3. Let (G_i/H_i, T_i) be a pair such that G_i ⊃ H_i ⊃ T_i and dim G_i/H_i = 2 dim T_i = 2l. Assume G_i is a connected, simple Lie group, H_i is a connected, closed subgroup, and rank G_i = rank H_i = dim T_i. Then there are just the following two cases: G_i/H_i = SU(l + 1)/S(U(l) × U(1)) ∼= C P (l); G_i/H_i = Spin(2l + 1)/Spin(2l) ∼= SO(2l + 1)/SO(2l) ∼= S^{2l}. From Lemma 3.3, we have ~G = ∏_a i=1 SU(l_i + 1) × ∏_b j=1 Spin(2m_j + 1). Because an Spin(m)- action can be identified with an SO(m)-action up to essential isomorphism (see Section 2.3 and Example 2.8), we can assume that ~G =^a ∏ i=1 SU(l_i + 1) × b∏ j=1 SO(2m_j + 1),

where a + b = k.

Because ~H = H_1 × · · · × H_k is the identity component of p^{−1}(H), we have the following relation: ~H ⊂ p^{−1}(H) ⊂ N( ~H) ⊂ ~G; (3.2) N( ~H) = a∏ i=1 S(U(l_i) × U(1)) × b∏ j=1 S(O(2m_j ) × O(1)),

where N( ~H) is a normalizer group of ~H in ~G. Hence, we have the following fibration for the torus manifold G/H ∼= ~G/p^{−1}(H): A = p^{−1}(H)/ ~H −→ ~G/ ~H −→ ~G/p^{−1}(H) ∼= G/H, (3.3)

where p^{−1}(H)/ ~H = A is a subgroup in N( ~H)/ ~H ≃ ∏_b j=1 Z_2, because of S(O(2m_j )×O(1))/SO(2m_j ) ≃ Z_2 and the above (3.2). Note that we can regard Z_2 as the group generated by the antipodal involution on S^{2mj} , i.e., Z_2 ≃ O(2m_j + 1)/SO(2m_j + 1) = {I_{2mj +1}, −I_{2mj +1}}. Therefore, A acts on ∏_b j=1 S^{2mj} freely. Moreover, we have that this A-action on ∏_b j=1 S^{2mj} is orientation preserving if and only if A ⊂ SO(2m_1 + · · · + 2m_b + b). Consequently, we have the following theorem.

Theorem 3.4. Suppose a torus manifold (M^{2n}, T^n) extends to a codimension 0 extended G-action, where G is a compact, connected Lie group whose maximal torus is T^n. Then (M^{2n}, G) is essentially isomorphic to a∏ i=1 C P (l_i ) × ∏_b j=1 S^{2mj} A , a∏ i=1 P U(l_i + 1) × b∏ j=1 SO(2m_j + 1) ,

where A can be any subgroup of ∏_b j=1 Z_2 whose factor Z_2 = {I_{2mj +1}, −I_{2mj +1}} for j = 1, · · · , b, and ∏_a i=1 P U(l_i +1)× ∏_b j=1 SO(2m_j +1) acts on ∏_a i=1 C P (l_i )× ∏_b j=1 S^{2mj} /A in the natural way, and ∑_a i=1 l_i + ∑_b j=1 m_j = n.

Furthermore, M^{2n} is orientable if and only if A ⊂ SO(2m_1 + · · · + 2m_b + b).

Here, we give two examples.

Example 3.5. Let I = I_{2m+b} be the identity element in O(2m + b). We have {I, −I} ⊂ ∏_b j=1 Z_2 ⊂ O(2m + b), and the following manifold is one of the homogeneous torus manifolds in Theorem 3.4:

RP_b (2m) = ( b∏ j=1 S^{2mj} )/{I, −I}, where {I, −I} acts on ∏_b j=1 S^{2mj} ⊂ ∏_b j=1 R^{2mj +1} = R^{2m+b} canonically. Note that if b = 1, this manifold RP_1 (2m) is an even dimensional real projective space RP (2m). If b is even (resp. odd), then {I, −I} ⊂ SO(2m + b) (resp. {I, −I} ⊄ SO(2m + b)). Therefore the following two conditions are equivalent by Theorem 3.4:

(1) RP_b (2m) is orientable; (2) b is even.

Example 3.6. Let us consider the product of three spheres S^{2m1} × S^{2m2} × S^{2m3} ⊂ R^{2m1 +1} × R^{2m2 +1} × R^{2m3 +1}. We define the group A as follows: A = ⟨(−I_{2m1 +1}, −I_{2m2+1}, I_{2m3 +1}), (I_{2m1 +1}, −I_{2m2 +1}, −I_{2m3 +1})⟩ = {(I_{2m1 +1}, I_{2m2 +1}, I_{2m3 +1}), (−I_{2m1 +1}, −I_{2m2+1}, I_{2m3 +1}), (I_{2m1 +1}, −I_{2m2 +1}, −I_{2m3 +1}), (−I_{2m1 +1}, I_{2m2+1}, −I_{2m3 +1})} ≃ Z_2 × Z_2, where I_{2mj +1} ∈ O(2m_j + 1) is the identity element. Because A ⊂ SO(2m_1 + 2m_2 + 2m_3 + 3), we see that (S^{2m1} × S^{2m2} × S^{2m3} )/A is a homogeneous torus manifold and orientable by Theorem 3.4.

We can easily show the following corollaries.

Corollary 3.7. If a simply connected torus manifold has a codimension 0 extended G-action, (M^{2n}, G) is essentially isomorphic to a∏ i=1 C P (l_i ) × b∏ j=1 S^{2mj} , a∏ i=1 P U(l_i + 1) × b∏ j=1 SO(2m_j + 1) ,

where ∑_a i=1 l_i + ∑_b j=1 m_j = n.

Remark 3.8. We can assume m_j ≥ 2 in the above Corollary 3.7, because (S^2, SO(3)) and (C P (1), P U(2)) are essentially isomorphic. Therefore, diffeomorphism types of simply connected, homogeneous torus manifolds can be completely determined by sequences (l_1, · · · , l_a) and (m_1, · · · , m_a) such that 0 < l_1 ≤ · · · ≤ l_a, 2 ≤ m_1 ≤ · · · ≤ m_b, ∑_a i=1 l_i + ∑_b j=1 m_j = n. We also remark that these sequences do not determine the omniorientation on M.

The set of torus manifolds is a topological generalization of compact non-singular toric varieties, and this set also contains all quasitoric manifolds. As is well known, every quasitoric manifold is simply connected and their cohomology rings are generated by second degree cohomology classes (see [14] for the case of toric varieties, and [7, Theorem 5.18], or [11, Theorem 4.14] for the case of quasitoric manifolds). Consequently, we have the following corollary by Corollary 3.7.

Corollary 3.9. If a compact non-singular toric variety or a quasitoric manifold (M^{2n}, T^n) has a codimension 0 extended G-action, then (M^{2n}, G) is essentially isomorphic to (_a ∏ i=1 C P (l_i ), a∏ i=1 P U(l_i + 1) ) , where ∑_a i=1 l_i = n.

Remark 3.10. If a compact algebraic variety has a codimension 0 extended compact G-action, then this variety is non-singular. Hence, in this case we may omit the assumption of non-singularity in the above corollary.

4. On other T -manifolds

Finally, in this section, we give an application of the above argument for other T -manifolds (M, T ). Suppose a T^m-manifold (M^{2n}, T^m) extends to a transitive G-action, where G has T^m as its maximal torus. Assume that this T^m-action is almost effective and has finitely many fixed points. Then we have n ≥ m (if n = m then M is a torus manifold). From the same argument as in Section 2.2, we also have M ∼= G/H such that T^m ⊂ H^o ⊂ G and rank G = rank H^o = m. Therefore we can apply the same argument as for torus manifolds, and we obtain the diffeomorphism type of M^{2n}.

For example, applying the above argument for (M^{4n}, T^{n+1}), we have the following proposition, where a decomposable manifold M means that the manifold M is diffeomorphic to M_1 × M_2 such that dim M_1, dim M_2 ≠ 0.

Proposition 4.1. Assume that (M^{4n}, T^{n+1}) has finitely many fixed points, M is simply connected, and that the T^{n+1}-action is almost effective. If (M^{4n}, T^{n+1}) has a codimension 0 extended G-action (where rank G = n + 1) and M is not a decomposable manifold, then M^{4n} is diffeomorphic to one of the followings: G_2(C^{n+2} ) = SU(n + 2)/S(U(n) × U(2)); H P (n) = Sp(n + 1)/(Sp(n) × Sp(1)); Q_{2n} = SO(2n + 2)/(SO(2n) × SO(2)), where G_2(C^{n+2} ) is the complex Grassmannian of 2-planes in C^{n+2} , H P (n) is the quaternionic projective space, and Q_{2n} is the complex quadric.

Proof. Because M is not decomposable, we can assume that G is a simply connected, compact, simple Lie group. First we assume M = G/H. With a method similar to that demonstrated in Section 2.2, we can easily show that rank G = rank H. Because M is simply connected, we have H = H^o. Assume H is a maximal compact subgroup. In this case, we will see from Table 2 that the pair (G, H) such that rank G = rank H = n + 1 and dim G = dim H = 4n is one of the three pairs in the statement of this proposition (remark that (B_2, D_2) ≈ (C_2, C_1 × C_1) and (D_4, A_3 × T^1) ≈ (D_4, D_3 × T^1)).

Next we assume M = G/K and K = K^o is not maximal. Then we have dim G/K > dim G/H where H is maximal and rank G = rank H = rank K = n + 1. If G is one of the next Lie groups: B_{n+1}, E_6, E_7, E_8, F_4, G_2, then we always have dim G/H > 4n from the list in Table 2. Therefore we can assume that G is one of the next three Lie groups: A_{n+1}, C_{n+1}, D_{n+1}.

If G is A_{n+1}, then an inequality dim G/H < 4n holds only when A_{n+1}/(A_n × T^1) from the list in Table 2. Thus, we have G ⊃ H ⊃ K where H ≈ A_n × T^1. If K is maximal in such subgroup, we also have K ≈ (A_{j−1} × A_{n−j} × T^1) × T^1 for 1 ≤ j ≤ n. Then we can easily check that dim G/K > 4n. Hence this case does not occur.

If G is C_{n+1} or D_{n+1}, then we always have dim G/H ≥ 4n from the list in Table 2. Hence only the maximal case occurs. □

Remark 4.2. In general (M^{4n}, T^{n+1}) can be decomposed into a product (M_1 ×· · ·×M_k, T_1 × · · ·×T_k), but we can easily prove that the type decomposition of Lemma 3.2 does not hold (except k = 1). For example (S^6 × S^2, T^2 × T^1) is one of the elements in the class (M^{4n}, T^{n+1}) for n = 2, and it has the codimension 0 extended G_2 × SO(3)-action, where S^6 = G_2/SU(3) and S^2 = SO(3)/SO(2). However, the two factors (S^6, T^2) and (S^2, T^1) are not in the class (M^{4n}, T^{n+1}).

CHAPTER 2

Classification of quasitoric manifolds with codimension one extended actions

1. Introduction of Chapter 2

One of the essential problems in geometry is to find the most natural group action on the given space. A torus manifold is an even dimensional oriented manifold M^{2n} acted on by a halfdimensional torus T^n with non-empty fixed point set. Since the previous Chapter 1, we have studied the extended G-actions (M^{2n}, G) on torus manifolds (M^{2n}, T^n), where G is a compact, connected Lie group whose maximal torus is T^n. To study extended actions of torus manifolds is to find the natural group action on M which induces the given T^n-action on M.

In the previous Chapter 1, we classified homogeneous torus manifolds, i.e., torus manifolds with transitive extended G-actions (also see Theorem 2.3 in this chapter). If G acts on M transitively, then its principal orbit G/K is M itself, i.e., M = G/K. In other words, the codimension of the principal orbit in the transitive action is zero, i.e., dim M − dim G/K = 0. Therefore, we can regard the classification in Chapter 1 as the classification of codimension 0 extended actions. So we are naturally led to study codimension 1 extended actions, i.e., extended G-actions on torus manifolds with codimension 1 principal orbits.

A torus manifold is called a quasitoric manifold over a simple polytope P^n if the following two conditions are satisfied (see [7, 11]):

(1) the T^n-action is locally standard, that is, locally modelled by the standard T^n-action on C^n ;

(2) there is a projection map π : M^{2n} → P^n constant on T^n-orbits which maps every k-dimensional orbit to a point in the interior of k-dimensional face of P^n, k = 0, · · · , n, where an n-dimensional convex polytope P^n is simple if precisely n codimension-one faces (facets) meet at each vertex. The goal of the present chapter is to classify codimension 1 extended actions of T^n-actions on quasitoric manifolds. In order to classify such actions, we classify more general classes as in the following main theorem (Theorem 8.4, 8.6 and 8.8 for detail):

Theorem 3. Suppose a simply connected torus manifold M has a codimension one extended G-action. If two singular orbits are also simply connected torus manifolds, then (M, G) is essentially isomorphic to b∏ j=1 S^{2mj} × N, b∏ j=1 SO(2m_j + 1) × H ,

where (N, H) is one of the followings: N H (∏_a i=1 S^{2li+1} ) ×_T a S(C^k_a ⊕ R) ∏_a i=1 SU(l_i + 1) × U(k) (∏_{a−1} i=1 S^{2li+1} ) ×_T a−1 P (C^{k1}_b ⊕ C^{k2} ) ∏_{a−1} i=1 SU(l_i + 1) × S(U(k_1) × U(k_2)) ∏_a i=1 C P (l_i ) × S(R^{2k} ⊕ R) ∏_a i=1 SU(l_i + 1) × SO(2k) where ∏ SO(2m_j + 1) and ∏ SU(l_i + 1) act naturally on ∏ S^{2mj} and ∏ S^{2li+1} (or ∏ C P (l_i )) respectively; and U(k), S(U(k_1) × U(k_2)) and SO(2k) also act naturally on C^k_a , C^{k1}_b ⊕ C^{k2} and R^{2k} respectively.

Using Theorem 3 and basic results for quasitoric manifolds, we reach our goal as the following corollary:

Corollary 4. If a quasitoric manifold M has a codimension one extended G-action, then (M, G) is essentially isomorphic to (_{a−1} ∏ i=1 S^{2li+1} ×_T a−1 P (C^{k1}_b ⊕ C^{k2} ), a−1∏ i=1 SU(l_i + 1) × S(U(k_1) × U(k_2)) ) . For the classification of codimension 0 extended actions on torus manifolds, we only used classical Lie theory, in the previous Chapter 1. However, for the classification of codimension 1 extended actions on torus manifolds, we need to use not only classical Lie theory but also transformation group theory. In history of studying transformation group theory, there are so many classification results of actions with codimension 1 principal orbits, (e.g., [2, 15, 22, 24, 50, 52]). In particular, the Uchida’s method in [50], developed the Wang’s method in [52], is very powerful method in the case that we classify vast classes for compact transformation groups on compact manifolds with codimension 1 principal orbits. So we apply the Uchida’s method to classify our case.

When we use the Uchida’s method, we often need to divide our proof into two cases (see [24, 50]); specifically, in our case, the case that two singular orbits of G-actions are torus manifolds, and the other case that one of two singular orbits of G-actions is not a torus manifold (see Lemma 3.2). Proofs of these two cases are quite different; thus, we divide our chapter into two chapters: this chapter and the next Chapter 3. In this chapter, we focus on the first case, i.e., we classify the class which consists of simply connected torus manifolds (M^{2n}, T^n) with codimension 1 extended G-actions such that two singular orbits of extended G-actions are also simply connected torus manifolds (see Theorem 3). In particular, quasitoric manifolds with codimension 1 extended actions are contained in this class by Lemma 3.3 (also see Corollary 4).

Due to Corollary 2 in Chapter 1, a homogeneous quasitoric manifold is a product of C P (l)’s only. On the other hand, by making use of the above Corollary 4, a quasitoric manifold which has codimension 1 extended actions is a complex projective bundle over a homogeneous quasitoric manifold. As we mentioned in the previous Chapter 1, our extension problem is reminiscent of the study of automorphism groups of toric varieties by Demazure in [12], where here a toric variety is a normal algebraic variety V on which an algebraic torus (C^∗ )^n acts with a dense orbit (see [14]). In fact, quasitoric manifolds were defined by Davis and Januszkiewicz as a topological counterpart of projective, non-singular toric varieties in [11]. In this chapter, the term “dimension” means a real dimension. Therefore, to classify codimension 1 extended G-actions belongs to purely topological problems. However, the resulting manifolds in Corollary 4 are projective, nonsingular toric varieties, that is, these objects also belong to algebraic geometry. Remark that ∏_{a−1} i=1 S^{2li+1}×_T a−1 P (C^{k1}_b ⊕C^{k2} ) is equivariantly diffeomorphic to ∏_{a−1} i=1 C^{li +1}_0 ×_{(C}∗_)a−1 P (C^{k1}_b ⊕C^{k2} ), where C^{li +1}_0 = C^{li +1} − {0} and C^∗ = C − {0}.

Finally, we note that the classification results for low dimensional torus manifolds are known, e.g., [45] for simply connected, 4-dimensional torus manifolds or [36] for simply connected, spin, 6-dimensional torus manifolds; however, in [36], there is a mistake (see Chapter 7 or [25]).

The organization of this chapter is as follows. In Section 2, we prepare some fundamental results from toric topology, classical Lie theory, the previous Chapter 1, and transformation group theory. In Section 3, we show that a G-orbit through T -fixed points is a singular orbit, and give some difference between quasitoric manifolds and torus manifolds with codimension 1 extended G-actions. From Section 4, we assume that our torus manifold is simply connected, our extended G-action of torus manifold has two singular orbits and they are simply connected torus manifolds. Moreover, from this section, we start the Uchida’s method; thus, we first show a topological type of two singular orbits. In Section 5, we next classify two tubular neighborhoods of two singular orbits by computing slice representations. In Section 6, we get possibilities for G and two singular isotropy subgroups by comparing two slice representations. In Section 7, we study more precise structure of slice representations and get possibilities for two tubular neighborhoods in (M, G). The key lemmas of this classification are Lemma 7.1, 7.2 and 7.3, that is, two slice representations of two singular isotropy groups must coincide up to sign. We also have principal isotropy subgroups in this section. Finally, in Section 8, we compute the attaching maps between boundaries of two tubular neighborhoods. Then we can construct our manifolds explicitly as in Theorem 3. In final Section 9, as an application, we show the following fact: codimension 1 (resp. 0) extended actions of quasitoric manifolds can be lifted to actions on moment-angle manifolds with codimension 1 (resp. 0) principal orbits. In other wards, codimension 1 (resp. 0) extended actions of quasitoric manifolds are always induced from actions on moment-angle manifolds with codimension 1 (resp. 0) principal orbits.

2. Preliminary

In this first section, we recall some basic notations and facts from toric topology [17, 29], classical Lie theory [38], the previous Chapter 1, and transformation group theory [6, 21]. Throughout of this chapter, T^n is always an n-dimensional, compact, abelian group, i.e., T^n is a product of n circles (S^1)^n, we often call it an n-dimensional torus or just a torus.

2.1. Torus manifold. A torus manifold introduced in [17, 29] is the main research object in this chapter. First we recall this definition. A torus manifold is a pair (M^{2n}, T^n) of a smooth, 2n-dimensional, compact manifold M^{2n} and an n-dimensional (half dimensional) torus T^n which satisfies the following two properties:

(1) M^{2n} is an oriented manifold equipped with an almost effective T^n-action (also see Remark 2.1);

(2) its fixed point set is non-empty, i.e., M^T ≠ ∅, and it is often denoted by (M, T ) or M simply. Automatically, the fixed point set M^T is finite and the principal orbit (defined in the next Section 2.2) is T^n itself.

A compact, connected, codimension two submanifold of M without boundary is called characteristic if it is a connected component of the set fixed pointwise by a certain circle subgroup of T and contains at least one T -fixed point. There are only finitely many characteristic submanifolds and they are orientable, because M is compact and orientable.

Remark 2.1. For technical reasons, we assume a T -action on M is an almost effective, that is, the intersection of all isotropy subgroups ∩_{x∈M} T_x is finite set (if this set only consists of the identity element, then this action is effective).

2.2. Review of classical Lie theory and the previous chapter. In order to study extended actions of torus actions on torus manifolds, we next introduce some terminology and fact from classical Lie theory, transformation group theory and the previous Chapter 1. We start with recalling general terminology.

Let (M, G) be a pair of a manifold M and its smooth G-action. A principal orbit in (M, G) is a maximal orbit in (M, G). A singular orbit in (M, G) is an orbit whose dimension is strictly less than the dimension of principal orbits. An exceptional orbit in (M, G) is an orbit which is not maximal but whose dimension is the same as that of a principal orbit (see Example 3.6). Let G_x be an isotropy subgroup of x ∈ M, i.e., G_x = {g ∈ G | gx = x}.

In this and the next chapters, we will classify (M, G) up to essential isomorphism. So we next define an essential isomorphism. Let N be the intersection of all isotropy subgroups ∩_{x∈M} G_x of (M, G). Then the induced action (M, G/N) is always effective, and we call it the induced effective action. If two induced effective actions of (M, G) and (M^′, G^′) are weak equivariantly diffeomorphic, that is, there are an isomorphism ρ : G/N → G^′/N^′ and a diffeomorphism f : M → M^′ such that f(φ(g, x)) = ψ(ρ(g), f(x)) for (g, x) ∈ G/N × M (where φ : G/N × M → M and ψ : G^′/N^′ × M^′ → M^′ are two induced effective actions), then we call that (M, G) and (M^′, G^′) are essentially isomorphic. Now we may recall the following facts (see [38, Section 5]). For any compact, connected Lie group G, there is a finite covering, homomorphic map: p : ~G = G_1 × · · · × G_k → G, (2.1) where G_i is a compact, (simply) connected, simple Lie group, or a torus for i = 1, · · · , k. Let the kernel of p be denoted as N. Because p is a surjective homomorphism, we have G ≃ (G_1 × · · · × G_k)/N, where N is some finite, central, normal subgroup in G_1 × · · · × G_k. By the definition of p, we have that (M, G) can be lifted to (M, ~G) and they are essentially isomorphic.

A rank of G is the dimension of a maximal torus subgroup of G. The following lemma is known for a maximal rank subgroup H^o of G (see [38, Theorem 7.2]).

Lemma 2.2. Let G_i (i = 1, · · · , k) be compact, connected Lie groups and let G be their product. Assume H^o is a compact, connected, maximal rank subgroup in G. Then H^o = H_1 × · · · × H_k, where H_i is a maximal rank subgroup in G_i.

We next recall the results of the previous Chapter 1. Before we state the results in Chapter 1, we need to introduce some actions. Let Z_2 be defined as {I_{2mj +1}, −I_{2mj +1}} ⊂ O(2m_j + 1), where O(2m_j + 1) is the orthogonal group. We remark that Z_2 acts on the 2m_j -dimensional sphere S^{2mj} ⊂ R^{2mj +1} canonically (we call this action the antipodal action on sphere). Let A be a subgroup of ∏_b j=1 Z_2. Then A acts on ∏_b j=1 S^{2mj} through the canonical ∏_b j=1 Z_2-action on ∏_b j=1 S^{2mj} (the product of antipodal actions). For codimension 0 extended G-actions, we proved the following two classification results (see Chapter 1; Theorem 1, Corollary 3.7 and Remark 3.8):

Theorem 2.3. Let (M^{2n}, T^n) be a 2n-dimensional, compact, connected manifold M equipped with an almost effective, half dimensional torus T -action with fixed points. Suppose (M^{2n}, T^n) extends to a codimension 0 extended G-action, where G is a compact, connected Lie group whose maximal torus is T^n. Then (M^{2n}, G) is essentially isomorphic to a∏ i=1 C P (l_i ) × ∏_b j=1 S^{2mj} A , a∏ i=1 SU(l_i + 1) × b∏ j=1 SO(2m_j + 1) ,

where the above group acts on M^{2n} in the natural way, and ∑_a i=1 l_i + ∑_b j=1 m_j = n.

Corollary 2.4. If a simply connected torus manifold has a codimension 0 extended G-action, (M^{2n}, G) is essentially isomorphic to a∏ i=1 C P (l_i ) × b∏ j=1 S^{2mj} , a∏ i=1 SU(l_i + 1) × b∏ j=1 SO(2m_j + 1) ,

where ∑_a i=1 l_i + ∑_b j=1 m_j = n and m_j ≥ 2 for all j = 1, · · · , b.

Remark 2.5. In Chapter 1 (Theorem 1 and Corollary 3.7), we did not use SU(l +1). Instead, we used P U(l + 1) as the transformation group, where P U(l + 1) is defined as the quotient of SU(l + 1) by its center Z(SU(l + 1)). However, ( ∏ C P (l), ∏ SU(l + 1)) is essentially isomorphic to ( ∏ C P (l), ∏ P U(l + 1)) (see Example 2.7 in Chapter 1). So we may change P U(l + 1)’s into SU(l + 1)’s of Chapter 1 (Theorem 1 and Corollary 3.7). For technical reasons, in this chapter, we use SU(l + 1).

In order to classify codimension 1 extended G-actions, we need to use the above results.

2.3. Review of transformation group theory. Next we recall some fact from transformation group theory. For the general codimension 1 actions, the following theorem is known (see [6, 8.2 Theorem in Chapter IV] or [50, Lemma 1.2.1]):

Theorem 2.6. Let G be a compact, connected Lie group and M a compact, connected manifold without boundary such that H^1(M; Z_2) = 0. Assume G acts smoothly on M with codimension one orbits G/K. Then all codimension one orbits G/K are principal orbits, and there are just two singular orbits G/K_1 and G/K_2. Furthermore, there exists a closed, invariant tubular neighborhood X_s (of G/K_s for s = 1, 2) such that M = X_1 ∪ X_2 and X_1 ∩ X_2 = ∂X_1 = ∂X_2.

The Figure 1 shows the image of (M, G) with codimension 1 principal orbits.

Figure 1. The orbit structure of (M, G) with codimension 1 orbits.

Once we know the singular orbits G/K_1 and G/K_2, then their tubular neighborhoods X_1 and X_2 are also known by the following differentiable slice theorem, the slice theorem for short (see, e.g., [6, 21]).

Theorem 2.7 (differentiable slice theorem). Let G be a compact Lie group and M a smooth G-manifold, and G_x an isotropy subgroup of x ∈ M. Then, for all x ∈ M, there is a closed G-invariant neighborhood X (of the orbit G(x) ∼= G/G_x) such that X ∼= G ×_{Gx} D_x as a Gdiffeomorphism, where D_x ⊂ R^N is some closed disk, G×_{Gx} D_x is the quotient space (G×D_x)/G_x induced by the G_x-action on G×D_x. Here, this G_x-action is defined as follows: G_x canonically acts on G as a subgroup of G; and on a closed disk D_x through an orthogonal representation σ : G_x → O(D_x), where O(D_x) is an orthogonal group of D_x ⊂ R^N (N = dim D_x = dim M − dim G(x)).

In Theorem 2.7, σ is called a slice representation of G_x, and D_x a slice of X on x. We identify a tubular neighborhood X of G(x) with G ×_{Gx} D_x. The slice theorem will be often used throughout this report.

Suppose a compact Lie group G acts on a manifold M smoothly and it has a fixed point p ∈ M^G. Using the slice theorem, the tangent space T_p(M) of p ∈ M^G is an orthogonal Grepresentation space. We call it a tangential representation space, or simply a tangential representation on p. Let α_i be a representation from T to S^1 ≃ SO(2), i.e., α_i : T → S^1 ≃ SO(2)(∈ Hom(T, S^1) ≃ Z^n), and let V (α_i) ≃ R^2 be a representation space of α_i. For tangential representation spaces of torus manifolds, the following proposition holds.

Proposition 2.8. Let (M, T ) be a torus manifold and p ∈ M a fixed point. Then there is the following decomposition for the tangential representation space on p:

T_p(M) ≃ V (α_1) ⊕ · · · ⊕ V (α_n)

such that {α_1, · · · , α_n} is linearly independent in Hom(T, S^1) ⊗ R ≃ R^n .

Proof. Because p ∈ M^T , we may regard T_p(M) as an orthogonal T -representation space by the slice theorem. From the definition of the torus manifold, the T -action on M is an almost effective. It follows that there is a non-degenerate representation ρ from T^n to the orthogonal group O(T_p(M)) ≃ O(2n), i.e., the image of ρ is also an n-dimensional torus. Moreover, the image of ρ is in the special orthogonal group SO(2n) because T^n is connected. Therefore, the image of ρ and the diagonal maximal torus SO(2) × · · · × SO(2) ⊂ SO(2n) are conjugate in SO(2n). This gives an equivalence between ρ and α_1 ⊕ · · · ⊕ α_n for some α_i = k_i ∘ π_i, where π_i is the i-th projection π_i : SO(2) × · · · × SO(2) → SO(2) and k_i is a non-degenerate representation k_i : SO(2) → SO(2), i.e., k_i ≠ 1 : SO(2) → {I_2} ⊂ SO(2) (i = 1, · · · , n). Moreover, we can easily see that {α_1, · · · , α_n} is linearly independent in Hom(T, S^1) ⊗ R ≃ R^n by their definitions. □

3. Orbits in extended actions

In this section, we study orbits in extended actions (M, G) of torus manifolds (M, T ).

3.1. G-orbits on T -fixed points. By the definition of the torus manifold (M, T ), there are non-empty isolated fixed points M^T . We first consider a G-orbit on a fixed point p ∈ M^T .

If p is in the T -fixed point set M^T , then we have T ⊂ G_p ⊂ G, (3.1) where G_p is the isotropy subgroup of p. We have the following lemma.

Lemma 3.1. Suppose that a torus manifold (M^{2n}, T^n) has a codimension 1 extended G-action. Then a G-orbit G/K_1 of a T -fixed point is a singular orbit in (M, G), i.e., dim G/K_1 < 2n − 1. In other words, there is at least one singular orbit in (M, G).

Proof. Let p be a fixed point (p ∈ M^T ). We shall prove that the orbit G(p) is a singular orbit, i.e., dim G(p) < 2n−1. By the above relation (3.1), rank G^o_p coincides with rank G = dim T . It follows that the Euler character of G/G^o_p is not zero (e.g. [16, Theorem 1.1 (2), (3)]), and thus dim G/G_p = dim G/G^o_p is even. Because (M^{2n}, G) is a codimension 1 extended action, the dimension of a principal orbit is 2n − 1. Therefore, we have dim G(p) = dim G/G_p = dim G/G^o_p < 2n − 1. □ Moreover, we see that a G-orbit on a fixed point p ∈ M^T is a torus manifold by the following lemma.

Lemma 3.2. Let G/K_1 be a singular orbit of (M, G) which contains a fixed point of (M, T ), i.e., G/K_1 ∩ M^T ≠ ∅. Then there is some subtorus T^′ ⊂ T such that (G/K_1, T^′) is a torus manifold.

Proof. Let p : ~G → G be a covering of G in (2.1), and let ~K_1 (resp. ~T ) be a connected component of p^{−1}(K_1) (resp. p^{−1}(T )). By (3.1), we have ~T is a maximal torus subgroup of ~G and ~K_1. By the argument of Section 2.2 and Lemma 2.2, there is the following decomposition:

~G = G^′_1 × G^{′′}_1 , ~K_1 = K^′_1 × G^{′′}_1 , ~T = T^′_1 × T^{′′}_1 ,

where G^′_1 and G^{′′}_1 are products of compact, simply connected, simple Lie groups and tori, and G^{′′}_1 is the same factor in ~G and ~K_1, that is, the connected component of the intersection of all isotropy subgroup ∩_{x∈G/K1} ~G_x (i.e., the kernel of the ~G action on G/K_1). Here, G^′_1 and G^{′′}_1 satisfy that rank G^′_1 = rank K^′_1 = dim T^′_1 and rank G^{′′}_1 = dim T^{′′}_1 .

Because ~K_1 ⊂ p^{−1}(K_1) ⊂ ~G, we also have the following decomposition: p^{−1}(K_1) = H^′_1 × G^{′′}_1 , where K^′_1 ⊂ H^′_1 ⊂ G^′_1 and the connected component of H^′_1 is K^′_1. Then the projection p induces the diffeomorphism between G^′_1/H^′_1 and G_1/K_1. We remark that T^{′′}_1 is a connected component of the kernel of ~T -action on G^′_1/H^′_1. Now we may prove that (G^′_1/H^′_1, T^′_1) is an unoriented torus manifold, i.e., a torus manifold which does not assume orientability. Because T^′_1 is a maximal torus of G^′_1 and K^′_1 = (H^′_1)^o, we have that this T^′_1-action on G^′_1/H^′_1 is almost effective and there are fixed points. Moreover, we have the following decomposition on the fixed point q ∈ G/K_1 ∩ M^T : T_qM = T_qG/K_1 ⊕ N_q G/K_1. Now T^′_1 acts on T_q G/K_1 and T^{′′}_1 acts on N_qG/K_1 through the finite covering p. Moreover, using a T -action on T_qM, we have an irreducible decomposition of T_qM = V (α_1) ⊕ · · · ⊕ V (α_n) (by Proposition 2.8). Therefore, we have dim G/K_1 = 2n − 2k_1 and 2k_1 = dim N_qG/K_1 = 2 dim T^{′′}_1 . Hence, (G^′_1/H^′_1, T^′_1) is an unoriented torus manifold.

We define T^′ as p(T^′_1) and T^{′′} as p(T^{′′}_1 ). Because (G^′_1/H^′_1, T^′_1) is an unoriented torus manifold, (G_1/K_1, T^′) is also an unoriented torus manifold. Furthermore, we see that G_1/K_1 is one of the fixed pointwise connected component of M^{T ′′} . Therefore, G_1/K_1 can be written as some connected component of an intersection of characteristic manifolds. Because all characteristic manifolds are orientable, G_1/K_1 is an oriented manifold. Hence, (G_1/K_1, T^′) is a torus manifold. □

In the next subsection, we recall quasitoric manifolds briefly, and give some differences between quasitoric manifolds and torus manifolds with codimension 1 extended G-actions.

3.2. Differences between quasitoric manifolds and torus manifolds. The concept of a quasitoric manifold introduced in [11] is a topological counterpart of the projective toric variety. Let P^n be a simple convex polytope, i.e., a convex hull of some vertices such that neighborhoods of all vertices look like simplexes. If the torus manifold (M^{2n}, T^n) satisfies the following two properties:

(1) T^n-action is locally standard, that is, locally looks like the standard torus representation in C^n ;

(2) there is a projection map π : M^{2n} → P^n constant on T^n-orbits which maps every k-dimensional orbit to a point in the interior of k-dimensional face of P^n, k = 0, · · · , n, then we call (M^{2n}, T^n) a quasitoric manifold. For quasitoric manifolds with codimension 1 extended G-actions, we have the following lemma.

Lemma 3.3. Suppose that the quasitoric manifold (M^{2n}, T^n) has a codimension 1 extended G-action. Then there are just two singular orbits in (M, G), and these two singular orbits are quasitoric manifolds.

Proof. Let p ∈ M^T . We first prove that an orbit G(p) = G/K_1 is a quasitoric manifolds. By Lemma 3.2, there is a subtorus T^′ ⊂ T such that (G/K_1, T^′) is a torus manifold. Because (M, T ) satisfies the locally standard property, (G/K_1, T^′) is also locally standard.

Moreover, G/K_1 is a fixed pointwise connected component of M^{T ′′} (see the proof of Lemma 3.2). In other wards, G/K_1 can be constructed by an intersection of some characteristic submanifolds M_i, i.e., G/K_1 = ∩M_i. Because (M, T ) is a quasitoric manifold, an orbit space M_i/T of a characteristic submanifold M_i corresponds with a facet in M/T , i.e., a codimension 1 subface in a simple convex polytope M/T . Hence, (G/K_1)/T is a subface of M/T , and it becomes a simple convex polytope. Thus, G/K_1 is a quasitoric manifold.

If all p ∈ M^T are included in G/K_1, then the convex hull of M^T and (G/K_1)^T must be same, that is, M/T = (G/K_1)/T . This gives a contradiction to dimensions of M/T and (G/K_1)/T . Hence, both two singular orbits G/K_1 and G/K_2 contain fixed points of (M, T ), and we have that G/K_2 is also a quasitoric manifold by the same argument for G/K_1. □

This Lemma 3.3 does not hold for all torus manifolds, the following two examples give a simple difference between quasitoric manifolds and torus manifolds.

Example 3.4. Let (M, T ) = (C P (2), T^2) be the torus manifold defined by the standard multiplication of T^2 on the last two coordinates in [z_0 : z_1 : z_2] ∈ C P (2) (also see Example 2.2 in Chapter 1). This torus manifold has a codimension 1 extended G = P U(2) × T^1-action: for [z_0 : z_1 : z_2] ∈ C P (2), P U(2) = U(2)/Z(U(2)) acts on the first two coordinates (z_0, z_1) by the canonical multiplication where Z(U(2)) is the center of U(2); and T^1 also acts on the third coordinate z_2 by the canonical multiplication. Now we can easily check (M, T ) is a quasitoric manifold (also see the left “triangle” in Figure 2), and (M, G) has codimension 1 orbits G([1 : 0 : 1]) ∼= C P (1) × S^1 and two singular orbits G([1 : 0 : 0]) ∼= C P (1) and G([0 : 0 : 1]) ∼= {∗} (one point). We can also check both singular orbits are quasitoric manifolds (also see Lemma 3.3).

Example 3.5. Let (M, T ) = (S^4, T^2) be the torus manifold defined by the standard multiplication of T^2 = SO(2) × SO(2) on S^4 ∩ R^4 , where S^4 ⊂ R ⊕ R^4 (also see Example 2.3 in Chapter 1). This torus manifold has a codimension 1 extended G = SO(3) × T^1-action: for (x, y) ∈ S^4 ⊂ R^3 ⊕ R^2 , SO(3) canonically acts on x ∈ R^3 ; and T^1 ≃ SO(2) also acts on y ∈ R^2 canonically. Now we can check (M, T ) is not a quasitoric manifold because its orbit space is not a convex polytope (see the right “half-moon” in Figure 2, this half-moon is not a convex polytope), and (M, G) has codimension 1 orbits G(e_1, f_1) ∼= S^2 × S^1 and two singular orbits G(e_1, 0) ∼= S^2 and G(0, f_1) ∼= S^1, where e_1 = (1, 0, 0) ∈ R^3 and f_1 = (1, 0) ∈ R^2 . We can easily check S^1 is not a torus manifold because its dimension is not even. Hence, Lemma 3.3 does not hold in this case.

The Figure 2 shows the difference of the quasitoric manifold and the torus manifold in the above Examples 3.4 and 3.5.

We also remark the following example:

Figure 2. This is an image of a reason why Lemma 3.3 does not hold for all torus manifolds, and which submanifolds correspond to singular orbits. The left triangle shows the orbit space C P (2)/T^2 , the right half-moon also shows the orbit space S^4/T^2, and interval shows the orbit space of C P (2)/(P U(2) × T^1) and S^4/(SO(3) × T^1).

Example 3.6. Let (S^4, T^2) be a torus manifold defined in Example 3.5. Then we may naturally define the product of two copies (S^4 × S^4, T^2 × T^2), and this is a torus manifold with 4 fixed points. If N and S denote the 2 fixed points in (S^4, T^2), then the 4 fixed points in (S^4 × S^4, T^2 × T^2) can be denoted as (N, N), (N, S), (S, N) and (S, S).

Let Z_2 be the group generated by (−I_5, −I_5), where −I_5 is the antipodal involution on S^4 ⊂ R^5 and I_5 is the identity map on R^5 . We remark that −I_5 does not preserve an orientation on S^4; however, (−I_5, −I_5) preserves an orientation on S^4 × S^4. Now we may consider the following manifold

(S^4 × S^4)/Z_2 = S^4 ×_{Z2} S^4.

Since (−I_5, −I_5) preserves an orientation of S^4 ×S^4 and (−I_5, −I_5) commutes with T^2 ×T^2-action on S^4 × S^4, we have that S^4 ×_{Z2} S^4 is an oriented manifold equipped with T^2 × T^2-action induced from (S^4 × S^4, T^2 × T^2). Moreover, there are 2 fixed points denoted by [N : N] = [S : S] and [N : S] = [S : N]. Therefore, (S^4 ×_{Z2} S^4, T^2 × T^2) is a torus manifold (also see Theorem 2.3).

This action extends to the canonical G = SO(5) × SO(4)-action on S^4 ×_{Z2} S^4. Then we have the following three orbit types: G([e_1 : e_1]) = (SO(5) × SO(4))/(SO(4) × SO(4)) = S^4; G([e_1 : e_2]) ∼= (SO(5) × SO(4))/(SO(4) × SO(3) × Z_2) ∼= S^4 ×_{Z2} S^3; and G([e_1 : e_1 + e_2]) = (SO(5) × SO(4))/(SO(4) × SO(3)) = S^4 × S^3. Here, e_1, · · · , e_5 are the canonical basis of R^5 . Therefore, in this case there are one singular orbit S^4, principal orbits S^4 ×S^3, and the exceptional orbit S^4 ×_{Z2} S^3.

From the above Example 3.6, we know that there is a case which has an exceptional orbit in (M, G). However, in this chapter, we do not need to deal with such kind of actions (we will discuss with such actions in the next Chapter 3) by the assumption that our manifold M is simply connected and Theorem 2.6 (see Section 4).

3.3. Singular orbit G/K_1. Next we study more precise structures of a singular orbit by making use of Theorem 2.3, i.e., the classification result for homogeneous torus manifolds. Let (M, G) be a codimension 1 extended G-action of a torus manifold (M, T ), and let (G/K_1, T ) be one of the singular orbits through T -fixed points on M. By (3.1), we see that G and K_1 have the same maximal torus T . Moreover, by Lemma 3.2, there is some subtorus T^′ ⊂ T such that (G/K_1, T^′) is a torus manifold.

By the argument of Section 2.2, (M, G) is essentially isomorphic to (M, ~G), where ~G is a product of connected, compact, simple Lie groups. Let p : ~G → G be a finite projection in (2.1), and let ~K_1 (resp. ~T ) be the identity component of p^{−1}(K_1) (resp. p^{−1}(T )). We note that p( ~K_1) = K^o_1 , p( ~T ) = T and ~G/ ~K_1 ∼= G/K^o_1 induced by p, where K^o_1 is the identity component of K_1. Let G^{′′}_1 be the same factors in ~G and ~K_1. By the proof of Lemma 3.2, there are the following decompositions:

~T = T^′_1 × T^{′′}_1 ⊂ ~K_1 = K^′_1 × G^{′′}_1 ⊂ p^{−1}(K_1) = H^′_1 × G^{′′}_1 ⊂ ~G = G^′_1 × G^{′′}_1 such that the identity component of H^′_1 is K^′_1.

Now (G^′_1/H^′_1, T^′_1) is a torus manifold. Therefore, we have from Theorem 2.3,

G^′_1 = ∏_a i=1 SU(l_i + 1) × ∏_b j=1 SO(2m_j + 1) and H^′_1 = ∏_a i=1 S(U(1) × U(l_i)) × S, where we may take S as the following subgroup: ∏_b j=1 SO(2m_j ) ⊂ S ⊂ (∏_b j=1 S(O(1) × O(2m_j )) ) , such that the manifold ∏_b j=1 SO(2m_j + 1)/S has an orientation.

In summary, we have the following proposition by Theorem 2.3.

Proposition 3.7. Suppose that a torus manifold (M, T ) extends to a codimension 1 extended action. Then this codimension 1 extended action is essentially isomorphic to (M, G), such that its singular orbit G/K_1 which contains one of the fixed points M^T can be denoted as follows:

G = G^′_1 × G^{′′}_1 , K^o_1 = K^′_1 × G^{′′}_1 and K_1 = H^′_1 × G^{′′}_1 ,

where G^{′′}_1 is a product of compact, connected, simple Lie groups or tori, and (G^′_1, K^′_1, H^′_1) is

G^′_1 = a∏ i=1 SU(l_i + 1) × b∏ j=1 SO(2m_j + 1),

K^′_1 = a∏ i=1 S(U(l_i) × U(1)) × b∏ j=1 SO(2m_j ),

H^′_1 = a∏ i=1 S(U(l_i) × U(1)) × S, where ∑_a i=1 l_i + ∑_b j=1 m_j = n − rank G^{′′}_1 .

4. Assumptions and structures of two singular orbits

In the remainder of this chapter, we assume (M, T ) is a torus manifold, where M is simply connected. Because M is simply connected, we have H^1(M; Z_2) = 0. Hence, by Theorem 2.6, a codimension 1 extended action has just two singular orbits. Moreover, by the argument of Section 2.2, we may only consider that a codimension 1 extended action (M, G) such that G is a product of compact, connected, simple Lie groups, up to essential isomorphism.

Because of Lemma 3.1, one of the singular orbit has T -fixed points. Thus, we need to discuss the following two cases:

• both of two singular orbits contain T^n-fixed points (see e.g. Example 3.4); • one singular orbit contains all T^n-fixed points, but the other singular orbit has no T^nfixed points (see e.g. Example 3.5).

In this chapter, we only discuss the first case, i.e., both singular orbits contain T^n-fixed points. Moreover, we assume two singular orbits are simply connected. In order to classify quasitoric manifolds with codimension 1 extended G-actions, it is enough to classify such torus manifolds, by using Lemma 3.3 in this chapter and [11, Corollary 3.9], i.e., the fact that quasitoric manifolds are simply connected.

In this case, Proposition 3.7 holds for two singular orbits. Because G/K_1 and G/K_2 are simply connected, we also have K_1 = K^o_1 and K_2 = K^o_2 . Since SU(2)/S(U(1) × U(1)) ∼= SO(3)/SO(2) ∼= S^2, we can regard S^2 = SU(2)/S(U(1) × U(1)) if there is an S^2 factor in G/K_s. It follows that we can assume m_j ≥ 2 for all j = 1, · · · , b in Proposition 3.7. In summary, we have the following proposition.

Proposition 4.1. If two singular orbits G/K_1 and G/K_2 contain T^n-fixed points and they are simply connected, then there are the following decompositions: for s = 1, 2,

G = G^′_s × G^{′′}_s , K_s = K^o_s = K^′_s × G^{′′}_s , where G^{′′}_s is a product of simply connected, compact, simple Lie groups or tori, and

G^′_1 = a∏ i=1 SU(l_i + 1) × b∏ j=1 SO(2m_j + 1), K^′_1 = a∏ i=1 S(U(l_i) × U(1)) × b∏ j=1 SO(2m_j );

G^′_2 = c∏ i=1 SU(l^′_i + 1) × d∏ j=1 SO(2m^′_j + 1), K^′_2 = c∏ i=1 S(U(l^′_i) × U(1)) × d∏ j=1 SO(2m^′_j ), where ∑_a i=1 l_i + ∑_b j=1 m_j = n−rank G^{′′}_1 , and ∑_c i=1 l^′_i + ∑_d j=1 m^′_j = n−rank G^{′′}_2 , and m_j , m^′_j ≥ 2.

Furthermore, for the maximal torus subgroup T^′_s ⊂ T of G^′_s and K^′_s, (G^′_s/K^′_s, T^′_s) is a simply connected torus manifold.

From the next section, we start with classifying codimension 1 extended G-actions of torus manifolds which satisfy the above assumptions.

5. Tubular neighborhoods of singular orbits

From the previous section, we assume that M is a simply connected torus manifold and two singular orbits G/K_1 and G/K_2 are also simply connected torus manifolds: we have already known structures of G/K_s in Proposition 4.1 (s = 1, 2). As the next step of the classification, we will investigate tubular neighborhoods of singular orbits by computing slice representations (see Theorem 2.7). In order to compute slice representations, we first prepare some fact.

5.1. Preparation. Because a singular orbit G/K_s is a torus manifold, we can define its dimension as 2k_s = dim M − dim G/K_s, i.e.,

dim G/K_s = 2n − 2k_s

for s = 1, 2 and k_s ≥ 1.

By the slice theorem, we also know that a tubular neighborhood X_s of G/K_s is as follows: X_s ∼= G ×_{Ks} D^{2ks} such that K_s acts on D^{2ks} by the slice representation

σ_s : K_s → O(2k_s).

Since (M, G) has a codimension 1 principal orbits, we also have that K_s acts transitively on a sphere S^{2ks−1} ⊂ D^{2ks} through this slice representation σ_s : K_s → O(2k_s), and a principal isotropy subgroup of K_s-action on D^{2ks} is isomorphic to a principal isotropy subgroup of (M, G). Hence, the slice representation can be computed using the classification of transitive actions on spheres.

5.2. Transitive actions on sphere. The transitive actions on spheres were studied by Borel, Montgomery and Samelson, and Poncet, and the following results are proved in a series of the papers [3, 39, 46].

Theorem 5.1. Let G be a compact, connected Lie group acting effectively and transitively on a homotopy sphere Σ^k and H be the isotropy subgroup, namely, G/H ∼= Σ^k. Then there always exists a simple normal subgroup G_1 of G that is already transitive on Σ^k, i.e., G_1/(G_1 ∩ H) = Σ^k.

Theorem 5.2. Let G_1 be a one of the simple groups in G such that G_1/H_1 ∼= Σ^k. Then we have that:

• if k is even, G_1 = SO(k + 1) or the exceptional Lie group G_2 in the case k = 6; • if k = 2l − 1 and l odd, G_1 = SO(k + 1) or SU(l);

• if k = 2l − 1 and l even, G_1 = SO(k + 1), SU(l), Sp(l/2), Spin(9) (in the case k = 15, l = 8), or Spin(7) (in the case k = 7, l = 4).

As we may check easily in each of the above cases, we have a unique embedding of G_1 into SO(k + 1) such that G_1 ∩ SO(k) = H_1. Hence, Σ^k is diffeomorphic to the standard sphere S^k.

Theorem 5.3. Let G_1(⊂ G) be the simple subgroup in Theorem 5.2. Then G_1 ⊂ G ⊂ N(G_1)^o ⊂ SO(k+1), where N(G_1)^o is the identity component of the normalizer of G_1 in SO(k+1), and the following holds.

• In cases G_1 = SO(k+1), G_2 (k = 6), Spin(7) (k = 7, l = 4), or Spin(9) (k = 15, l = 8), we have that N(G_1)^o = G_1, hence G_1 = G.

• In the case G_1 = SU(l), we see that N(G_1)^o = U(l), hence we may have either G = G_1 or U(l).

• In the case G_1 = Sp(^l_2 ), N(G_1)^o is the subgroup of SO(k+1) generated by Sp(^l_2 ), and the S^3-subgroup realized as right multiplications of unit quaternions, As a group, N(Sp(^l_2 ))^o is isomorphic to Sp(^l_2 ) ×_{Z2} S^3, where Z_2 is the subgroup generated by (−Id, −1). Hence, G is either Sp(^l_2 ) or Sp(^l_2 ) ×_{Z2} S^1 or Sp(^l_2 ) ×_{Z2} S^3.

The above results are also referred in the paper [18]. In particular, we see the following results from the above theorems.

Corollary 5.4. Assume the connected subgroup H in O(2l) acts on S^{2l−1} transitively and its rank is l, i.e., rank H = l. Then H ≃ U(l) or SO(2l) in O(2l).

In the next Section 5.3, we will discuss about slice representations.

5.3. Slice representations (rough structures). By Lemma 3.2 and the assumptions in Section 4, two singular isotropy subgroups can be denoted as K_s = G_p (s = 1, 2) for some fixed point p ∈ M^T . From the argument in Section 3.3, there are the following decompositions for this given p ∈ M^T :

G = G^′_s × G^{′′}_s ⊃ K_s = K^o_s = K^′_s × G^{′′}_s ⊃ T = T^′_s × T^{′′}_s ,

(5.1) where G^′_s and G^{′′}_s are products of compact, connected, simple Lie groups and tori, and T^′_s and T^{′′}_s are their maximal tori. Then a slice representation is as follows: σ_s : K_s = K^′_s × G^{′′}_s → SO(2k_s) ⊂ O(2k_s).

Remark that we can take the target of the slice representation σ_s as SO(2k_s) because K_s is connected.

By the decomposition (5.1), we have that T^{′′}_s is in the kernel of the T -action on G/K_s ∼= G^′/K^′_s. It follows that T^{′′}_s ⊂ G^{′′}_s acts almost effectively on the normal space of p ∈ G/K_s ∩ M^T . Moreover by Lemma 3.2 and Section 5.1, we have dim T^{′′}_s = k_s. Therefore, we have σ_s(T^{′′}_s ) = T^{ks} ⊂ SO(2k_s), i.e., a maximal torus of SO(2k_s).

Because of the decomposition of K_s = K^′_s × G^{′′}_s , we know that K^′_s commutes with G^{′′}_s in K_s. In particular, K^′_s also commutes with T^{′′}_s (⊂ G^{′′}_s ). It follows that the image σ_s(K^′_s) of K^′_s is in the group {g ∈ SO(2k_s) | gt = tg for all t ∈ T^{ks} }: we remark that this group (the centralizer of T^{ks} in SO(2k_s)) is T^{ks} itself. Therefore, we have σ_s(K^′_s) ⊂ T^{ks} . Hence, G^{′′}_s acts transitively on S^{2ks−1} through the slice representation σ_s : K^′_s × G^{′′}_s → SO(2k_s). Because rank σ_s(G^{′′}_s ) = k_s = dim T^{′′}_s = rank G^{′′}_s , we have from Corollary 5.4: G^{′′}_s ≈ σ_s(G^{′′}_s ) ≃ U(k_s) or SO(2k_s), where X ≈ Y means that they have the same Lie algebra. Now we may consider that if k_s = 1 then SO(2) = U(1); therefore, we may assume

G^{′′}_s = SU(k_s) × T^1 or SO(2k_s) and k_s ≥ 2.

Because σ_s(K^′_s) is also in the centralizer of σ_s(G^{′′}_s ), we see σ_s(K^′_s) ⊂ Z(U(k_s)) (if σ_s(G^{′′}_s ) ≃ U(k_s)) or σ_s(K^′_s) ≃ {e} (if σ_s(G^{′′}_s ) ≃ SO(2k_s), k_s ≥ 2), where Z(U(k_s)) ≃ T^1 is the center of U(k_s), i.e., the diagonal subgroup of U(k_s).

In summary, we have the following two lemmas by the above arguments and Proposition 4.1.

Lemma 5.5. Two singular orbits G/K_s (s = 1, 2) satisfy the followings:

• (G, K_s) = (G^′_s × G^{′′}_s , K^′_s × G^{′′}_s ); • G^′_1 = ∏_a i=1 SU(l_i+1)× ∏_b j=1 SO(2m_j +1) and G^′_2 = ∏_c i=1 SU(l^′_i +1)× ∏_d j=1 SO(2m^′_j +1);

• K^′_1 = ∏_a i=1 S(U(l_i)×U(1))× ∏_b j=1 SO(2m_j ) and K^′_2 = ∏_c i=1 S(U(l^′_i)×U(1))× ∏_d j=1 SO(2m^′_j );

• G^{′′}_s ≈ SU(k_s) × T^1 or SO(2k_s) and k_s ≥ 2. Furthermore, m_j , m^′_j ≥ 2.

Lemma 5.6. Two slice representations σ_s : K_s = K^′_s × G^{′′}_s → SO(2k_s) (s = 1, 2) satisfy the following list:

G^{′′}_s σ_s(G^{′′}_s ) σ_s(K^′_s) (1) SU(k_s) × T^1 U(k_s) ⊂ SO(2k_s) Z(U(k_s)) ≃ T^1 ⊂ U(k_s) ⊂ SO(2k_s) (2) SO(2k_s) SO(2k_s) {e} ⊂ SO(2k_s) where the right list means σ_s(K^′_s) ⊂ Z(U(k_s)) for (1) and σ_s(K^′_s) = {e} (identity) for (2).

6. Possibility for G, K_1, K_2

In this section we shall give a possibility for a transformation Lie group G and two singular isotropy subgroups K_1, K_2.

6.1. Decomposition of G. We first remark that the decompositions of G in Lemma 5.5 depends on s = 1, 2, i.e., two decompositions G^′_1 × G^{′′}_1 and G^′_2 × G^{′′}_2 may not be the same decomposition. However, for all compact Lie groups G, there is an unique covering ~G consists of the product of simply connected, simple Lie group and tori. Therefore, the coverings of two G’s for s = 1, 2 are the same coverings. Using Lemma 5.5 and the relation ~G = ~G^′_1 × ~G^{′′}_1 = ~G^′_2 × ~G^{′′}_2 , we know that ~G satisfies a∏ i=1 SU(l_i + 1) × b∏ j=1 Spin(2m_j + 1) × X = c∏ i=1 SU(l^′_i + 1) × d∏ j=1 Spin(2m^′_j + 1) × Y, where (X, Y ) is one of the followings:

(1) (X, Y ) = (SU(k_1) × T^1, SU(k_2) × T^1); (2) (X, Y ) = (Spin(2k_1), Spin(2k_2)), and k_1, k_2 ≥ 2; (3) (X, Y ) = (SU(k_1) × T^1, Spin(2k_2)), and k_2 ≥ 2; (4) (X, Y ) = (Spin(2k_1), SU(k_2) × T^1), and k_1 ≥ 2.

Note that m_j , m^′_j ≥ 2.

Comparing left and right sides of the above equations from (1) to (4), we will find a possibility for G.

6.2. The cases (3) and (4). In this subsection, we shall prove that the above two cases (3) and (4) do not occur.

In the case (4), if we change the role of k_1 and k_2 then it is the same as the case (3). Hence, we can regard the last two cases (3) and (4) as the same cases.

First, we remark the following well-known lemma.

Lemma 6.1. The following three statements hold:

• if Spin(2m) ≃ SU(m + 1), then m = 3 and Spin(6) ≃ SU(4); • if Spin(2m + 1) ≃ SU(m + 1), then m = 1 and Spin(3) ≃ SU(2); • Spin(4) ≃ SU(2) × SU(2). For the other m in Lemma 6.1, there are no isomorphisms between Spin(2m) (or Spin(2m+1)) and SU(m + 1), because their dimensions are different. Therefore, for each case from (1) to (4), we can regard b = d and Spin(2m_j + 1) = Spin(2m^′_j + 1), because m_j , m^′_j ≥ 2. In particular, we can regard SO(2m_j + 1) = SO(2m^′_j + 1) for j = 1, · · · , b in Lemma 5.5.

Hence, for the equation (3), we have a∏ i=1 SU(l_i + 1) × SU(k_1) × T^1 = c∏ i=1 SU(l_i + 1) × Spin(2k_2). It follows that Spin(2k_2) = T^1, i.e., k_2 = 1. However, we can assume k_s ≥ 2 for Spin(2k_s). Hence, this case does not occur, and the equation (4) also does not occur because we can regard (3) and (4) are the same cases.

6.3. The case (2). Suppose the equation (2). If Spin(2k_1) = Spin(2k_2), then we have that k_1 = k_2, a = c and l_i = l^′_i for all i = 1, · · · , a (we call this case the case (2) − (a)).

If Spin(2k_1) ≠ Spin(2k_2), then there are the following four cases using Lemma 6.1:

(b): if Spin(2k_1) = SU(l^′_c + 1), (k_1, l^′_c) = (3, 3) and Spin(2k_2) = SU(l_a + 1), (k_2, l_a) = (3, 3), then we have that a = c and l_i = l^′_i for all i = 1, · · · , a − 1 (the case (2) − (b));

(c): if Spin(2k_1) = SU(l^′_c +1), (k_1, l^′_c) = (3, 3) and Spin(2k_2) = SU(l_{a−1} +1)×SU(l_a +1), (k_2, l_{a−1}, l_a) = (2, 1, 1), then we have that a = c+1 and l_i = l^′_i for all i = 1, · · · , a−2(= c − 1) (the case (2) − (c));

(d): if Spin(2k_1) = SU(l^′_{c−1} + 1) × SU(l^′_c + 1), (k_1, l^′_{c−1}, l^′_c) = (2, 1, 1) and Spin(2k_2) = SU(l_{a−1} + 1) × SU(l_a + 1), (k_2, l_{a−1}, l_a) = (2, 1, 1), then we have that a = c and l_i = l^′_i for all i = 1, · · · , a − 2 (the case (2) − (d));

(e): if Spin(2k_1) ∩ Spin(2k_2) ≠ {e}, that is, Spin(2k_1) = SU(l^′_c + 1) × SU(2), (k_1, l^′_c) = (2, 1) and Spin(2k_2) = SU(l_a + 1) × SU(2), (k_2, l_a) = (2, 1) (Spin(2k_1) ∩ Spin(2k_2) = SU(2)), then we have that a = c and l_i = l^′_i for all i = 1, · · · , a − 1 also hold (the case (2) − (e)).

In this subsection, we shall prove that these cases (from (2) − (b) to (2) − (e)) do not occur. Before we prove this fact, we give the following remark.

Remark 6.2. Because G^{′′}_s acts transitively on the boundary of the slice, we can take the principal isotropy subgroup as K = σ^{−1}_s (SO(2k_s − 1)) ⊂ K_1 ∩ K_2. Hence, we can regard the subgroups SO(2m_j ), S(U(l_i) × U(1)) ⊂ K_1, K_2 in Lemma 5.5 as the same subgroup in G by conjugating K_1 and K_2 in G, that is, they are in K_1 ∩ K_2.

Suppose that the case (2) − (b) occurs. Using Lemma 5.5, the above arguments and Remark 6.2, we have that • G = ∏_b j=1 SO(2m_j + 1) × ∏_{a−1} i=1 SU(l_i + 1) × SU(4) × SU(4), • K_1 = ∏_b j=1 SO(2m_j ) × ∏_{a−1} i=1 S(U(l_i) × U(1)) × SU(4) × S(U(3) × U(1)), • K_2 = ∏_b j=1 SO(2m_j ) × ∏_{a−1} i=1 S(U(l_i) × U(1)) × S(U(3) × U(1)) × SU(4), where k_s = 3, dim G/K_s = 2n − 2k_s = 2n − 6 and we identify Spin(2k_s) as SU(4). By Lemma 5.6, for the slice representation σ_s : K_s → SO(2k_s) = SO(6), we have that

σ_s(Spin(2k_s)) = σ_s(SU(4)) = SO(6).

Because σ_s(K_s) = SO(6) acts transitively on the sphere S^5 ∼= SO(6)/SO(5) ∼= K_s/K, the restricted representation σ_s|_{Spin(2ks )} is the double covering Spin(6) to SO(6) by Theorem 5.2. Hence, we have that the following conjugation in G by K ≡ σ^{−1}_s (SO(5)):

σ^{−1}_1 (SO(5)) = b∏ j=1 SO(2m_j ) × a−1∏ i=1 S(U(l_i) × U(1)) × Spin(5) × S(U(3) × U(1))

≡ σ^{−1}_2 (SO(5)) = b∏ j=1 SO(2m_j ) × a−1∏ i=1 S(U(l_i) × U(1)) × S(U(3) × U(1)) × Spin(5). Moreover, we see that Spin(5) × S(U(3) × U(1)) ⊂ σ^{−1}_1 (SO(5)) and S(U(3) × U(1)) × Spin(5) ⊂ σ^{−1}_2 (SO(5)) are conjugate in SU(4) × SU(4) ⊂ G. In particular, Spin(5) × {I_4} and S(U(3) × U(1)) × {I_4} are conjugate in SU(4) × {I_4}. This gives a contradiction, because dim Spin(5) = 10 ≠ dim S(U(3) × U(1)) = 9. Hence, the case (2) − (b) does not occur.

For the other cases (2) − (c) to (2) − (e), we can similarly prove that these cases do not occur. Hence, the case (2) − (a) only occurs for the equation (2).

6.4. The case (1) and the summary. Suppose the equation (1). If SU(k_1) = SU(k_2), then we have that k_1 = k_2, a = c and l_i = l^′_i for all i = 1, · · · , a (we call this case the case (1) − (a)).

If SU(k_1) ≠ SU(k_2), then we can put SU(l_a + 1) = SU(k_2), SU(l^′_a + 1) = SU(k_1), a = c and l_i = l^′_i for all i = 1, · · · , a − 1 (we call this case the case (1) − (b)). Therefore, there are two cases (1) − (a) and (1) − (b) for the equation (1).

Hence, we have the following lemma by the above arguments, Lemma 5.5 and Remark 6.2.

Lemma 6.3. If (M, G) is a codimension one extended action of a simply connected torus manifold and its two singular orbits are simply connected torus manifolds, then the compact connected Lie group G = ∏_b j=1 SO(2m_j + 1) × ^G, and two singular isotropy subgroups K_1 = ∏_b j=1 SO(2m_j ) × ^K_1 and K_2 = ∏_b j=1 SO(2m_j ) × ^K_2, where ^G, ^K_1 and ^K_2 are one of the followings:

(1) (a) ^G = ∏_a i=1 SU(l_i + 1) × SU(k) × T^1, ^K_1 = ^K_2 = ∏^a_{i=1} S(U(l_i) × U(1)) × SU(k) × T^1, where dim G/K_s = 2n − 2k and k ≥ 1;

(b) ^G = ∏_{a−1} i=1 SU(l_i + 1) × SU(k_1) × SU(k_2) × T^1, ^K_1 = ∏^{a−1}_{i=1} S(U(l_i) × U(1)) × SU(k_1) × S(U(k_2 − 1) × U(1)) × T^1, ^K_2 = ∏^{a−1}_{i=1} S(U(l_i) × U(1)) × S(U(k_1 − 1) × U(1)) × SU(k_2) × T 1, where dim G/K_s = 2n − 2k_s and k_s ≥ 1;

(2) (a) ^G = ∏_a i=1 SU(l_i + 1) × SO(2k), ^K_1 = ^K_2 = ∏^a_{i=1} S(U(l_i) × U(1)) × SO(2k), where dim G/K_s = 2n − 2k and k ≥ 2, where SO(2m_j ), S(U(l_i) × U(1)) ⊂ K_1 ∩ K_2.

In order to give a complete classification of G, K_1 and K_2, we study precise structures of slice representations for all cases (1) − (a), (1) − (b) and (2) − (a) in Lemma 6.3, in the next Section 7 and 8.

7. Possibility for K and slice representations

In this section, we shall compute the slice representations for each cases in Lemma 6.3. First we prepare the following notation:

(t_1, · · · , t_a) = (( A_1 0 0 t_1 ) , · · · , ( A_a 0 0 t_a )) ∈ a∏ i=1 S(U(l_i) × U(1)), where A_i ∈ U(l_i) and det A^{−1}_i = t_i.

7.1. Slice representations and K for the case (1) − (a). In this subsection, we study the slice representations for the case (1) − (a) in Lemma 6.3, that is, • G = ∏_b j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × SU(k) × T^1, • K_1 = K_2 = ∏_b j=1 SO(2m_j ) × ∏_a i=1 S(U(l_i) × U(1)) × SU(k) × T^1, where dim G/K_s = 2n − 2k and k ≥ 1. By Lemma 5.6, for the slice representation σ_s : K_s → U(k) ⊂ SO(2k), we have that σ_s(S(U(l_i) × U(1))) = {I_{2k}} or Z(U(k)) ⊂ U(k) for all i = 1, · · · , a, σ_s(SU(k) × T^1) = U(k).

Because σ_s(S(U(l_i) × U(1))) ⊂ Z(U(k)) for all i = 1, · · · , a and the diagonal subgroup Z(U(k)) ⊂ U(k) is the abelian group, we have that σ_s ( A_i 0 0 t_i ) = t^ω_i I_k ∈ Z(U(k)) ⊂ U(k), where A_i ∈ U(l_i), t_i = det A^{−1}_i ∈ U(1), ω ∈ Z and I_k ∈ U(k) is the identity matrix. Hence, the image of ∏_a i=1 S(U(l_i) × U(1)) × SU(k) × T^1 is as follows: σ_1 ((t_1, · · · , t_a), A, t) = t^{α1}_1 · · · t^{αa}_a t^αA ∈ U(k), (7.1) σ_2 ((t_1, · · · , t_a), A, t) = t^{β1}_1 · · · t^{βa}_a t^β A ∈ U(k), (7.2)

where (A, t) ∈ SU(k) × T^1 and (α_1, · · · , α_a, α), (β_1, · · · , β_a, β) ∈ Z^{a+1}.

We next show a principal isotropy subgroup K. Because σ_s(K_s) = U(k) acts on the sphere S^{2k−1} ∼= U(k)/U(k − 1) ∼= K_s/K transitively, we have σ^{−1}_s (U(k − 1)) ≡ K (conjugation in G) for s = 1, 2. Hence, the following conjugation holds:

σ^{−1}_1 (U(k − 1)) = {( (t_1, · · · , t_a), ( X 0 0 x ) , t ) | | | x^{−1} = det X = t^{α1}_1 · · · t^{αa}_a t^α }

≡ σ^{−1}_2 (U(k − 1)) = {( (t_1, · · · , t_a), ( Y 0 0 y ) , t ) | | | | y^{−1} = det Y = t^{β1}_1 · · · t^{βa}_a t^β } ,

where X, Y ∈ U(k − 1) and we omit the subgroup ∏_b j=1 SO(2m_j ) ⊂ ker σ_s ⊂ K.

In order to analyse relations between (α_1, · · · , α_a, α) and (β_1, · · · , β_a, β), we first consider the following subgroups:

σ^{−1}_1 (U(k − 1)) ∩ T^1 = {(e, t) | t ∈ T^1, t^α = 1} ≃ Z_α and σ^{−1}_2 (U(k − 1)) ∩ T^1 = {(e, t) | t ∈ T^1, t^β = 1} ≃ Z_β,

where e ∈ ∏_b j=1 SO(2m_j ) × ∏_a i=1 S(U(l_i) × U(1)) × SU(k) is the identity element and Z_ω = {t ∈ T^1 | t^ω = 1} (ω ∈ Z). Since σ^{−1}_1 (U(k − 1)) ≡ σ^{−1}_2 (U(k − 1)) in G, we have σ^{−1}_1 (U(k − 1)) ∩ T^1 = σ^{−1}_2 (U(k − 1)) ∩ T^1. Therefore, we have Z_α ≃ Z_β, i.e., |α| = |β|. Because the slice representation σ_s : K_s → U(k) ⊂ O(2k) is equivalent up to conjugate in the target group O(2k), we can put α ≥ 0 and β ≥ 0. Hence, we have α = β. Because σ_s(SU(k) × T^1) = U(k), we also have α = β ≠ 0, i.e., α = β ∈ N (i.e., natural number).

Next we consider the following subgroups:

σ^{−1}_1 (U(k − 1)) ∩ (S(U(l_a) × U(1)) × T^1) = {( e, ( A_a 0 0 t_a ) , t ) | | | | ( A_a 0 0 t_a ) ∈ S(U(l_a) × U(1)), t ∈ T^1, t^{αa}_a t^α = 1 }

and σ^{−1}_2 (U(k − 1)) ∩ (S(U(l_a) × U(1)) × T^1) = {( e, ( A_a 0 0 t_a ) , t ) | | | | ( A_a 0 0 t_a ) ∈ S(U(l_a) × U(1)), t ∈ T^1, t^{βa}_a t^β = 1 } ,

where e ∈ ∏_b j=1 SO(2m_j ) × ∏_{a−1} i=1 S(U(l_i) × U(1)) × SU(k) is the identity element. Therefore, by using α = β and the above two subgroups (they are conjugate), we have that t^{αa−βa}_a = 1 for all t_a ∈ U(1). Hence, we have α_a = β_a. Similarly we can prove the equation α_i = β_i for all i = 1, · · · , a. Thus, we have the following lemma.

Lemma 7.1. Let σ_s : K_s → SO(2k) ⊂ O(2k) be a slice representation of the case (1) − (a). Then σ_1 = σ_2, and they are defined by σ_s(SO(2m_j )) = {e} for all j = 1, · · · , b and σ_s ((t_1, · · · , t_a), A, t) = t^{α1}_1 · · · t^{αa}_a t^αA ∈ U(k) ⊂ SO(2k), where ((t_1, · · · , t_a), A, t) ∈ ∏_a i=1 S(U(l_i) × U(1)) × SU(k) × T^1, (α_1, · · · , α_a) ∈ Z^a, α ∈ N and s = 1, 2.

Furthermore, we have that the principal isotropy group is K = ∏_b j=1 SO(2m_j ) × ^K in the case (1) − (a), where ^K ⊂ ∏_a i=1 S(U(l_i) × U(1)) × S(U(k − 1) × U(1)) × T^1 is as follows: {( (t_1, · · · , t_a), ( X 0 0 x ) , t ) | | | x^{−1} = det X = t^{α1}_1 · · · t^{αa}_a t^α } . 7.2. Slice representations and K for the case (1) − (b). In this subsection, we study the slice representations for the case (1) − (b) in Lemma 6.3, that is, • G = ∏_b j=1 SO(2m_j + 1) × ∏_{a−1} i=1 SU(l_i + 1) × SU(k_1) × SU(k_2) × T^1, • K_s = ∏_b j=1 SO(2m_j ) × ∏_{a−1} i=1 S(U(l_i) × U(1)) × SU(k_s) × S(U(k_r − 1) × U(1)) × T^1, where s + r = 3 (s, r ≥ 1), dim G/K_s = 2n − 2k_s and k_s ≥ 1. By Lemma 5.6, we have for the slice representation σ_s : K_s → U(k_s) ⊂ SO(2k_s):

σ_s(S(U(l_i) × U(1))) = {I_{2ks} } or Z(U(k_s)) ⊂ U(k_s) for all i = 1, · · · , a − 1; σ_s(S(U(k_r − 1) × U(1))) = {I_{2ks} } or Z(U(k_s)) ⊂ U(k_s); σ_s(SU(k_s) × T^1) = U(k_s).

Because of a similar reason for (7.1) and (7.2) in Section 7.1, the images of ∏_{a−1} i=1 S(U(l_i) × U(1)) × SU(k_s) × S(U(k_r − 1) × U(1)) × T^1 of slice representations are as follows:

σ_1 ( (t_1, · · · , t_{a−1}), A, ( X 0 0 x ) , t ) = t^{α1}_1 · · · t^{αa−1}_{a−1} x^{αa} t^αA ∈ U(k_1);

σ_2 ( (t_1, · · · , t_{a−1}), ( Y 0 0 y ) , B, t ) = t^{β1}_1 · · · t^{βa−1}_{a−1} y^{βa} t^β B ∈ U(k_2), where (A, t) ∈ SU(k_1) × T^1, X ∈ U(k_2 − 1), det X^{−1} = x ∈ U(1) and (B, t) ∈ SU(k_2) × T^1, Y ∈ U(k_1 − 1), det Y^{−1} = y ∈ U(1).

We next show a principal isotropy subgroup K. Because σ_s(K_s) = U(k_s) acts on the sphere S^{2ks−1} ∼= U(k_s)/U(k_s − 1) ∼= K_s/K transitively, we have σ^{−1}_s (U(k_s − 1)) ≡ K (conjugation in G) for s = 1, 2. Hence, the following conjugation holds:

σ^{−1}_1 (U(k_1 − 1)) = {( (t_1, · · · , t_{a−1}), ( C 0 0 c ) , ( X 0 0 x ) , t ) | | | | c^{−1} = det C = t^{α1}_1 · · · t^{αa−1}_{a−1} x^{αa} t^α }

≡ σ^{−1}_2 (U(k_2 − 1)) = {( (t_1, · · · , t_{a−1}), ( Y 0 0 y ) , ( D 0 0 d ) , t ) | | | d^{−1} = det D = t^{β1}_1 · · · t^{βa−1}_{a−1} y^{βa} t^β } , where C ∈ U(k_1 − 1), D ∈ U(k_2 − 1) and we omit the subgroup ∏_b j=1 SO(2m_j ) ⊂ ker σ_s ⊂ K.

Therefore, we may assume the following equations: c = y; d = x, (7.3)

because the subgroup S(U(k_1 − 1) × U(1)) × S(U(k_2 − 1) × U(1)) ⊂ σ^{−1}_1 (U(k_1 − 1)) coincides with the subgroup S(U(k_1 − 1) × U(1)) × S(U(k_2 − 1) × U(1)) ⊂ σ^{−1}_2 (U(k_2 − 1)) up to conjugate in SU(k_1) × SU(k_2) ⊂ G.

We can similarly prove α = β > 0 and α_i = β_i for all i = 1, · · · , a − 1 like the case (1) − (a) in Section 7.1, by analysing σ^{−1}_s (U(k_s − 1)) ∩ T^1 and σ^{−1}_s (U(k_s − 1)) ∩ (S(U(l_i) × U(1)) × T^1).

Moreover, we have the following equation using the above σ^{−1}_1 (U(k_1 − 1)) ≡ σ^{−1}_2 (U(k_2 − 1)): t^{α1}_1 · · · t^{αa−1}_{a−1} x^{αa} t^αc = t^{β1}_1 · · · t^{βa−1}_{a−1} y^{βa} t^β d. Therefore, we have the equation x^{αa −1} = y^{βa−1} by using α_i = β_i (i = 1, · · · , a − 1), α = β and Eq. (7.3). This equation holds for all x, y ∈ U(1); therefore, we have α_a = β_a = 1. Hence, we have the following lemma.

Lemma 7.2. Let σ_s : K_s → SO(2k_s) ⊂ O(2k_s) be a slice representation of the case (1) − (b). Then σ_s is defined by σ_s(SO(2m_j )) = {e} for all j = 1, · · · , b and σ_s ( (t_1, · · · , t_{a−1}), A, ( X 0 0 x ) , t ) = t^{α1}_1 · · · t^{αa−1}_{a−1} xt^αA ∈ U(k_s) ⊂ SO(2k_s), where (t_1, · · · , t_{a−1}) ∈ ∏_{a−1} i=1 S(U(l_i) × U(1)), A ∈ SU(k_s), t ∈ T^1, X ∈ U(k_r − 1), x = det X^{−1}, (α_1, · · · , α_{a−1}) ∈ Z^{a−1}, α ∈ N and s + r = 3 (s, r ≥ 1).

Furthermore, we have that the principal isotropy group is K = ∏_b j=1 SO(2m_j ) × ^K in the case (1) − (b), where ^K ⊂ ∏_{a−1} i=1 S(U(l_i) × U(1)) × S(U(k_1 − 1) × U(1)) × S(U(k_2 − 1) × U(1)) × T^1 is as follows: {( (t_1, · · · , t_{a−1}), ( Y 0 0 y ) , ( X 0 0 x ) , t ) | | | | t^{α1}_1 · · · t^{αa−1}_{a−1} xyt^α = 1 } . 7.3. Slice representations and K for the case (2) − (a). In this subsection, we study the slice representations and a principal isotropy subgroup K for the case (2) − (a) in Lemma 6.3, that is, • G = ∏_b j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × SO(2k), • K_1 = K_2 = ∏_b j=1 SO(2m_j ) × ∏_a i=1 S(U(l_i) × U(1)) × SO(2k), where dim G/K_s = 2n − 2k and k ≥ 2. By Lemma 5.6, we have that the slice representation σ_s : K_s → SO(2k) satisfies σ_s(SO(2k)) = SO(2k) and other factors are trivial. Therefore we have the following lemma.

Lemma 7.3. Let σ_s : K_s → SO(2k) ⊂ O(2k) be a slice representation of the case (2) − (a). Then σ_1 = σ_2, and σ_s are defined by σ_s(SO(2m_j )) = σ_s(S(U(l_i) × U(1))) = {I_{2k}} for all j and i, σ_s|_{SO(2k)} = id_{SO(2k)}, where σ_s|_{SO(2k)} is a restricted representation of σ_s to SO(2k), and id_{SO(2k)} is the identity representation, where k ≥ 2.

Furthermore, we have that the principal isotropy group in the case (2) − (a) is as follows: K = b∏ j=1 SO(2m_j ) × a∏ i=1 S(U(l_i) × U(1)) × SO(2k − 1).

Proof. Because σ_s(K_s) = SO(2k) acts transitively on the sphere S^{2k−1} ∼= SO(2k)/SO(2k − 1) ∼= K_s/K, we see that the restricted representation σ_s|_{SO(2k)} is the identity. Because SO(2m_j ) and S(U(l_i) × U(1)) (for all j = 1, · · · , b and i = 1, · · · , a) commute with SO(2k) in K_s and k ≥ 2, we also have σ_s(SO(2m_j )) = σ_s(S(U(l_i) × U(1))) = {I_{2k}}. Hence, the slice representation σ_s of (2) − (a) is unique for s = 1, 2. It follows the first statement of this lemma.

Because K ≡ σ^{−1}_s (SO(2k − 1)), S^{2k−1} ∼= SO(2k)/SO(2k − 1) ∼= K_s/K and σ_s|_{SO(2k)} is the identity, we also have the second statement of this lemma. □

8. Attaching maps from ∂X_1 to ∂X_2 and constructions of G-manifolds

In this final section for our classification, we devote to study attaching maps from ∂X_1 to ∂X_2, and construct the G-manifolds for each cases (1) − (a), (1) − (b) and (2) − (a) in Lemma 6.3.

8.1. Preparation. Because of Theorem 2.6, we see ∂X_1 = ∂X_2 = G/K, that is, ∂X_s is a codimension 1 principal orbit. Hence, the attaching map f can be taken from the G-equivariant automorphism group Aut_G(G/K) on G/K. As is well known, there is the following isomorphism: Aut_G(G/K) ≃ N(K; G)/K, (8.1)

where N(K; G) is the normalizer of K in G (see [21]).

Attaching two boundaries ∂X_1 and ∂X_2 by f ∈ N(K; G)/K, we can construct a G-manifold, and such manifold is denoted by

M(f) = X_1 ∪_f X_2.

(8.2)

In order to check that M(f) and M(f^′) are equivariantly diffeomorphic or not for two attaching maps f and f^′, the following lemma is useful (see [50, Lemma 5.3.1]).

Lemma 8.1. Let f, f^′ : ∂X_1 → ∂X_2 be G-equivariant diffeomorphisms, where ∂X_i means a boundary of X_i. Then M(f) is equivariantly diffeomorphic to M(f^′) as G-manifolds, if one of the following conditions are satisfied:

(1) f is G-diffeotopic to f^′;

(2) f^{−1}f^′ is extendable to a G-equivariant diffeomorphism on X_1; (3) f^′f^{−1} is extendable to a G-equivariant diffeomorphism on X_2.

As in [15], we call this lemma the Uchida’s criterion.

Because of the Uchida’s criterion (1), we do not need to compute (8.1). Instead, for attaching maps, we may compute N(K; G)/N(K; G)^o, (8.3)

where N(K; G)^o is a connected component of N(K; G).

After the criterion, we construct the G-manifolds explicitly. The following lemma gives one of the construction methods of such G-manifolds.

Lemma 8.2. Suppose that a compact, connected Lie group H acts on a compact manifold N with codimension one orbits H/K and two singular isotropy subgroups K_1 and K_2. Then, for a compact, connected Lie group G such that G ⊃ H, a compact, connected manifold M = G ×_H N has the natural G-action on the first factor G by the left multiplication, and this action has codimension one orbits G/K and two singular isotropy subgroups K_1 and K_2.

From the next subsection 8.2, we analyse the attaching maps and construct G-manifolds, for each cases (1) − (a), (1) − (b) and (2) − (a) in Lemma 6.3.

8.2. The case (1) − (a). First we compute the set of attaching maps N(K; G)/N(K; G)^o for the case (1) − (a) (see (8.3)), and prove this case has only one attaching map up to Gdiffeomorphism. In this case, G = ∏_b j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × SU(k) × T^1, and K = ∏_b j=1 SO(2m_j ) × ^K where ^K is as follows by Lemma 7.1: {( (t_1, · · · , t_a), ( X 0 0 x ) , t ) | | | | x^{−1} = det X = t^{α1}_1 · · · t^{αa}_a t^α } . Hence, we have N(K; G)/N(K; G)^o ≃ b∏ j=1 Z_2 × a∏ i=1 W_{li +1} because of α ∈ N, where ∏_b j=1 S(O(2m_j ) × O(1))/SO(2m_j ) ≃ ∏_b j=1 Z_2 and

W_{li +1} = { {I_{li+1}} if l_i ≥ 2 or α_i ≠ 0 S_2 if l_i = 1 and α_i = 0.

Remark the above S_2(≃ Z_2) is the Weyl group of SU(2).

In order to check the Uchida’s criterion (2) or (3), we need to study a tubular neighborhood. By the slice theorem (Theorem 2.7), the tubular neighborhood X_s and its boundary ∂X_s in this case is as follows: X_s = G ×_{Ks} D^{2k} (8.4) ∼=^b ∏ j=1 S^{2mj} × (_a ∏ i=1 SU(l_i + 1) ×^∏a_{i=1 S(U(li)×U(1))} D(C^k ) ) ; ∂X_s ∼= G ×_{Ks} (K_s/K) (8.5) ∼=^b ∏ j=1 S^{2mj} × (_a ∏ i=1 SU(l_i + 1) ×^∏a_{i=1 S(U(li)×U(1))} S(C^k ) ) ,

where D(C^k )(∼= D^{2k}) is a disk and S(C^k )(∼= S^{2k−1}) is a sphere in C^k , and ∏_a i=1 S(U(l_i) × U(1)) acts on C^k by the scalar multiplication defined by σ^′_s(t_1, · · · , t_a) = t^{α1}_1 · · · t^{αa}_a . Note that the above manifold has the following G-action: (1) ∏_b j=1 S^{2mj} has the canonical transitive ∏_b j=1 SO(2m_j + 1)-action; (2) ∏_a i=1 SU(l_i + 1) has also the canonical transitive ∏_a i=1 SU(l_i + 1)-action on itself;

(3) C^k has an action of SU(k) × T^1 by σ^{′′}_s (A, t) = At^α ∈ U(k) for (A, t) ∈ SU(k) × T^1.

Now we may check the Uchida’s criterion (2) or (3).

First, we take the attaching map f_j (≠ I_{2mj +1}) in Z_2 ≃ S(O(2m_j ) × O(1))/SO(2m_j ) ⊂ ∏_b j=1 Z_2. Then this attaching map f_j : ∂X_1 = G/K → G/K = ∂X_2 can be regarded as f_j (gK) = gf_j K, i.e., the non-trivial SO(2m_j + 1)-equivariant diffeomorphism on the S^{2mj} factor in ∂X_s = G/K for s = 1, 2. Let I : ∂X_2 = G/K → G/K = ∂X_1 be the identity attaching map. We shall prove I ∘ f_j : ∂X_1 = G/K → G/K = ∂X_1 is extendable to the equivariant diffeomorphism X_1 → X_1. Remark that we can identify I ∘ f_j : G/K → G/K as f_j : G/K → G/K. Because f_j = I ∘ f_j induces an identity map on the S(C^k ) factor in ∂X_1 = G/K (see (8.5)), we have the following commutative diagram: ∂X_1 = G ×_{K1} K_1/K^π−→ G/K R_{fj} × id ↓ ↓ f_j ∂X_1 = G ×_{K1} K_1/K^π−→ G/K where π([g, kK]) = gkK (equivariantly diffeomorphic), id : K_1/K = S(C^k ) → K_1/K = S(C^k ) is the identity, R_{fj} is the product of the map S^{2mj} → S^{2mj} (involution) and identities for the other factors. Now id : K_1/K ∼= S(C^k ) → S(C^k ) ∼= K_1/K is extendable to id : D(C^k ) → D(C^k ). Hence, R_{fj} × id is extendable to the equivariant diffeomorphism G ×_{K1} D(C^k ) → G ×_{K1} D(C^k ), i.e., I ∘ f_j : ∂X_1 → ∂X_1 is extendable to X_1 → X_1. Hence, we have that M(f_j ) ∼= M(I) for all j = 1, · · · , b by the Uchida’s criterion (Lemma 8.1 (2)).

Next, we take the attaching map f_i(≠ I_{li +1}) in W_{li +1} (when l_i = 1 and α_i = 0). Because α_i = 0, the S(U(l_i) × U(1)) factor acts trivially on S(C^k ) in ∂X_s. Hence, there is a trivial product factor SU(l_i + 1)/S(U(l_i) × U(1)) ∼= C P (1) ∼= S^2 in ∂X_s (l_i = 1), that is, ∂X_s ∼= C P (1) × N for some manifold N, and the composition of two attaching maps I ∘f_i : ∂X_s(∼= C P (1)×N) → ∂X_s(∼= C P (1) × N) can be regarded as an SU(l_i + 1)-equivariant diffeomorphism on this C P (1) ∼= S^2 factor in ∂X_s and trivially on the other factors N. Therefore, we can similarly show that I ∘ f_i is extendable to the G-equivariant diffeomorphism map X_s → X_s, and M(f_i) ∼= M(I) by the Uchida’s criterion (2) or (3).

Hence, the following proposition holds by the above argument and Lemma 7.1.

Lemma 8.3. For all the attaching map f : ∂X_1 → ∂X_2 in the case (1) − (a), we have M(f) ∼= M(I) where I : ∂X_2 → ∂X_1 is the identity attaching map. In particular, for fixed integers α_1, · · · , α_a and a natural number α, a G-manifold M which satisfies the case (1) − (a) is unique up to essential isomorphism.

Hence, the case (1) − (a) is only determined by the integers α_1, · · · , α_a and the natural number α which appear in the slice representation, up to essential isomorphism. M(a) = M(α_1, · · · , α_a, α) denotes such manifold.

Finally we construct G-manifolds of this case (1)−(a). Using the above X_s in (8.4) and Lemma 8.2 and 8.3, we can easily show the following manifold corresponds with M(a) (by considering orbits of the G-action on M(a)): b∏ j=1 S^{2mj} × (_a ∏ i=1 SU(l_i + 1) ×^∏a_{i=1 S(U(li )×U(1))} S(C^k_a ⊕ R) ) , where S(C^k_a ⊕ R) ≃ S^{2k} is a sphere in C^k ⊕ R, C^k_a has an ∏_a i=1 S(U(l_i) × U(1))-action by the representation a(t_1, · · · , t_a) = t^{α1}_1 · · · t^{αa}_a , and the G-action on this manifold is induced from the G-action on X_s (see the lists (1), (2) and (3) below just (8.4)).

Because we classify (M(a), G) up to essential isomorphism, we can regard G as G/ ker where ker is a kernel of (M(a), G). Hence, we can put α = 1. Moreover, we can regard SU(k)×T^1 as U(k) through the finite covering SU(k) × T^1 → SU(k) ×_{Zk} T^1 ≃ U(k), where Z_k is the center of SU(k). Hence, we can put our transformation group G as ∏_b j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × U(k).

Now we can easily show this manifold is equivariantly diffeomorphic to b∏ j=1 S^{2mj} × (_a ∏ i=1 S^{2li+1} ×_T a S(C^k_a ⊕ R) ) , where T^a acts on ∏_a i=1 S^{2li+1}(⊂ ∏_a i=1 C^{li +1}) canonically and on S(C^k_a ⊕ R) ∩ C^k_a through the representation a : T^a → S^1 such that a(t_1, · · · , t_a) = t^{α1}_1 · · · t^{αa}_a . Hence, we have the following theorem.

Theorem 8.4. If the torus manifold (M, T ) has codimension one extended G-action of the case (1) − (a), then (M, G) is essential isomorphic to as follows:

• M(a) = ∏_b j=1 S^{2mj} × (∏_a i=1 S^{2li+1} ×_T a S(C^k_a ⊕ R) ) ; • G = ∏_b j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × U(k), where (t_1, · · · , t_a) ∈ T^a acts on C^k_a by the following scalar multiplication:

a(t_1, · · · , t_a) = t^{α1}_1 · · · t^{αa}_a ,

and G acts on M(a) canonically as follows: (1) ∏_b j=1 SO(2m_j + 1) acts on the ∏_b j=1 S^{2mj} factor in M(a); (2) ∏_a i=1 SU(l_i + 1) acts on the ∏_a i=1 S^{2li} factor in M(a);

(3) U(k) acts on the S(C^k_a ⊕ R) ∩ C^k factor in M(a).

8.3. The case (1) − (b). First we compute the set of attaching maps N(K; G)/N(K; G)^o for the case (1) − (b) (see (8.3)). In this case, G = ∏_b j=1 SO(2m_j + 1) × ∏_{a−1} i=1 SU(l_i + 1) × SU(k_1) × SU(k_2) × T^1 and K = ∏_b j=1 SO(2m_j ) × ^K where ^K is as follows by Lemma 7.2: {( (t_1, · · · , t_{a−1}), ( Y 0 0 y ) , ( X 0 0 x ) , t ) | | | | t^{α1}_1 · · · t^{αa−1}_{a−1} xyt^α = 1 } . Because α ∈ N, we also have N(K; G)/N(K; G)^o ≃ b∏ j=1 Z_2 × a−1∏ i=1 W_{li +1}, where

W_{li +1} = { {I_{li +1}} if l_i ≥ 2 or α_i ≠ 0

S_2 if l_i = 1 and α_i = 0

By a similar arguments in Section 8.2 for the case (1) − (a), we have the following lemma by Lemma 7.2.

Lemma 8.5. For all the attaching map f : ∂X_s → ∂X_s in the case (1) − (b), we have M(f) ∼= M(I) where I : ∂X_s → ∂X_s is the identity attaching map. In particular, for fixed integers α_1, · · · , α_{a−1} and a natural number α, a G-manifold M which satisfies the case (1) − (b) is unique up to essential isomorphism.

Hence, the case (1) − (b) is also determined by the integers α_1, · · · , α_{a−1} and the natural number α which appear in the slice representation, up to essential isomorphism. Let M(b) denote such manifold.

Finally, we construct the G-manifolds M(b) of this case (1)−(b). Remark, in this case, tubular neighborhoods X_s are G-diffeomorphic to the following: b∏ j=1 S^{2mj} × {(_{a−1} ∏ i=1 SU(l_i + 1) × SU(k_r) ) ×^∏a−1_{i=1 S(U(li )×U(1))×S(U(kr −1)×U(1))} D(C^{ks}_{bs} ) } , where s + r = 3 (s, r ≥ 1), ∏_{a−1} i=1 S(U(l_i) × U(1)) × S(U(k_r − 1) × U(1)) acts on D(C^{ks}_{bs} ) by the representation σ^′_s(t_1, · · · t_{a−1}, x) = t^{αa}_1 · · · t^{αa−1}_{a−1} x. The G-action on X_s is as follows: ∏_b j=1 SO(2m_j ) × ∏_{a−1} i=1 SU(l_i + 1) × SU(k_r) acts canonically; and SU(k_s) × T^1 acts on D(C^{ks}_{bs} ) by σ^{′′}_s (A, t) = At^α. By using Lemma 8.2, 8.5 and the above X_s, the following manifold corresponds with M(b): b∏ j=1 S^{2mj} × (_{a−1} ∏ i=1 SU(l_i + 1) ×^∏a−1_{i=1 S(U(li)×U(1))} P (C^{k1}_b ⊕ C^{k2} )) ) , where P (C^{k1}_b ⊕ C^{k2} )) ∼= C P (k_1 + k_2 − 1) is a complex projective space, C^{k1}_b has an ∏_{a−1} i=1 S(U(l_i) × U(1))-action by the representation b(t_1, · · · , t_{a−1}) = t^{α1}_1 · · · t^{αa−1}_{a−1} , and the G-action on this manifold is induced from the G-action on the above X_s.

By the same reasons in the case (1) − (a), we can put α = 1. Moreover, we can regard SU(k_1)×SU(k_2)×T^1 as S(U(k_1)×U(k_2)) through the following finite covering SU(k_1)×SU(k_2)× T^1 → S(U(k_1) × U(k_2)): (A, B, t) → ( At^{k2} 0 0 Bt^{−k1} ) . By this covering, we also have (SU(k_1) × SU(k_2)) ×_{Zk1k2} T^1 ≃ S(U(k_1) × U(k_2)). Hence, we can regard G as ∏_b j=1 SO(2m_j + 1) × ∏_{a−1} i=1 SU(l_i + 1) × S(U(k_1) × U(k_2)).

Now we can easily show this manifold is equivariantly diffeomorphic to b∏ j=1 S^{2mj} × (_{a−1} ∏ i=1 S^{2li+1} ×_T a−1 P (C^{k1}_b ⊕ C^{k2} ) ) , where T^{a−1} acts on ∏_{a−1} i=1 S^{2li+1} canonically and P (C^{k1}_b ⊕ C^{k2} ) through the representation b.

Hence, we have the following theorem.

Theorem 8.6. If the torus manifold (M, T ) has codimension one extended G-action of the case (1) − (b), then (M, G) is essential isomorphic to as follows:

• M(b) = ∏_b j=1 S^{2mj} × (∏_{a−1} i=1 S^{2li+1} ×_T a−1 P (C^{k1}_b ⊕ C^{k2} )) ) ; • G = ∏_b j=1 SO(2m_j + 1) × ∏_{a−1} i=1 SU(l_i + 1) × S(U(k_1) × U(k_2)),

where (t_1, · · · , t_{a−1}) ∈ T^{a−1} acts on C^{k1}_b by b(t_1, · · · , t_{a−1}) = t^{α1}_1 · · · t^{αa−1}_{a−1} , and G-action on M(b) is as follows: (1) ∏_b j=1 SO(2m_j + 1) acts on the ∏_b j=1 S^{2mj} factor in M(b); (2) ∏_{a−1} i=1 SU(l_i + 1) acts on the ∏_{a−1} i=1 S^{2li+1} factor in M(b);

(3) S(U(k_1) × U(k_2)) acts on the P (C^{k1}_b ⊕ C^{k2} ) factor in M(b).

8.4. The case (2) − (a). First we compute the set of attaching maps N(K; G)/N(K; G)^o for the case (2) − (a) (see (8.3)). Because G = ∏_b j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × SO(2k) and K = ∏_b j=1 SO(2m_j ) × ∏_a i=1 S(U(l_i) × U(1)) × SO(2k − 1) by Lemma 7.3, we have N(K; G)/N(K; G)^o ≃ b∏ j=1 Z_2 × a∏ i=1 W_{li} × W, where W = S(O(2k − 1) × O(1))/SO(2k − 1) = {I_{2k}, −I_{2k}} ≃ Z_2. Because of the similar reason of the case (1) − (a) and (1) − (b), we have that M(f) ∼= M(I) for all attaching maps f ∈ ∏_b j=1 Z_2 × ∏_a i=1 W_{li} . Hence, we need to consider the attaching map f = −I_{2k} in W . Remark this attaching map can be taken from the center of SO(2k) ⊂ K_s. Therefore, the following map is well-defined and commute: ∂X_s = G ×_{Ks} K_s/K^π−→ G/K R_f × id ↓ ↓ f ∂X_s = G ×_{Ks} K_s/K^π−→ G/K where π([g, kK]) = gkK, f(kK) = kfK and (R_f ×id)([g, k_1K]) = [gf, k_sK]. Here, id : K_s/K ∼= S^{2k−1} → S^{2k−1} ∼= K_s/K is extendable to id : D^{2k} → D^{2k}. Therefore, R_f × id is extendable to the equivariant diffeomorphism G ×_{Ks} D^{2k} = X_s → X_s = G ×_{Ks} D^{2k}. Hence, M(f) ∼= M(I) by the Uchida’s criterion. Thus, we have the following lemma by Lemma 7.3.

Lemma 8.7. For all the attaching map f : ∂X_s → ∂X_s in the case (2) − (a), we have M(f) ∼= M(I) where I is the identity attaching map. In particular, a G-manifold M which satisfies the case (2) − (a) is unique up to essential isomorphism.

By Lemma 7.3, the tubular neighborhood X_s is as follows: b∏ j=1 S^{2mj} × a∏ i=1 C P (l_i ) × D(R^{2k} ).

Therefore, we have the following theorem by Lemma 8.2 and 8.7.

Theorem 8.8. If the torus manifold (M, T ) has codimension one extended G-action of the case (2) − (a), then (M, G) is essential isomorphic to as follows:

• M(c) = ∏_b j=1 S^{2mj} × ∏_a i=1 C P (l_i ) × S(R^{2k} ⊕ R); • G = ∏_b j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × SO(2k), where G acts on M(c) canonically.

As the result, we get the main result Theorem 3.

Because cohomology rings of quasitoric manifolds are generated by the degree 2 elements (see [7, 11]), we can easily show the following corollary:

Corollary 8.9. If a quasitoric manifold M has a codimension one extended G-action, then (M, G) is essentially isomorphic to (_{a−1} ∏ i=1 S^{2li+1} ×_T a−1 P (C^{k1}_b ⊕ C^{k2} ), a−1∏ i=1 SU(l_i + 1) × S(U(k_1) × U(k_2)) ) . 9. On moment-angle manifolds

Finally, we observe some relation between a moment-angle manifold and our classification results in Corollary 8.9. A moment-angle manifold is defined as follows (see [5, 7, 11]). Let P be a simple convex polytope with the set of facets F = {F_1, · · · , F_m}. For each facet F_i ∈ F, the 1-dimensional coordinate subgroup of the m-torus T^F ≃ T^m corresponding to F_i is denoted by T_{Fi} . Then assign to every face L the coordinate subtorus

T_L = ∏ F_i⊃L T_{Fi} ⊂ T^F .

For every point q ∈ P , L(q) denotes the unique face containing q in its relative interior.

Then the moment-angle manifold Z_P is the identification space Z_P = (T^F × P )/ ∼, where (t_1, p) ∼ (t_2, q) if and only if p = q and t^{−1}_1 t_2 ∈ T_{L(p)}.

We remark that moment-angle manifolds Z_P have natural T^m-actions on their T^F factors. Moreover, there is the following relations between quasitoric manifolds M over P and the momentangle manifold Z_P over P (see [7, Proposition 6.5]):

Proposition 9.1. There is the subtorus H ⊂ T^F such that H ≃ T^{m−n} and H acts freely on Z_P , where m is a number of facets in P and 2n is a dimension of M. Furthermore, this freely action defies a principal T^{m−n}-bundle Z_P → M.

In our case, the orbit space of the quasitoric manifold M(b) = ∏_{a−1} i=1 S^{2li+1} ×_T a−1 P (C^{k1}_b ⊕C^{k2} ) becomes a product of simplices ∏_{a−1} i=1 Δ^{li} × Δ^{k1 +k2 −1}. For the moment-angle manifold Z_{P1 ×P2} satisfies the following relation (see [7, Proposition 6.4]):

Z_{P1 ×P2} = Z_{P1} × Z_{P2} .

Moreover, the moment-angle manifold over the simplex Δ^n becomes an odd dimensional sphere S^{2n+1} (see [7, Example 6.7]). Therefore, the moment angle manifold over ∏_{a−1} i=1 Δ^{li} × Δ^{k1 +k2 −1} is as follows:

Z(b) = a−1∏ i=1 S^{2li+1} × S(C^{k1}_b ⊕ C^{k2} ),

where S(C^{k1}_b ⊕ C^{k2} ) ∼= S^{2k1 +2k2−1}.

Remark that the number of facets in ∏_{a−1} i=1 Δ^{li} × Δ^{k1 +k2−1} and the half of dimension of M(b) are m = a−1∑ i=1 (l_i + 1) + k_1 + k_2 and n = a−1∑ i=1 l_i + k_1 + k_2 − 1.

Therefore, in our case, H = T^{a−1} × S^1 (see Proposition 9.1). By the definition of M(b) and Z(b), this group H acts on Z(b) as follows:

(1) T^{a−1} ⊂ H acts naturally on the ∏_{a−1} i=1 S^{2li+1} factor, and acts on the S(C^{k1}_b ⊕ C^{k2} ) ∩ C^{k1}_b factor through the representation b;

(2) S^1 ⊂ H acts only on the S(C^{k1}_b ⊕ C^{k2} ) = S^{2k1 +2k2−1} ⊂ C^{k1}_b ⊕ C^{k2} factor naturally. Moreover, Z(b) has the natural action of G = ∏_{a−1} i=1 SU(l_i + 1) × S(U(k_1) × U(k_2)), with codimension one principal orbits ∏_{a−1} i=1 S^{2li+1} ×S^{2k1−1} ×S^{2k2 −1}, and two singular orbits ∏_{a−1} i=1 S^{2li+1} × S^{2k1−1} and ∏_{a−1} i=1 S^{2li+1} × S^{2k2 −1}. Furthermore, we see that this G-action on Z(b) is commute with the H = T^{a−1} × S^1-action and it induces the codimension one action on M(b). We can also show the above fact for quasitoric manifolds with codimension 0 extended G-actions (such quasitoric manifolds are only products of complex projective spaces, see Corollary 2.4). Hence, we have the following theorem from our classification results.

Theorem 9.2. If a quasitoric manifold M^{2n} has a codimension 0 or 1 extended G-actions, then its orbit space of T^n-action becomes a product of simplices ∏_a i=1 Δ^{li} , where ∑_a i=1 l_i = n, and there is the following principal T^a-bundle for such quasitoric manifolds: Z = a∏ i=1 S^{2li+1} → M^{2n}.

Furthermore, a codimension 0 and 1 extended G-actions on M can be lifted to G-actions on Z with codimension 0 and 1 principal orbits respectively. In other wards, all of codimension 0 and 1 extended G-actions on M can be induced from G-actions on Z with codimension 0 and 1 principal orbits respectively.

Remark 9.3. We can easily see that two singular orbits of (Z(b), G) are moment-angle manifolds of two singular orbits of (M, G) respectively.

Remark 9.4. According to our classification results in Theorem 3, for torus manifolds with some assumptions, we can easily show that there is a similar principal T^a-bundle like the above moment-angle manifold:

T (a) = b∏ j=1 S^{2mj} × a∏ i=1 S^{2li+1} × S(C^k_a ⊕ R) −→ M(a);

T (b) = b∏ j=1 S^{2mj} × a−1∏ i=1 S^{2li+1} × S(C^{k1}_b ⊕ C^{k2} ) −→ M(b);

T (c) = b∏ j=1 S^{2mj} × a∏ i=1 S^{2li+1} × S(R^{2k} ⊕ R) −→ M(c), where S(C^k_a ⊕ R) ∼= S(R^{2k} ⊕ R) ∼= S^{2k}. Moreover, all codimension 1 extended G-actions on M(a), M(b) and M(c) can be lifted to G-actions on T (a), T (b) and T (c) (they are denoted by T ) with codimension 1 principal orbits respectively. In other wards, all of codimension 1 extended G-actions on M in Theorem ?? can be induced from G-actions on T with codimension 1 principal orbits.

CHAPTER 3

Classification of torus manifolds with codimension one extended actions

1. Introduction of Chapter 3

This chapter is a continuation of Chapter 1 and 2 devoted to the study of the extended Gactions on torus manifolds (M^{2n}, T^n). In the first Chapter 1, we classified the homogeneous (unoriented) torus manifolds and their transformation groups up to essential isomorphism, where here an unoriented torus manifold means a torus manifold which is not assumed omniorientations. By using classical Lie theory, we proved such torus manifolds are only products of even dimensional spheres and complex projective spaces divided by finite groups. In the second Chapter 2, we classified quasitoric manifolds with codimension 1 extended G-actions up to essential isomorphism and studied relations with moment-angle manifolds. In order to classify such quasitoric manifolds, we classified more general class which involve them, i.e., simply connected torus manifolds with codimension 1 extended G-actions whose two singular orbits are also simply connected torus manifolds. To classify such torus manifolds, we used the part of the Uchida’s method in [50]. The Uchida’s method is the strong method to classify codimension 1 compact Lie group actions up to essential isomorphism. In the case that we apply the Uchida’s method to classify codimension 1 actions, we usually need to divide our proof into two cases (compare the method of [24, Section 7, 8] and that of [24, Section 10, 11]). In particular, for torus manifolds with codimension 1 extended G-actions, (as we mentioned in Chapter 2) we divide our proof into the following two cases: the case that two singular orbits of G-actions are torus manifolds; and the case that one of two singular orbits of G-actions is not a torus manifold. Remark that if a singular orbit is a torus manifold then this is a homogeneous torus manifold (see Lemma 2.1); therefore, we know such singular orbit type by using Chapter 1 (see Lemma 2.2). In the previous Chapter 2, we only studied the former case because of its purpose. However, in general, the latter case also occurs (see Example 3.5 in Chapter 2). The goal of this chapter is to classify all unoriented torus manifolds with codimension one extended G-actions up to essential isomorphism. In particular, in this chapter, we put a special emphasis on the proof of the latter case, because the proof of the former case is almost similar to that of Chapter 2 even if in the case of the classification of such unoriented torus manifolds.

Now we state the main result of this chapter. Put m_j , l_i ∈ N ∪ {0} for j = 1, · · · , b and i = 1, · · · , a, and A ⊂ ∏_b j=1 Z_2. We get the following three theorems (see Section 3.1, 5.1 and 8.1 for detail).

Theorem 5 (Theorem 3.1). Suppose a torus manifold M has a codimension one extended G-action. If there are two singular orbits and both of them are torus manifolds, then (M, G) is essentially isomorphic to

b∏ j=1 S^{2mj} ×_A N, b∏ j=1 SO(2m_j + 1) × H ,

such that (N, H) is one of the following three types:

N H (∏_a i=1 S^{2li+1} ) ×_T a S(C^k_a ⊕ R) ∏_a i=1 SU(l_i + 1) × U(k) (∏_{a−1} i=1 S^{2li+1} ) ×_T a−1 P (C^{k1}_b ⊕ C^{k2} ) ∏_{a−1} i=1 SU(l_i + 1) × S(U(k_1) × U(k_2)) ∏_a i=1 C P (l_i ) × S(R^{2k} ⊕ R) ∏_a i=1 SU(l_i + 1) × SO(2k) where k, k_1, k_2 ∈ N.

Theorem 6 (Theorem 8.1). Suppose a torus manifold M has a codimension one extended G-action. If there are two singular orbits and one of them is not a torus manifold, then (M, G) is essentially isomorphic to b−1∏ j=1 S^{2mj} ×_A N, b−1∏ j=1 SO(2m_j + 1) × H , such that (N, H) is one of the following two types: N H ∏_a i=1 S^{2li+1} ×_T a S(C^{k1}_c ⊕ R^{2k2 −1}) ∏_a i=1 SU(l_i + 1) × U(k_1) × SO(2k_2 − 1) ∏_a i=1 C P (l_i ) × S(R^{2k1} ⊕ R^{2k2 −1}) ∏_a i=1 SU(l_i + 1) × SO(2k_1) × SO(2k_2 − 1) where k_1 ∈ N, k_2 ≥ 2.

Theorem 7 (Theorem 5.1). Suppose a torus manifold M has a codimension one extended G-action. If there is an exceptional orbit, then (M, G) is essentially isomorphic to b∏ j=1 S^{2mj} ×_{A×Z2} N, b∏ j=1 SO(2m_j + 1) × H , such that (N, H) is one of the following two types: N H (∏_a i=1 S^{2li+1} ) ×_T a S(C^{k1}_c ⊕ R) ∏_a i=1 SU(l_i + 1) × U(k_1) ∏_a i=1 C P (l_i ) × S(R^{2k1} ⊕ R) ∏_a i=1 SU(l_i + 1) × SO(2k_1) where k_1 ∈ N.

From the above theorems (see Section 3.1, 5.1 and 8.1 for detail), the finite group A or A × Z_2 acts only on ∏_b j=1 S^{2mj} and on the fibre of N (not on ∏_a i=1 S^{2li+1} and ∏_a i=1 C P (l_i )). Therefore, we also have that if an unoriented torus manifold has a codimension one extended G-action, then this manifold is a fibre bundle over the homogeneous torus manifold ∏_b j=1 S^{2mj} /A^′ × ∏_a i=1 C P (l_i ) (see Chapter 1) whose fibre is a complex projective space C P (l), an even dimensional sphere S^{2m}, or an even dimensional real projective space RP (2m). Therefore, we can easily show the following corollary:

Corollary 8. If a non-singular toric variety or a quasitoric manifold M has a codimension one extended G-action, then (M, G) is essentially isomorphic to (_{a−1} ∏ i=1 S^{2li+1} ×_T a−1 P (C^{k1}_b ⊕ C^{k2} ), a−1∏ i=1 SU(l_i + 1) × S(U(k_1) × U(k_2)) ) . Remark that the manifold in Corollary 8 is equivariantly diffeomorphic to a−1∏ i=1 C^{li +1}_o ×_{(C}∗_)a−1 P (C^{k1}_b ⊕ C^{k2} ),

where C^{li +1}_o = C^{li +1} − {o} and C^∗ = C − {0} (removed the origin).

The organization of this chapter is as follows. In Section 2, we first set up some notation and basic facts from Chapter 1 and 2. Then we know that, in order to classify codimension one extended actions, we need to consider the three cases: the cases (1), (2) and (3). In Section 3, we classify the case (1), i.e., two singular orbits are torus manifolds. The proof of this case is similar to the previous classification in Chapter 2. Hence, we can apply the arguments of the proofs in Chapter 2, and show Theorem 5. In Section 4, we give a preparation for the cases (2) and (3). In particular, we know the following key fact in this section: in order to classify the cases (2) and (3), we may only study the isotropy subgroup K_2 ⊂ G and its slice representation σ_2 by Remark 4.2, where G/K_1 is the singular orbit of the codimension 1 extended action which is a torus manifold and G/K_2 is the other non-principal orbit. In Section 5, we state the main theorem and give the remark for the case (2), i.e., one of non-principal orbits is an exceptional orbit. In particular, we divide this case into (2)-(a) and (2)-(b). In Section 6 and 7, we study the cases (2)-(a) and (2)-(b) respectively, and prove Theorem 7. In Section 8, we state the main theorem of the case (3), i.e., one of the non-principal orbits is not a torus manifold but a singular orbit, and we divide this case into the cases (3)-(a) and (3)-(b). In Section 9 and 10, we classify the case (3)-(a) and the case (3)-(b) respectively, and prove Theorem 6.

2. Review of the previous chapters

In order to classify codimension 1 extended actions, in this section, we recall the basic facts (see [6, 17, 50] and Chapter 1 and 2 for detail).

2.1. Codimension 1 extended G-actions and their singular orbits. Let (M, T ) be a torus manifold, and let G be a compact, connected Lie group whose maximal torus is T . We next recall the basic facts for extended G-actions of (M, T ).

Suppose a T^n-action on M^{2n} extends to a G-action on M with codimension 1 principal orbits, i.e., (2n − 1)-dimensional orbit. Then we call (M, T ) has a codimension 1 extended G-action, and such extended G-action on M is denoted by (M, G). We will classify such (M, G) up to essential isomorphism (see Chapter 1 and 2 for detail)

For codimension 1 extended actions of (M, T ), the following lemma holds (see Lemma 3.1, 3.2 in Chapter 2).

Lemma 2.1. Suppose that an (unoriented) torus manifold (M^{2n}, T^n) has a codimension 1 extended G-action. Then a G-orbit G/K_1 of T -fixed points is a singular orbit in (M, G), i.e., dim G/K_1 < 2n − 1.

Furthermore, there is some subtorus T^′ ⊂ T such that (G/K_1, T^′) is an (unoriented) torus manifold.

Proof. In the previous Chapter 2, we assume the orientation of the torus manifold. However, we can also apply the proofs of Lemma 3.1, 3.2 in Chapter 2 to the case of unoriented torus manifolds. Hence, we can prove this lemma with a method similar to the proofs of Lemma 3.1, 3.2 in Chapter 2. □

In this chapter, we do not need to consider the orientation on the singular orbit G/K_1. Hence, we can directly apply the main result in Chapter 1 to a homogeneous torus manifold G/K_1. Moreover, we get the following lemma using the argument in Section 3.3 in Chapter 2.

Lemma 2.2. Suppose that a torus manifold (M^{2n}, T^n) extends to a codimension 1 extended action. Then this codimension 1 extended action is essentially isomorphic to (M, G) which satisfies that, for its singular orbit G/K_1 with M^T ∩ G/K_1 ≠ ∅, the pair (G, K_1) is as follows: a∏ i=1 SU(l_i + 1) × b∏ j=1 SO(2m_j + 1) × G^{′′}_1 , a∏ i=1 S(U(l_i) × U(1)) × S_1 × G^{′′}_1 ,

where ∏_b j=1 SO(2m_j ) ⊂ S_1 ⊂ ∏_b j=1 S(O(2m_j ) × O(1)) and G^{′′}_1 is a product of connected, simple Lie groups and tori.

2.2. Slice representations of G/K_1. In this subsection, we study the slice representation of G/K_1 for the case of unoriented torus manifolds.

Due to Lemma 2.1, G/K_1 is a torus manifold. Therefore, we can put dim G/K_1 = 2n − 2k_1 for k_1 ≥ 1. Let K^′_1 = ∏_a i=1 S(U(l_i) × U(1)) × S_1 (see Lemma 2.2), and let Z(X) be the centralizer of a subgroup X in O(2k_1), i.e., Z(X) = {g ∈ O(2k_1) | gx = xg for all x ∈ X}.

Using a method similar to the proof of Lemma 5.6 in Chapter 2, we have the following lemma for K_1 = K^′_1 × G^{′′}_1 and the slice representation σ_1 : K_1 → O(2k_1).

Lemma 2.3. For G^{′′}_1 in K_1 = K^′_1 × G^{′′}_1 , there are the following two cases:

G^{′′}_1 = SU(k_1) × T^1, and G^{′′}_1 = SO(2k_1).

For these two cases, the slice representation σ_1 : K_1 = K^′_1 × G^{′′}_1 → O(2k_1) satisfies the following list:

G^{′′}_1 σ_1(G^{′′}_1 ) σ_1(K^′_1) (1) SU(k_1) × T^1 U(k_1) ⊂ O(2k_1) Z(U(k_1)) ≃ T^1 ⊂ U(k_1) ⊂ O(2k_1) (2) SO(2k_1) SO(2k_1) Z(SO(2k_1)) = {±I_{2k1} } ⊂ O(2k_1) where the right list means σ_1(K^′_1) ⊂ Z(U(k_1)) for (1) and σ_1(K^′_1) ⊂ Z(SO(2k_1)) for (2).

Furthermore, the image of σ_1 is in SO(2k_1), i.e., σ_1 : K_1 → SO(2k_1).

Remark 2.4. We give the following four remarks.

(1) If G^{′′}_1 = SO(2k_1) then we can regard k_1 ≥ 2, because SO(2) ≃ T^1 = SU(1) × T^1 for k_1 = 1.

(2) In the previous Chapter 2, σ_1(K^′_1) is always connected, because K_1 is connected. However, in this chapter, K_1 is not always connected (because G^{′′}_1 is connected but K^′_1 might not be connected for K_1 = K^′_1 × G^{′′}_1 ).

(3) Moreover, in Chapter 2, we can assume m_j ≥ 2 (where m_j is defined in Lemma 2.2).

However, in this chapter, we assume m_j ≥ 1.

(4) K_1/K ∼= K^o_1 /K^o ∼= S^{2k1−1} because dim G/K_1 = 2n − 2k_1 and the tubular neighborhood of G/K_1 is G ×_{K1} D^{2k1} such that K_1 acts transitively on ∂D^{2k1} (∼= K_1/K) through σ_1.

In order to apply the same arguments in Chapter 2 to the case m_j ≥ 1, we need to study the case m_j = 1. Let r_j : ∏_b j=1 SO(2m_j + 1) → SO(2m_j + 1) be the natural projection to the j-th factor. Note that we have for S_1 in Lemma 2.2

r_j (S_1) = SO(2m_j ) or S(O(2m_j ) × O(1)) ⊂ SO(2m_j + 1).

The following lemma holds.

Lemma 2.5. Assume m_j = 1. Then there are the following two cases: (1) if r_j (S_1) = SO(2m_j )(= SO(2)), then we can regard SO(2m_j + 1) = SO(3) as SU(2) = SU(l_{a+1} + 1) up to essential isomorphism;

(2) if r_j (S_1) = S(O(2m_j ) × O(1))(= S(O(2) × O(1))), then there is some inclusion ι :

S(O(2) × O(1)) → S_1 such that Im ι ∩ SO(2m_j ) = SO(2m_j ), and for the slice representation σ_1 we have

σ_1 ∘ ι(S(O(2) × O(1))) ⊂ {±I_{2k1} } ⊂ SO(2k_1).

Proof. The first statement can be easily proved using the fact that SO(3) ≈ SU(2), i.e., these Lie algebras are same (also see Section 2.2 in Chapter 2). We may only prove the second statement.

Suppose r_j (S_1) = S(O(2m_j ) × O(1))(= S(O(2) × O(1))). Because ∏_b j=1 SO(2m_j ) ⊂ S_1 ⊂ ∏_b j=1 S(O(2m_j ) × O(1)), we can easily see that there is some inclusion ι : S(O(2) × O(1)) → S_1 such that Im ι ∩ SO(2m_j ) = SO(2m_j ). We may only prove that this inclusion ι satisfies σ_1 ∘ ι(S(O(2) × O(1))) ⊂ {±I_{2k1} } ⊂ SO(2k_1). Let J = ( 0 1 1 0 ) ∈ O(2). Then J^2 = I_2. Therefore, by the right list in Lemma 2.3, we have that

σ_1 ∘ ι (( J 0 0 −1 )) ∈ {±I_{2k1} } ⊂ U(2k_1) ⊂ SO(2k_1). (2.1)

If G^{′′}_1 = SO(2k_1), then the statement σ_1 ∘ ι(S(O(2) × O(1))) ⊂ {±I_{2k1} } is straightforward because of Lemma 2.3. Assume G^{′′}_1 = SU(k_1) × T^1. Now we can put

σ_1 ∘ ι (( A 0 0 1 )) = A^γ ∈ SO(2) ⊂ SO(2k_1)

for A ∈ SO(2), where γ ∈ Z and A^γ ∈ SO(2) ≃ T^1 ⊂ U(k_1) ⊂ SO(2k_1) for the diagonal subgroup T^1 ⊂ U(k_1), because SO(2) is the abelian group. Hence, by Eq. (2.1), we have that

A^γ = σ_1 ∘ ι (( A 0 0 1 ))

= σ_1 ∘ ι (( J 0 0 −1 ) ( A 0 0 1 ) ( J 0 0 −1 ))

= σ_1 ∘ ι (( A^{−1} 0 0 1 ))

= A^{−γ} . It follows that γ = 0; hence, we have the second statement. □

If m_j ≥ 2, then we can easily show that σ_1 ∘ ι ∘ r_j (S_1) ⊂ {±I_{2k1} }. Hence, by the above Lemma 2.5, we can regard σ_1(S_1) ⊂ {±I_{2k1} }. This corresponds with the previous fact that σ_s( ∏_b j=1 SO(2m_j )) = {e} in Lemma 7.1, 7.2, 7.3 in Chapter 2. Because {±I_{2k1} } is the center of SO(2k_1), we can use the same argument in the previous Section 7 in Chapter 2 for analyzing the slice representation σ_1.

2.3. Global structures of codimension 1 extended actions. We next study the global structure of (M, G). Even if M is non-oriented, the following structure theorem holds (see [6, 8.2 Theorem in Chapter IV]):

Theorem 2.6. Let (M, G) be a G-manifold M with codimension 1 orbits. If every orbit is principal, then M is a G/K-bundle over S^1. Otherwise, there are two non-principal orbits G/K_1 and G/K_2 such that K_1 ∩ K_2 ⊃ K (K is the principal isotropy subgroup). Furthermore, there exists a closed, invariant tubular neighborhood X_s of G/K_s for s = 1, 2 such that

M = X_1 ∪ X_2 and X_1 ∩ X_2 = ∂X_1 = ∂X_2 = G/K,

where ∂X_s means the boundary of X_s.

Because of Lemma 2.1, we can assume G/K_1 is a singular orbit and a torus manifold throughout this chapter; moreover, because of Theorem 2.6, there are the following three cases:

(1) G/K_2 is a torus manifold (automatically G/K_2 is a singular orbit); (2) G/K_2 is an exceptional orbit, namely, dim G/K_2 = dim G/K = 2n − 1; (3) G/K_2 is not a torus manifold but a singular orbit.

We call the above cases the case (1), (2) and (3), respectively. Remark that if M is simply connected, then we do not need to consider the case (2) (see Theorem 2.6 in Chapter 2 or [50, Lemma 1.2.1]). From the next section, we start to classify for each above case.

Before we go to the next section, we introduce the following Lemma 2.7 for the attaching map of f : ∂X_1 → ∂X_2. In the final part of the classification, we compute the attaching maps f from ∂X_1 to ∂X_2, and construct the manifold M(f) = X_1 ∪_f X_2 by using f. For two attaching maps f and f^′, we know whether M(f) and M(f^′) are diffeomorphic or not, by making use of the following Uchida’s criterion (see [50, Lemma 5.3.1]).

Lemma 2.7 (Uchida’s criterion). Let f, f^′ : ∂X_1 → ∂X_2 be G-equivariant diffeomorphisms. Then M(f) is equivariantly diffeomorphic to M(f^′) as G-manifolds, if one of the following conditions are satisfied:

(1) f is G-diffeotopic to f^′;

(2) f^{−1}f^′ is extendable to a G-equivariant diffeomorphism on X_1; (3) f^′f^{−1} is extendable to a G-equivariant diffeomorphism on X_2.

We remark that this criterion also holds for non-orientable cases.

Using the above criterion (1), we can take the attaching map f from the group N(K; G)/N(K; G)^o, where N(K; G) is the normalizer of K in G and N(K; G)^o is its identity component (also see Section 8.1 in Chapter 2).

3. The case (1): two singular orbits are torus manifolds

The goal of this section is to classify the case (1). So, in this section, we assume that the other singular orbit G/K_2 is also a torus manifold. Then we can put dim G/K_s = 2n − 2k_s for k_s ≥ 1 and s = 1, 2. Note that the proof of this case is similarly to that of the previous classification Chapter 2.

3.1. Notations and main theorem. First, we state the main theorem of this section. In order to state it, we prepare some notations. A manifold X×_H Y denotes a quotient manifold of X× Y divided by a free H-action. The manifold (∏_a i=1 S^{2li+1} ) ×_T a S(C^k_a ⊕ R) is the quotient manifold of (∏_a i=1 S^{2li+1} ) × S(C^k_a ⊕ R) divided by the following T^a-action: T^a acts on ∏_a i=1 S^{2li+1} by the a-times product of the scaler S^1-action on S^{2li+1} ⊂ C^{li +1} for i = 1, · · · , a (in other words, T^a acts on ∏_a i=1 S^{2li+1} naturally); and T^a acts on the 2k-dimensional sphere S(C^k_a ⊕ R) ⊂ C^k_a ⊕ R through the representation a : T^a → S^1 such that a(t_1, · · · , t_a) → t^{α1}_1 · · · t^{αa}_a for some α_1, · · · , α_a ∈ Z, that is, C^k_a ≃ C^k (as a vector space) is the representation space of the representation a (S^1 acts on this space by the scaler multiplication). The manifold (∏_{a−1} i=1 S^{2li+1} ) ×_T a−1 P (C^{k1}_b ⊕ C^{k2} ) is

the projectify of the complex vector bundle (∏_{a−1} i=1 S^{2li+1} ) ×_T a−1 (C^{k1}_b ⊕ C^{k2} ), where T^{a−1} acts on ∏_{a−1} i=1 S^{2li+1} naturally; and T^{a−1} acts on the representation space C^{k1}_b ≃ C^{k1} through the representation b : T^{a−1} → S^1, and on C^{k2} trivially. A group A is a subgroup of ∏_b j=1 Z_2, where Z_2 is generated by the antipodal involution on S^{2mj} for j = 1, · · · , b.

Now we may state the main theorem in this section.

Theorem 3.1. Suppose a torus manifold M has a codimension one extended G-action. If there are two singular orbits and both of them are torus manifolds, then (M, G) is essentially isomorphic to b∏ j=1 S^{2mj} ×_A N, b∏ j=1 SO(2m_j + 1) × H ,

such that (N, H) is one of the followings: N H (a) (∏_a i=1 S^{2li +1} ) ×_T a S(C^k_a ⊕ R) ∏_a i=1 SU(l_i + 1) × U(k) (b) (∏_{a−1} i=1 S^{2li+1} ) ×_T a−1 P (C^{k1}_b ⊕ C^{k2} ) ∏_{a−1} i=1 SU(l_i + 1) × S(U(k_1) × U(k_2)) (c) ∏_a i=1 C P (l_i ) × S(R^{2k} ⊕ R) ∏_a i=1 SU(l_i + 1) × SO(2k) where A acts on ∏_b j=1 S^{2mj} as the subgroup ∏_b j=1 Z_2 and on the fibre of N through the following representations:

(a): σ_C : A → {±1} ⊂ S^1 on S(C^k_a ⊕ R) ∩ C^k_a ; (b): σ_C : A → {±1} ⊂ S^1 on C^{k1}_b -factor in P (C^{k1}_b ⊕ C^{k2} ); (c): σ_R : A → {±I_{2k}} ⊂ SO(2k) on S(R^{2k} ⊕ R) ∩ R^{2k} ;

respectively.

Here, G-actions on M are as follows: ∏ SO(2m_j + 1) and ∏ SU(l_i + 1) act naturally on ∏ S^{2mj} and ∏ S^{2li+1}, respectively; and U(k), S(U(k_1) × U(k_2)) and SO(2k) act naturally on C^k_a , C^{k1}_b ⊕ C^{k2} and R^{2k} , respectively.

From the next subsection, we start to prove the above theorem.

3.2. Singular isotropy subgroups and images of their slice representations. Because G/K_2 is a torus manifold, the pair (G, K_2) as well as (G, K_1) which is described in Lemma 2.2 satisfies the following property:

(G, K_2) = c∏ i=1 SU(l^′_i + 1) × d∏ j=1 SO(2m^′_j + 1) × G^{′′}_2 , c∏ i=1 S(U(l^′_i) × U(1)) × S_2 × G^{′′}_2 ,

where ∏_d j=1 SO(2m^′_j ) ⊂ S_2 ⊂ ∏_d j=1 S(O(1) × O(2m^′_j )) and G^{′′}_2 is a product of connected, simple Lie groups and tori.

By the same argument of Section 6, 7 in Chapter 2 for G/K^o_1 and G/K^o_2 (where K^o_s is the identity component of K_s), we have

(G, K_1, K_2) = ( b∏ j=1 SO(2m_j + 1) × ^G, S_1 × ^K_1, S_2 × ^K_2)

such that ( ^G, ^K_1, ^K_2) is as follows: (a): ^G = ∏_a i=1 SU(l_i + 1) × SU(k) × T^1, ^K_1 = ^K_2 = ∏^a_{i=1} S(U(l_i) × U(1)) × SU(k) × T 1, where dim G/K_s = 2n − 2k and k ≥ 1 (k_1 = k_2 = k); (b): ^G = ∏_{a−1} i=1 SU(l_i + 1) × SU(k_1) × SU(k_2) × T^1, ^K_1 = ∏^{a−1}_{i=1} S(U(l_i) × U(1)) × SU(k_1) × S(U(k_2 − 1) × U(1)) × T 1, ^K_2 = ∏^{a−1}_{i=1} S(U(l_i) × U(1)) × S(U(k_1 − 1) × U(1)) × SU(k_2) × T 1, where dim G/K_s = 2n − 2k_s and k_s ≥ 1; (c): ^G = ∏_a i=1 SU(l_i + 1) × SO(2k), ^K_1 = ^K_2 = ∏^a_{i=1} S(U(l_i) × U(1)) × SO(2k), where dim G/K_s = 2n − 2k and k ≥ 2 (k_1 = k_2 = k).

We call the above cases the case (1)-(a), (1)-(b) and (1)-(c), respectively.

Next, we consider the slice representation σ_s for s = 1, 2. Because of Lemma 2.3 and 2.5, we have σ_s : K_s = K^′_s × G^{′′}_s → SO(2k_s). Moreover, there are the following two cases: G^{′′}_s σ_s(G^{′′}_s ) σ_s(K^′_s) SU(k_s) × T^1 U(k_s) ⊂ O(2k_s) Z(U(k_s)) ≃ T^1 ⊂ U(k_s) ⊂ SO(2k_s) SO(2k_s) SO(2k_s) Z(SO(2k_s)) = {±I_{2ks} } ⊂ SO(2k_s) where the right list means σ_s(K^′_s) ⊂ Z(U(k_s)) or Z(SO(2k_s)).

In order to classify the above each case, we analyze the followings: principal isotropy subgroups K = σ^{−1}_1 (SO(2k_1 − 1)) = σ^{−1}_2 (SO(2k_2 − 1)); attaching maps f : G/K = ∂X_1 → ∂X_2 = G/K ∈ N(K; G)/N(K; G)^o (see Section 2.3); and constructions of G-manifolds as M(f) = X_1 ∪_f X_2, where X_s denotes a G-invariant tubular neighborhood of G/K_s for s = 1, 2.

3.3. The case (1)-(a). In this subsection, we study the case (1)-(a), that is, • G = ∏_b j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × SU(k) × T^1, • K_1 = S_1 × ∏_a i=1 S(U(l_i) × U(1)) × SU(k) × T^1, • K_2 = S_2 × ∏_a i=1 S(U(l_i) × U(1)) × SU(k) × T^1 where ∏_b j=1 SO(2m_j ) ⊂ S_s ⊂ ∏_b j=1 S(O(2m_j ) × O(1)), dim G/K_s = 2n − 2k, and k ≥ 1 for s = 1, 2.

In order to know the precise structure of K, we analyze slice representations σ_s : K_s → SO(2k). By Section 3.2, the slice representation σ_s : K_s → U(k) ⊂ SO(2k) satisfies the followings:

σ_s(S(U(l_i) × U(1))) = {I_{2k}} or Z(U(k)) = T^1 ⊂ U(k) for all i = 1, · · · , a; σ_s(SU(k) × T^1) = U(k),

where Z(U(k)) = T^1 ⊂ U(k) is the center of U(k), i.e., the diagonal subgroup. Because σ_s(S^o_s ) = σ_s( ∏_b j=1 SO(2m_j )) = {1} ⊂ T^1 ⊂ U(k) (by making use of Lemma 2.5) and S_s/ ∏_b j=1 SO(2m_j ) ≃

A_s ⊂ ∏_b j=1 Z_2 (i.e., A_s is a subgroup of ∏_b j=1 Z_2 generated by antipodal involutions), we have that

σ_s(S_s) = σ_C (A_s) ⊂ {±1} ⊂ T^1 ⊂ U(k),

where σ_C : A_s → {±1}. If σ_s(S_s) = {1} then we can apply the same argument in Chapter 2. So we assume σ_s(S_s) = {±1}.

Now, the principal isotropy subgroup K is as follows (X ≡ Y means that two groups X and Y are conjugate in G):

K ≡ σ^{−1}_1 (U(k − 1)) = {( A, (t_1, · · · , t_a), ( X 0 0 x ) , t ) | | | σ_1(A)xt^{α1}_1 · · · t^{αa}_a t^α = 1 }

≡ σ^{−1}_2 (U(k − 1)) = {( B, (t_1, · · · , t_a), ( Y 0 0 y ) , t ) | | | | σ_2(B)yt^{β1}_1 · · · t^{βa}_a t^β = 1 } , where A ∈ S_1, B ∈ S_2; X, Y ∈ U(k − 1), x, y ∈ T^1 such that x det X = y det Y = 1; and

(t_1, · · · , t_a) = (( U_1 0 0 t_1 ) , · · · , ( U_a 0 0 t_a )) ∈ a∏ i=1 S(U(l_i) × U(1)). First we take A = B = e ∈ S_1 ∩ S_2 (the identity elements in ∏_b j=1 SO(2m_j + 1)). Then σ_1(A) = 1 = σ_2(B). Hence, by using the the same argument of Section 7.1 in Chapter 2 for A = B = e, we have that α_i = β_i ∈ Z for i = 1, · · · , a, and α = β ∈ N. Moreover, if k = 1 then we can take α = β = 1 (up to essential isomorphism). Next, we consider the following part in K (if k ≥ 2):

R_1 = {( A, e, ( J 0 0 σ_1(A) ) , 1 ) | | | | A ∈ S_1 }

≡ {( B, e, ( J 0 0 σ_2(B) ) , 1 ) | | | | B ∈ S_2 } = R_2,

where e ∈ ∏_a i=1 S(U(l_i) × U(1)) is the identity element and J ∈ U(k − 1) such that J = I_{k−1} (if σ_s(C_s) = 1) or det J = −1 with J^2 = I_{k−1} (if σ_s(C_s) = −1) for s = 1, 2 and C_1 = A, C_2 = B. For R_1 and R_2, we can easily show the following isomorphisms (not identity in G):

S_1 ≃ R_1, S_2 ≃ R_2.

Because R_1 ≡ R_2, we see that

S_1 = S_2 ⊂ K_1 ∩ K_2

by the definition of S_s, i.e., we can regard K_1 = K_2 in G. If k = 1, then we can apply the same above argument by taking the set {(A, e, σ_1(A))} ≡ {(B, e, σ_2(B))}, and we can regard K_1 = K_2. Therefore, by using the above argument, we have σ_1 = σ_2. Moreover, K is as follows: K = {( A, (t_1, · · · , t_a), ( X 0 0 x ) , t ) | | | | σ_1(A)xt^{α1}_1 · · · t^{αa}_a t^α = 1 }

As the result of the above argument, the tubular neighborhood X_s = G ×_{Ks} D^{2k} (s = 1, 2) is equivariantly diffeomorphic to the following manifold: b∏ j=1 S^{2mj} ×_A (_a ∏ i=1 S^{2li+1} ×_T a D(C^k_a ) ) , (3.1)

where T^a acts on ∏_a i=1 S^{2li+1} naturally, and on D(C^k_a ) by a : (t_1, · · · , t_a) → t^{α1}_1 · · · t^{αa}_a ; and A = A_1 = A_2(≃ S_1/S^o_1 = S_2/S^o_2 ) acts on ∏_b j=1 S^{2mj} as the subgroup of ∏_b j=1 Z_2, and on D(C^k_a ) by σ_C : A → {±1} (induced by σ_1). Here, G = ∏_b j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × SU(k) × T^1 acts on this manifold as follows: ∏_b j=1 SO(2m_j + 1) acts on ∏_b j=1 S^{2mj} naturally; ∏_a i=1 SU(l_i + 1) acts on ∏_a i=1 S^{2li+1} naturally; and SU(k) × T^1 acts on D(C^k_a ) by (A, t) → At^α ∈ U(k).

Next, we analyze attaching maps f : ∂X_1 → ∂X_2. Because of α ∈ N, we have N(K; G)/N(K; G)^o ≃ b∏ j=1 Z_2 × a∏ i=1 W_{li +1}, where ∏_b j=1 S(O(2m_j ) × O(1))/SO(2m_j ) ≃ ∏_b j=1 Z_2 and

W_{li +1} = { {I_{li+1}} if l_i ≥ 2 or α_i ≠ 0

S_2 if l_i = 1 and α_i = 0.

Here, the above S_2(≃ Z_2) is the Weyl group of SU(2). Therefore, by the same argument as Section 8.2 in Chapter 2, we can show that I ∘ f : ∂X_1 → ∂X_1 is extendable to the equivariant map X_1 → X_1, where I : G/K = ∂X_2 → ∂X_1 = G/K is the identity attaching map. Hence, M(f) ∼= M(I) for all attaching maps f by the Uchida’s criterion (2). As the result, we have that if the case (1) holds for (M, G), then such (M, G) is only determined by the representations a : T^a → T^1 and σ_C : A → {±1} (up to essential isomorphism), i.e., if we fix the representations a and σ_C , then (M, G) is unique up to essential isomorphism. Thus, we have that such manifold M and G are as follows (up to essential isomorphism): M = b∏ j=1 S^{2mj} ×_A (_a ∏ i=1 S^{2li+1} ×_T a S(C^k_a ⊕ R) ) ,

G = b∏ j=1 SO(2m_j + 1) × a∏ i=1 SU(l_i + 1) × U(k), by computing the orbits G/K, G/K_1 and G/K_2. This corresponds with the first case of Theorem 3.1.

3.4. The case (1)-(b). In this subsection, we study the case (1)-(b), that is, • G = ∏_b j=1 SO(2m_j + 1) × ∏_{a−1} i=1 SU(l_i + 1) × SU(k_1) × SU(k_2) × T^1, • K_1 = S_1 × ∏_{a−1} i=1 S(U(l_i) × U(1)) × SU(k_1) × S(U(k_2 − 1) × U(1)) × T^1, • K_2 = S_2 × ∏_{a−1} i=1 S(U(l_i) × U(1)) × S(U(k_1 − 1) × U(1)) × SU(k_2) × T^1,

where ∏_b j=1 SO(2m_j ) ⊂ S_s ⊂ ∏_b j=1 S(O(2m_j ) × O(1)), dim G/K_s = 2n − 2k_s and k_s ≥ 1 for s = 1, 2.

In order to know the precise structure of K, we analyze the slice representation σ_s : K_s → SO(2k_s). The following property can be proved similarly to that of the case (1)-(a) (see Section 3.2, 3.3):

σ_s(S(U(l_i) × U(1))) = {I_{2ks} } or Z(U(k_s)) ⊂ U(k_s) for all i = 1, · · · , a − 1; σ_s(S(U(k_r − 1) × U(1))) = {I_{2ks} } or Z(U(k_s)) ⊂ U(k_s); σ_s(SU(k_s) × T^1) = U(k_s); σ_s(S_s) = σ_C (A_s) ⊂ {±1},

where s + r = 3 and s, r ≥ 1. Therefore, K satisfies that

K ≡ σ^{−1}_1 (U(k_1 − 1)) = {( A, (t_1, · · · , t_{a−1}), ( C 0 0 c ) , ( X 0 0 x ) , t ) | | | | σ_1(A) = t^{α1}_1 · · · t^{αa−1}_{a−1} x^{αa} t^αc }

≡ σ^{−1}_2 (U(k_2 − 1)) = {( B, (t_1, · · · , t_{a−1}), ( Y 0 0 y ) , ( D 0 0 d ) , t ) | | | σ_2(B) = t^{β1}_1 · · · t^{βa−1}_{a−1} y^{βa} t^β d } , where A ∈ S_1, B ∈ S_2, (t_1, · · · , t_{a−1}) ∈ ∏_{a−1} i=1 S(U(l_i) × U(1)), and C, Y ∈ U(k_1 − 1), D, X ∈ U(k_2 − 1), x, y, c, d ∈ T^1 such that x det X = y det Y = c det C = d det D = 1.

By the same argument as Section 7.2 in Chapter 2 for σ_1(A) = 1 = σ_2(B), we see that

α_i = β_i ∈ Z for i = 1, · · · , a − 1, and α_a = β_a = 1 and α = β ∈ N.

Moreover, if k_1 = 1 or k_2 = 1, then we have that α = 1 or β = 1, respectively. Using the method similar to that demonstrated in Section 3.3, we can also prove

S_1 = S_2 ⊂ K_1 ∩ K_2,

and σ_1|_{S1} = σ_2|_{S2} (i.e., the restricted representations are the same representations). Hence, K is as follows: K = {( A, (t_1, · · · , t_{a−1}), ( Y 0 0 y ) , ( X 0 0 x ) , t ) | | | | σ_1(A)t^{α1}_1 · · · t^{αa−1}_{a−1} xyt^α = 1 } . As the result of the above argument, the tubular neighborhood X_s = G ×_{Ks} D^{2ks} (s = 1, 2) is equivariantly diffeomorphic to the following manifold: b∏ j=1 S^{2mj} ×_A (_{a−1} ∏ i=1 S^{2li +1} ×_T a−1 D(C^{ks}_b ) ) × C P (k_r − 1), where T^{a−1} acts on ∏_{a−1} i=1 S^{2li+1} naturally and on D(C^{ks}_b ) by b : (t_1, · · · , t_{a−1}) → t^{α1}_1 · · · t^{αa−1}_{a−1} , A(= A_s ≃ S_s/S^o_s ) acts on ∏_b j=1 S^{2mj} as the subgroup of ∏_b j=1 Z_2 and on D(C^{ks}_b ) by σ_C : A → {±1}, and s + r = 3 for s, r ≥ 1. Here, G = ∏_b j=1 SO(2m_j + 1) × ∏_{a−1} i=1 SU(l_i + 1) × SU(k_s) × T^1 × SU(k_r) acts on this manifold as follows: ∏_b j=1 SO(2m_j + 1) acts on ∏_b j=1 S^{2mj} naturally; ∏_{a−1} i=1 SU(l_i + 1) acts on ∏_{a−1} i=1 S^{2li +1} naturally; SU(k_s) × T^1 acts on D(C^{ks}_b ) by (A, t) → At^α;

and SU(k_r) acts on C P (k_r − 1) naturally.

Next, we analyze attaching maps f : ∂X_1 → ∂X_2. In this case, we have N(K; G)/N(K; G)^o ≃ b∏ j=1 Z_2 × a−1∏ i=1 W_{li+1} where ∏_b j=1 S(O(2m_j ) × O(1))/SO(2m_j ) ≃ ∏_b j=1 Z_2 and

W_{li +1} = { {I_{li+1}} if l_i ≥ 2 or α_i ≠ 0 S_2 if l_i = 1 and α_i = 0.

This is the same as the case (1)-(a). Therefore, we can show the Uchida’s criterion (2) for I ∘ f. Hence, by using the similar argument to that demonstrated in Section 3.3, we have that (M, G) which satisfies the case (1)-(b) is unique up to essential isomorphism if we fix the representations b and σ_C . Thus, we have that M and G in the case (1)-(b) are as follows (up to essential isomorphism): M = b∏ j=1 S^{2mj} ×_A (_{a−1} ∏ i=1 S^{2li+1} ×_T a−1 P (C^{k1}_b ⊕ C^{k2} ) ) ,

G = b∏ j=1 SO(2m_j + 1) × a−1∏ i=1 SU(l_i + 1) × S(U(k_1) × U(k_2)).

This corresponds with the second case of Theorem 3.1.

3.5. The case (1)-(c). In this subsection, we study the case (1)-(c), that is, • G = ∏_b j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × SO(2k), • K_1 = S_1 × ∏_a i=1 S(U(l_i) × U(1)) × SO(2k), • K_2 = S_2 × ∏_a i=1 S(U(l_i) × U(1)) × SO(2k), where ∏_b j=1 SO(2m_j ) ⊂ S_s ⊂ ∏_b j=1 S(O(2m_j ) × O(1)), dim G/K_s = 2n − 2k and k ≥ 2 for s = 1, 2.

In order to know the precise structure of K, we analyze the slice representation σ_s : K_s → SO(2k) as well as the cases (1) and (2). By Section 3.2, we have the followings for the slice representation σ_s : K_s → SO(2k):

σ_s(S(U(l_i) × U(1))) = {I_{2k}} ⊂ SO(2k) for all i = 1, · · · , a; σ_s(SO(2k)) = SO(2k); σ_s(S_s) = σ_R(A_s) ⊂ {±I_{2k}}. Therefore, we have that K is the following subgroup:

K ≡ σ^{−1}_1 (SO(2k − 1)) = {( A, (t_1, · · · , t_a), ( E 0 0 e )) | | | | σ_1(A)e = 1 }

≡ σ^{−1}_2 (SO(2k − 1)) = {( B, (t_1, · · · , t_a), ( F 0 0 f )) | | | σ_2(B)f = 1 } , where A ∈ S_1, B ∈ S_2, (t_1, · · · , t_a) ∈ ∏_a i=1 S(U(l_i) × U(1)), and E, F ∈ O(2k − 1), e, f ∈ O(1) such that e det E = f det F = 1.

Next, we consider the following part in K:

R_1 = {( A, (1, · · · , 1), ( σ_1(A)I_{2k−1} 0

0 σ_1(A) )) | | | | σ_1(A) = ±1 }

≡ {( B, (1, · · · , 1), ( σ_2(B)I_{2k−1} 0

0 σ_2(B) )) | | | σ2(B) = ±1 } = R_2.

By using R_1, R_2 and the method similar to that demonstrated in Section 3.3 (the case (1)-(a)), we can regard K_1 = K_2 in G and σ_1 = σ_2. Hence, K is as follows: K = a∏ i=1 S(U(l_i) × U(1)) × {( A, ( X 0 0 x )) ∈ S_1 × S(O(2k − 1) × O(1)) | | | | σ_1(A)x = 1 }

As the result of the above argument, the tubular neighborhood X_s = G ×_{Ks} D^{2k} (s = 1, 2) is equivariantly diffeomorphic to the following manifold: a∏ i=1 C P (l_i ) × b∏ j=1 S^{2mj} ×_A D(R^{2k} ) , (3.2)

where A(= A_s ≃ S_s/S^o_s ) acts on ∏_b j=1 S^{2mj} as the subgroup of ∏_b j=1 Z_2 and on D(R^{2k} ) by σ_R : A → {±I_{2k}}. Here, G = ∏_b j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × SO(2k) acts on this manifold as follows: ∏_a i=1 SU(l_i + 1) acts on ∏_a i=1 C P (l_i ) naturally; ∏_b j=1 SO(2m_j + 1) acts on ∏_b j=1 S^{2mj} naturally; and SO(2k) acts on D(R^{2k} ) naturally.

Next, we analyze attaching maps f : ∂X_1 → ∂X_2. In this case, we have N(K; G)/N(K; G)^o ≃ b∏ j=1 Z_2 × a∏ i=1 W_{li} × W, where W = S(O(2k − 1) × O(1))/SO(2k − 1) = {I_{2k}, −I_{2k}} ≃ Z_2, and

W_{li +1} = { {I_{li+1}} if l_i ≥ 2 or α_i ≠ 0 S_2 if l_i = 1 and α_i = 0.

Therefore, by the same argument of [?, Section 8.4], we can show the Uchida’s criterion (2) for I ∘f. Hence, by using the similar argument to that demonstrated in Section 3.3, we have that (M, G) which satisfies the case (1)-(c) is unique up to essential isomorphism if we fix the representation σ_R. Thus, we have that M and G in the case (1)-(c) are as follows (up to essential isomorphism): M = b∏ j=1 S^{2mj} ×_A (_a ∏ i=1 C P (l_i ) × S(R^{2k} ⊕ R) ) ,

G = b∏ j=1 SO(2m_j + 1) × a∏ i=1 SU(l_i + 1) × SO(2k). This corresponds with the third case of Theorem 3.1.

4. Preliminary for the cases (2) and (3)

In this section, we prepare to classify the other cases, i.e., G/K_1 is a torus manifold but G/K_2 is not a torus manifold (the cases (2) and (3)). Henceforth, we assume that G/K_2 is not a torus manifold. In this case, G/K_2 ∩ M^T = ∅, by using Lemma 2.1. It follows that T ⊂ G (a maximal torus) but T ⊄ K^o_2 , i.e., rank G > rank K^o_2 .

We first prove that dim G/K^o_2 = dim G/K_2 is odd. Because G/K_1 is a torus manifold, we can apply the same argument which is demonstrated in Section 3 to get K (also see Section 4.1). By using K’s in Section 3, we can easily show the following formula: rank G = rank K^o_1 = rank K^o + 1.

Let T^′ ⊂ K^o be a maximal torus such that T^′ ⊂ T . If T^′ is not a maximal torus in K^o_2 , then we have rank K^o_2 = rank K^o + 1 by using T^′ ⊂ K^o ⊂ K^o_2 ⊂ G and the above formula. However, this gives a contradiction to rank G > rank K^o_2 . Therefore, we have rank K^o_2 = rank K^o. Due to [16, Theorem 1.1], we also have dim K^o_2 /K^o is even. Thus, by considering the fibration: K^o_2 /K^o → G/K^o → G/K^o_2 and dim G/K^o = 2n − 1, we have that dim G/K^o_2 = dim G/K_2 is odd. Hence, we can put dim G/K_2 = 2n − 2k_2 + 1 for k_2 ≥ 1. Remark that if k_2 = 1 then this is in the case (2): G/K_2 is an exceptional orbit, otherwise this is in the case (3): G/K_2 is a singular orbit.

Since our G-action on M has codimension 1 orbits, we have that K_2/K ∼= S^{2k2−2} in each case.

In summary, we have the following lemma.

Lemma 4.1. Suppose a torus manifold (M, T ) has codimension 1 extended G-actions. If G/K_2 is not a torus manifold, then

dim G/K_2 = 2n − 2k_2 + 1, K_2/K ∼= S^{2k2−2}, for k_2 ≥ 1.

4.1. Structures of G/K_1 and their tubular neighborhoods of the cases (2) and (3). The main part to classify the cases (2) and (3) is to determine the group K_2 and its inclusion K_2 ⊂ G. From the next section, We will determine K_2 ⊂ G by making use of the relation K ⊂ K_2 ⊂ G and the classification result of the transitive action on S^{2k2 −2}. In this subsection, we recall G, K_1 and K; and in the next subsection, we give an important remark for the attaching map.

Let dim G/K_1 = 2n − 2k_1 for k_1 ≥ 1. By Lemma 2.2, 2.3 and Remark 2.4, we have (G, K_1) as the following two cases:

(a): G = ∏_b j=1 SO(2m_j +1)× ∏_a i=1 SU(l_i +1)×SU(k_1)×T^1, and K_1 = S_1 × ∏_a i=1 S(U(l_i)× U(1)) × SU(k_1) × T^1 for k_1 ≥ 1;

(b): G = ∏_b j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × SO(2k_1), and K_1 = S_1 × ∏_a i=1 S(U(l_i) × U(1)) × SO(2k_1) for k_1 ≥ 2.

We call them the case (a) and (b) respectively.

4.1.1. The case (a). For the principal isotropy subgroup K of the case (a), we can easily show the following by using the same argument in Section 3.3: K = {( A, (t_1, · · · , t_a), ( X 0 0 x ) , t ) | | | | σ_1(A)xt^{α1}_1 · · · t^{αa}_a t^α = 1 } , where A ∈ S_1, (t_1, · · · , t_a) ∈ ∏_a i=1 S(U(l_i) × U(1)), t ∈ T^1 and X ∈ U(k_1 − 1) such that x det X = 1. Here, σ_1(A) ⊂ {±1} ⊂ S^1 and (α_1, · · · , α_a, α) ∈ Z^a × N. If k_1 = 1, then we can take α = 1. Therefore, a tubular neighborhood X_1 = G ×_{K1} D^{2k1} of the case (a) is equivariantly diffeomorphic to the following manifold defined in (3.1): b∏ j=1 S^{2mj} ×_{A1} (_a ∏ i=1 S^{2li+1} ×_T a D(C^{k1}_c ) ) . (4.1)

Remark that from this section we write the representation a : T^a → S^1 as c.

4.1.2. The case (b). For the principal isotropy subgroup K of the case (b), we can easily show the following by using the same argument in Section 3.5: K = a∏ i=1 S(U(l_i) × U(1))

× {( A, ( X 0 0 x )) ∈ S_1 × S(O(2k_1 − 1) × O(1)) | | | | σ_1(A)x = 1 } . Hence, a tubular neighborhood X_1 = G ×_{K1} D^{2k1} of the case (b) is equivariantly diffeomorphic to the following manifold defined in (3.2): a∏ i=1 C P (l_i ) × b∏ j=1 S^{2mj} ×_{A1} D(R^{2k1} ) . (4.2)

4.2. Important remark for the attaching maps of the cases (2) and (3). Before we go to the next section, we give the following important remark for the attaching maps f : G/K = ∂X_1 → ∂X_2 = G/K. Remark 4.2. In each above case (a) and (b), we see that N(K; G)/N(K; G)^o is the same as one of the cases (1)-(a), (1)-(b) and (1)-(c). Therefore, we have already proved the Uchida’s criterion (2) for I ∘ f in Section 3, that is, I ∘ f : ∂X_1 → ∂X_1 is extendable to the equivariant map X_1 → X_1. Hence, once we know X_1 and X_2 for the cases (2) and (3), then a G-diffeomorphism M(f) ∼= M(I) always holds, i.e., the constructing manifold X_1 ∪ X_2 is unique. It follows that, for the cases (2) and (3), we may only analyse the structure of X_2 = G ×_{K2} D^{2k2−1}.

In the next six sections (the case (2) in Section 5, 6, 7; the case (3) in Section 8, 9, 10), we will analyze K_2 and its slice representation σ_2 : K_2 → O(2k_2 − 1) of the cases (2) and (3).

5. Main theorem and remarks of the case (2)

The goal of this section is to state the main theorem and give some remarks of the case (2). In this section and the next two sections, we assume that the other singular orbit G/K_2 is an exceptional orbit, i.e., dim G/K_2 = dim G/K = 2n − 1. Then we have k_2 = 1 and K_2/K ∼= S^0 by Lemma 4.1. Due to [6, 3.2 Theorem (ii) in Chapter IV], we have that K is a normal subgroup of K_2, i.e., K ⊂ K_2 ⊂ N(K; G), (5.1)

where N(K; G) is the normalizer of K in G.

5.1. Main theorem of the case (2). Before we state the main theorem, we prepare some notations (also see Section 3.1). Let A be a subgroup of ∏_b j=1 Z_2, where ∏_b j=1 Z_2 is generated by the antipodal involutions on S^{2mj} for j = 1, · · · , b. The subgroup Δ in S^1 ×O(1) (resp. in SO(2k_1)× O(1)) denotes the diagonal subgroup {(1, 1), (−1, −1)} (resp. {(I_{2k1} , 1), (−I_{2k1} , −1)}), and the subgroup O(1) in S^1 × O(1) (resp. in SO(2k_1) × O(1)) denotes the subgroup {(1, 1), (1, −1)} (resp. {(I_{2k1} , 1), (I_{2k1} , −1)}). Now we may state the main theorem of this case.

Theorem 5.1. Suppose a torus manifold M has a codimension one extended G-action. If there is an exceptional orbit, then (M, G) is essentially isomorphic to b∏ j=1 S^{2mj} ×_{A×Z2} N, b∏ j=1 SO(2m_j + 1) × H ,

such that (N, H) is one of the followings: N H (a) (∏_a i=1 S^{2li+1} ) ×_T a S(C^{k1}_c ⊕ R) ∏_a i=1 SU(l_i + 1) × U(k_1) (b) ∏_a i=1 C P (l_i ) × S(R^{2k1} ⊕ R) ∏_a i=1 SU(l_i + 1) × SO(2k_1)

where A acts on ∏_b j=1 S^{2mj} as the subgroup ∏_b j=1 Z_2 and on the fibre of N through the following representations:

(a): σ_C : A → {±1} ⊂ S^1 on S(C^{k1}_c ⊕ R) ∩ C^{k1}_c ; (b): σ_R : A → {±I_{2k1} } ⊂ SO(2k_1) on S(R^{2k1} ⊕ R) ∩ R^{2k1} ;

respectively, and Z_2 (i.e., the second factor of A×Z_2) acts on ∏_b j=1 S^{2mj} through the representation ρ : Z_2 → ∏_b j=1 Z_2 which satisfies ρ(Z_2) ∩ A = {1} and on the fibre of N through the following representations:

(a): σ_{C⊕R} : Z_2 → {±1} × O(1) ⊂ S^1 × O(1) on C^{k1}_c ⊕ R; (b): σ_{R⊕R} : Z_2 → {±I_{2k1} } × O(1) ⊂ SO(2k_1) × O(1) on R^{2k1} ⊕ R;

respectively, such that σ(= σ_{C⊕R}, σ_{R⊕R}) and ρ satisfy one of the followings:

(i): ρ is non-trivial, and σ(Z_2) = O(1) or σ(Z_2) = Δ; (ii): ρ is trivial, and σ(Z_2) = Δ.

Here, G-actions of (a), (b) are the same as Theorem 3.1 (a), (c), respectively.

Remark 5.2. All manifolds appeared in Theorem 5.1 (a), (b) are Z_2-quotient of manifolds appeared in Theorem 3.1 (a), (c), respectively. These Z_2-actions are defined by ρ × σ in Theorem 5.1. Moreover, we remark that torus actions of manifolds in Theorem 3.1 (a), (c) have the next property: two singular orbits are same (diffeomorphic to G/H). By the Z_2-quotient defined in Theorem 5.1, these two same singular orbits in Theorem 3.1 (a), (c) go to just one singular orbit G/K_1. Then G/K_1 can be regarded as Z_2\G/H (if ρ is non-trivial) or G/H (if ρ is trivial).

In order to prove Theorem 5.1, we divide this case (2) into two cases which correspond with the case (a) and (b) for the type of K_1 (see Section 4). We call them the case (2)-(a) and (2)-(b), respectively, i.e., the case (2)-(a) is that G/K_2 is an exceptional orbit and G/K_1 satisfies the case (a), and the case (2)-(b) is that G/K_2 is an exceptional orbit and G/K_1 satisfies the case (b).

In Section 6 and 7, we study the case (2)-(a) and (2)-(b), respectively. Before we go to Section 6, we give some technical remarks to study the case (2).

5.2. Remarks of the case (2). We have already analysed X_1 and attaching map f : ∂X_1 → ∂X_2 in Section 4.1.1, 4.1.2 and 4.2; therefore, in order to construct a G-manifold M = X_1 ∪_f X_2, we may only analyse X_2 = G ×_{K2} D(R), where D(R) = D^1 ⊂ R (1-dimensional disk).

Because K_2/K ≃ S^0 and G/K_2 is an exceptional orbit, we can easily show that the slice representation σ_2 : K_2 −→ O(1) always satisfies the following properties:

• σ_2 is surjective; • ker σ_2 = K.

Hence, a tubular neighborhood X_2 = G ×_{K2} D(R) is only determined by the inclusion K_2 ⊂ G. Therefore, we may only analyse the inclusion K ⊂ K_2 ⊂ N(K; G), (see (5.1)) in the case (2). So we first need to compute N(K; G). In the remainder of this section, we compute N(K; G) in the cases (2)-(a) and (2)-(b).

First we assume that K is in the case (2)-(a) (see Section 4.1.1). Because of the definition of K in the case (2)-(a), we have that N(K; G) is as follows: N(K; G) = b∏ j=1 S(O(2m_j ) × O(1)) × ∏ i∈I W_i × ∏ i^′ ∈I^′ S(U(l_i′ ) × U(1)) ×S(U(k_1 − 1) × U(1)) × T^1, where if l_i = 1 and α_i = 0 then i ∈ I, otherwise i^′ ∈ I^′ (I ∪ I^′ = {1, · · · , a}), and W_i = N(S(U(1) × U(1)); SU(2)) for i ∈ I. However, if l_i = 1 and α_i = 0 then we can regard SU(2) as SO(3) up to essential isomorphism (SU(2) ≈ SO(3)). Regarding {1, · · · , b} ∪ I as {1, · · · , b} and I^′ as {1, · · · , a} again, we can write N(K; G) as follows: N(K; G) = b∏ j=1 S(O(2m_j ) × O(1))

(5.2)

× a∏ i=1 S(U(l_i) × U(1)) × S(U(k_1 − 1) × U(1)) × T^1.

Next we assume that K is in the case (2)-(b) (see Section 4.1.2). By the similar argument of the case (2)-(a), we can regard N(K; G) in the case (2)-(b) as follows: N(K; G) = b∏ j=1 S(O(2m_j ) × O(1))

(5.3)

× a∏ i=1 S(U(l_i) × U(1)) × S(O(2k_1 − 1) × O(1)).

In the next two sections, we will analyse K ⊂ K_2 ⊂ N(K; G).

6. The case (2)-(a) In this section, we study the case (2)-(a). From Section 4.1.1, we have that G = b∏ j=1 SO(2m_j + 1) × a∏ i=1 SU(l_i + 1) × SU(k_1) × T^1,

K_1 = S_1 × a∏ i=1 S(U(l_i) × U(1)) × SU(k_1) × T^1,

K = {( A, (t_1, · · · , t_a), ( X 0 0 x ) , t ) | | | | σ_1(A)t^{α1}_1 · · · t^{αa}_a xt^α = 1 } . The elements of K are often denoted by (A, (t_1, · · · , t_a), x, t) simply.

In order to analyse the inclusion K ⊂ K_2 ⊂ N(K; G) (see (5.2) for N(K; G)), we first define p_1 and p_2 as the following two natural projections:

p_1 : N(K; G) −→ b∏ j=1 S(O(2m_j ) × O(1));

p_2 : N(K; G) −→ a∏ i=1 S(U(l_i) × U(1)) × S(U(k_1 − 1) × U(1)) × T^1.

Then we can easily prove the following lemma.

Lemma 6.1. For p_1, p_2 and K, the following properties hold:

(1) the image of K by p_1 satisfies p_1(K) = S_1; (2) if σ_1(S_1) = {1}, then K = S_1 × p_2(K) and

p_2(K) = {((t_1, · · · , t_a), x, t) | t^{α1}_1 · · · t^{αa}_a xt^α = 1}; (3) if σ_1(S_1) = {±1}, then (S_1 × p_2(K))/K ≃ Z_2 and p_2(K) = {((t_1, · · · , t_a), x, t) | t^{α1}_1 · · · t^{αa}_a xt^α = ±1}. Proof. We define R_1 ⊂ K as follows (also see Section 3.3):

R_1 = {( A, e, ( J 0 0 σ_1(A) ) , 1 ) | | | A ∈ S_1 }

where e ∈ ∏_a i=1 S(U(l_i) × U(1)) is the identity element and J ∈ U(k_1 − 1) such that J = I_{k1 −1} (if σ_1(A) = 1) or det J = −1 with J^2 = I_{k1 −1} (if σ_1(A) = −1). Then R_1 ≃ S_1. It follows that the first statement holds. The second and third statements are proved by the definition of K and the first property p_1(K) = S_1. □

Let S_2 be a subgroup of ∏_b j=1 S(O(2m_j ) × O(1)) such that S_2/S_1 ≃ Z_2. Because K_2/K ≃ S^0, for p_s(K_2) and p_s(K) (s = 1, 2), one of the following four cases occurs:

(i): p_1(K_2) = S_2, and p_2(K_2) = p_2(K);

(ii): p_1(K_2) = p_1(K) = S_1, and p_2(K_2)/p_2(K) ≃ Z_2; (iii): p_1(K_2) = p_1(K) = S_1, and p_2(K_2) = p_2(K); (iv): otherwise, i.e., p_1(K_2) = S_2, and p_2(K_2)/p_2(K) ≃ Z_2.

We call the above cases the case (2)-(a)-(i), (2)-(a)-(ii), (2)-(a)-(iii) and (2)-(a)-(iv), respectively.

6.1. The case (2)-(a)-(i). Suppose the case (2)-(a)-(i) occurs, that is,

p_1(K_2)/p_1(K) = S_2/S_1 ≃ Z_2, and p_2(K_2) = p_2(K) = {((t_1, · · · , t_a), x, t) | t^{α1}_1 · · · t^{αa}_a xt^α ∈ σ_1(S_1) ⊂ {±1}}.

Because K ⊂ p_1(K) × p_2(K) and K_2 ⊂ p_1(K_2) × p_2(K_2), in this case we have that K ⊂ S_1 × p_2(K), K ⊂ K_2 ⊂ S_2 × p_2(K).

(6.1)

First we assume σ_1(S_1) = {±1}, then (S_1 × p_2(K))/K ≃ Z_2 by Lemma 6.1 (3). Therefore, #(S_2 × p_2(K))/K = 4 by S_2/S_1 ≃ Z_2 and K ⊂ S_1 × p_2(K) ⊂ S_2 × p_2(K) (where #F is the number of the finite group F ). Hence, by making use of K_2/K ≃ S^0 and (6.1), we also have (S_2 × p_2(K))/K_2 ≃ Z_2.

(6.2) Because p_1(K_2) = S_2, K ⊂ K_2 ∩ (S_1 × p_2(K)) ⊂ K_2 and K_2/K ≃ S^0, we also have K_2 ∩ (S_1 × p_2(K)) = K.

(6.3)

Now we define the representation ρ : S_1 × p_2(K) → Z_2 as follows: ρ(A, (t_1, · · · , t_a), x, t) = σ_1(A)t^{α1}_1 · · · t^{αa}_a xt^α. By the definition of K, we have ker ρ = K. Let ~ρ : S_2 ×p_2(K) → Z_2 be a lift of this representation, i.e., the restricted representation ~ρ|_{S1×p2 (K)} coincides with ρ. Because S_2/S_1 ≃ Z_2 and ρ|_{p2 (K)} = ~ρ|_{p2 (K)}, this lift ~ρ is only determined by a representation σ_2 : S_2 → Z_2 such that σ_2|_{S1} = σ_1. Hence, we have the following lemma.

Lemma 6.2. Let ~ρ : S_2 ×p_2(K) → Z_2 be a lift of ρ. Then there is a representation σ_2 : S_2 → Z_2 such that σ_2|_{S1} = σ_1 and ~ρ is denoted as follows: ~ρ(B, (t_1, · · · , t_a), x, t) = σ_2(B)t^{α1}_1 · · · t^{αa}_a xt^α. On the other hand, by (6.2), there is the following sequence:

K_2^{~i}−→ S_2 × p_2(K)^{~r}−→ Z_2, where ~i is an inclusion and ~r is the surjective representation induced by the projective representation S_2 ×p_2(K) → (S_2 ×p_2(K))/K_2. Let r be the restricted representation ~r|_{S1×p2 (K)}. Using (6.3), we see that the representation r is induced by the natural surjection S_1 ×p_2(K) → (S_1 ×p_2(K))/K, i.e., there is the following restricted sequence:

K^i−→ S_1 × p_2(K)^r−→ Z_2,

where i is the natural inclusion. By the definition of K, we have that r can be identified with ρ. Therefore, by Lemma 6.2, we have that ~r = ~ρ for some σ_2 : S_2 → Z_2. In other wards, there is the representation σ_2 : S_2 → Z_2 such that

K_2 = ker ~ρ(= ker ~r)

(6.4) = {( B, (t_1, · · · , t_a), ( X 0 0 x ) , t ) | | | | σ_2(B)t^{α1}_1 · · · t^{αa}_a xt^α = 1 } . Next we assume σ_1(S_1) = {1}, then K = S_1 × p_2(K) by Lemma 6.1 (2). Hence, by using (6.1) and the assumption of the case (2)-(a)-(i), we have K_2 = S_2 × p_2(K).

We can regard this case as the case that σ_2(S_2) = {1} in Eq.(6.4).

Therefore, in the case (2)-(a)-(i), the inclusion K_2 ⊂ N(K; G) is completely determined by the subgroup S_2 ⊂ ∏_b j=1 S(O(2m_j ) × O(1)) and the representation σ_2 : S_2 → Z_2 such that σ_2|_{S1} = σ_1. Hence, using (4.1) and Remark 4.2, we can easily check the following manifold corresponds with M = X_1 ∪ X_2 up to essential isomorphism (by computing orbit types of the natural G = ∏_b j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × U(k_1) action): M = b∏ j=1 S^{2mj} ×_{A×Z2} (_a ∏ i=1 S^{2li+1} ×_T a S(C^{k1}_c ⊕ R) ) , where A = A_1 ≃ S_1/ ∏_b j=1 SO(2m_j ) and the A-quotient is defined by the following actions:

• on ∏_b j=1 S^{2mj} as the subgroup of ∏_b j=1 Z_2;

• on C^{k1}_c through the representation σ_1 : A → Z_2 (this representation is induced by σ_1 : S_1 → Z_2);

• on R trivially, and the Z_2-quotient is defined by the following actions:

• on ∏_b j=1 S^{2mj} by a non-trivial representation ρ : Z_2 → ∏_b j=1 Z_2 which satisfies ρ(Z_2) ∩ A = {1} (this corresponds with p_1(K_2) = S_2);

• on C^{k1}_c by a representation σ_2 : Z_2 → {±1}, where if σ_1 is trivial then σ_2 is also trivial (this corresponds with that if σ_1(S_1) = {1} then σ_2(S_2) = {1});

• on R by the natural representation (this corresponds with the existence of an exceptional orbit).

Remark that A×Z_2 acts on ∏_b j=1 S^{2mj} freely because ρ is non-trivial and satisfies ρ(Z_2)∩A = {1};

therefore, M is a manifold, more precisely a fibre bundle over ∏_b j=1 S^{2mj} /(A × Z_2) with the fibre ∏_a i=1 S^{2li+1} ×_T a S(C^{k1}_c ⊕ R).

6.2. The case (2)-(a)-(ii). Suppose the case (2)-(a)-(ii) occurs, that is, p_1(K_2) = p_1(K) = S_1 and p_2(K_2)/p_2(K) ≃ Z_2.

First we prove the following lemma.

Lemma 6.3. Suppose that p_2(K_2)/p_2(K) ≃ Z_2. Then the inclusion p_2(K_2) ⊂ p_2(N(K; G)) is unique. Furthermore, we have

p_2(K_2) = {( (t_1, · · · , t_a), ( X 0 0 x ) , t ) | | | | t^{α1}_1 · · · t^{αa}_a xt^α ∈ Z_m } , where m = 2 if σ_1(S_1) = {1} or m = 4 if σ_1(S_1) = {±1}.

Proof. We first remark that σ_1(S_1) ⊂ {±1}, by Section 4.1.1. Consider the following surjective representation σ : p_2(N(K; G)) = ∏_a i=1 S(U(l_i) × U(1)) × S(U(k_1 − 1) × U(1)) × T^1 → S^1 (induced by the slice representation σ_1): σ ( (t_1, · · · , t_a), ( X 0 0 x ) , t ) = t^{α1}_1 · · · t^{αa}_a xt^α (or t^{α1}_1 · · · t^{αa}_a t for k_1 = 1).

Then we see that p_2(K) = σ^{−1}(σ_1(S_1)) ⊂ p_2(K_2) by the definition of K. Therefore, we have that σ(p_2(K)) = σ_1(S_1) ⊂ σ(p_2(K_2)).

Because p_2(K_2)/p_2(K) ≃ Z_2, we also have that

σ(p_2(K_2))/σ(p_2(K)) ⊂ Z_2(⊂ σ(p_2(N(K; G)))/σ(p_2(K)) ≃ S^1).

If σ(p_2(K_2))/σ(p_2(K)) = {1} ⊂ Z_2, then σ(p_2(K_2)) = σ(p_2(K)) = σ_1(S_1). Hence, we have p_2(K_2) ⊂ σ^{−1}(σ_1(S_1)) = p_2(K). However, this gives a contradiction, because p_2(K_2)/p_2(K) ≃ Z_2. Therefore, we have

σ(p_2(K_2))/σ(p_2(K)) = Z_2 ⊂ S^1.

It follows that there are the following two cases:

• if σ_1(S_1) = σ(p_2(K)) = {1}, then σ(p_2(K_2)) = Z_2 = {±1} ⊂ S^1; hence, p_2(K_2) ⊂ σ^{−1}(Z_2);

• if σ_1(S_1) = σ(p_2(K)) = {±1}, then σ(p_2(K_2)) = Z_4 = {±1, ±i} ⊂ S^1; hence, p_2(K_2) ⊂ σ^{−1}(Z_4).

Because p_2(K_2)/p_2(K) ≃ Z_2 and p_2(K) = σ^{−1}(σ_1(S_1)), we can easily show that p_2(K_2) = σ^{−1}(Z_2) for the case σ_1(S_1) = {1} and p_2(K_2) = σ^{−1}(Z_4) for the case σ_1(S_1) = {±1}. Hence, we have that the inclusion of p_2(K_2) ⊂ p_2(N(K; G)) is uniquely determined by σ^{−1}(Z_2) or σ^{−1}(Z_4). Thus, we have the statement of this lemma. □

Assume σ_1(S_1) = {±1}. Then m = 4 by Lemma 6.3. Let ~ρ : S_1 × p_2(K_2) → Z_4 be the following representation: ~ρ(A, (t_1, · · · , t_a), x, t) = σ_1(A)t^{α1}_1 · · · t^{αa}_a xt^α ∈ Z_4. We can easily show that ~ρ^{−1}(Z_2) = S_1 × p_2(K) and ker ~ρ = K. Because K_2/K ≃ S^0, we also have ~ρ(K_2) = Z_2 ⊂ Z_4. Hence, we have K_2 ⊂ ~ρ^{−1}(Z_2) = S_1 × p_2(K). However, this gives a contradiction, because p_2(K_2)/p_2(K) ≃ Z_2. Therefore, we have σ_1(S_1) = {1}.

Thus, we have K = S_1 ×p_2(K) by Lemma 6.1 (2). Because K_2/K ≃ S^0 ≃ Z_2 ≃ p_2(K_2)/p_2(K) and K ⊂ K_2 ⊂ S_1 × p_2(K_2), the subgroup K_2 ⊂ N(K; G) in the case (2)-(a)-(ii) is as follows:

K_2 = S_1 × p_2(K_2),

where p_2(K_2) is the group in Lemma 6.3 with m = 2. Hence, with a method similar to that demonstrated in the case (2)-(a)-(i) (Section 6.1), we can easily check the following manifold corresponds with M = X_1 ∪ X_2 up to essential isomorphism: M = b∏ j=1 S^{2mj} ×_{A×Z2} (_a ∏ i=1 S^{2li+1} ×_T a S(C^{k1}_c ⊕ R) ) , where the A(= A_1)-quotient is defined by the following actions:

• on ∏_b j=1 S^{2mj} as the subgroup of ∏_b j=1 Z_2;

• on C^{k1}_c trivially (this corresponds with that σ_1(S_1) = {1}); • on R trivially and the Z_2-quotient is defined by the following actions:

• on ∏_b j=1 S^{2mj} trivially (this corresponds with p_1(K_2) = S_1);

• on C^{k1}_c by a non-trivial representation σ_2 : Z_2 → {±1} (this corresponds with p_2(K_2)/p_2(K) ≃ Z_2);

• on R by the natural representation.

Remark that M is also G-equivariantly diffeomorphic to the following manifold (where G = ∏_b j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × U(k_1)): b∏ j=1 S^{2mj} /A × (_a ∏ i=1 S^{2li+1} ×_T a P (C^{k1}_c ⊕ R) ) , where P (C^{k1}_c ⊕ R) is the real projective space.

6.3. The case (2)-(a)-(iii). Suppose the case (2)-(a)-(iii) occurs, that is,

p_1(K_2) = p_1(K) = S_1 and p_2(K_2) = p_2(K).

For this case (iii), the following lemma holds.

Lemma 6.4. Suppose that the case (iii) occurs. Then σ_1(S_1) = {±1}, and p_2(K_2) ⊂ p_2(N(K; G)) is p_2(K_2) = p_2(K) = {( (t_1, · · · , t_a), ( X 0 0 x ) , t ) | | | | t^{α1}_1 · · · t^{αa}_a xt^α = ±1 } . Furthermore, we have K_2 = S_1 × p_2(K).

Proof. If σ_1(S_1) = {1}, then we have K = S_1 × p_2(K) by Lemma 6.1 (2). It follows that K = p_1(K_2) × p_2(K_2) ⊃ K_2 by the assumption of the case (iii). This gives a contradiction to K_2/K ≃ S^0. Hence, we have σ_1(S_1) = {±1}. Moreover, we have that

p_2(K_2) = p_2(K) = {( (t_1, · · · , t_a), ( X 0 0 x ) , t ) | | | | t^{α1}_1 · · · t^{αa}_a xt^α = ±1 }

by Lemma 6.1 (3).

By the definition of p_1, p_2 and the assumptions of the case (iii), we have the following relation:

K ⊂ K_2 ⊂ S_1 × p_2(K).

By the definition of K, we can easily check that (S_1 × p_2(K))/K ≃ Z_2. Therefore, we have K_2 = S_1 × p_2(K). □

By using Lemma 6.4 and a method similar to that demonstrated in the previous cases, we can easily check that the following manifold corresponds with M = X_1 ∪ X_2 up to essential isomorphism: M = b∏ j=1 S^{2mj} ×_{A×Z2} (_a ∏ i=1 S^{2li+1} ×_T a S(C^{k1}_c ⊕ R) ) , where the A(= A_1)-quotient is defined by the following actions:

• on ∏_b j=1 S^{2mj} as the subgroup of ∏_b j=1 Z_2;

• on C^{k1}_c through the non-trivial representation σ_1 : A → Z_2 (this corresponds with σ_1(S_1) = {±1});

• on R trivially, and the Z_2-quotient is defined by the following actions:

• on ∏_b j=1 S^{2mj} trivially (this corresponds with p_1(K_2) = S_1);

• on C^{k1}_c by a non-trivial representation σ_2 : Z_2 → {±1} (this is known by using σ_1(S_1) = {±1} and p_2(K_2) = p_2(K));

• on R by the natural representation.

Remark that M is also G-equivariantly diffeomorphic to the following manifold as well as the case (2)-(a)-(ii): b∏ j=1 S^{2mj} ×_A (_a ∏ i=1 S^{2li +1} ×_T a P (C^{k1}_c ⊕ R) ) . 6.4. The case (2)-(a)-(iv). Suppose the case (2)-(a)-(iv) occurs, that is, p_1(K_2)/p_1(K) = S_2/S_1 ≃ Z_2 and p_2(K_2)/p_2(K) ≃ Z_2.

First, we remark that Lemma 6.3 can be used in this case because of p_2(K_2)/p_2(K) ≃ Z_2.

Assume σ_1(S_1) = {±1}. Then we have m = 4 for the group p_2(K_2) in Lemma 6.3. Let ~ρ : S_2 × p_2(K_2) → Z_4 be the following representation: ~ρ(B, (t_1, · · · , t_a), x, t) = σ_2(B)t^{α1}_1 · · · t^{αa}_a xt^α ∈ Z_4, where σ_2 : S_2 → Z_4 is some representation such that σ_2|_{S1} = σ_1. Then we can easily show that σ_2 : S_2 → Z_2, i.e., the image of S_2 is in Z_2 ⊂ Z_4, because ∏_b j=1 SO(2m_j ) ⊂ ker σ_1 ⊂ ker σ_2 and S_2/ ∏_b j=1 SO(2m_j ) ⊂ ∏_b j=1 Z_2. Hence, we have that ker ~ρ ⊂ S_2 × p_2(K).

(6.5) Consider the restricted representation ~ρ|_{K2} : K_2 → Z_4. Then we have the following sequence: K ⊂ ker ~ρ|_{K2} = ker ~ρ ∩ K_2 ⊂ K_2 because of the definitions of K and σ_2. Therefore, by K_2/K ≃ S^0, we have that ker ~ρ|_{K2} = K_2 or K. If ker ~ρ|_{K2} = K_2, then we have p_2(K_2) = p_2(K) by (6.5). This gives a contradiction to p_2(K_2)/p_2(K) = Z_2. Hence, we have ker ~ρ|_{K2} = K. Then we have K_2/K = K_2/ ker ~ρ|_{K2} ≃ ~ρ(K_2) = Z_2 = {±1} ⊂ Z_4.

It also follows that K_2 ⊂ ~ρ^{−1}(Z_2) = S_2 × p_2(K); therefore, p_2(K_2) = p_2(K). This also gives a contradiction to p_2(K_2)/p_2(K) = Z_2. Thus, we have σ_1(S_1) = {1}. Hence, by Lemma 6.1 (2), we have K = S_1 × p_2(K).

Because K_2/K = K_2/(S_1 × p_2(K)) ≃ Z_2 and (S_2 × p_2(K_2))/K ≃ Z_2 × Z_2 (the assumption of (2)-(a)-(iv)), we have that (S_2 × p_2(K_2))/K_2 ≃ Z_2.

(6.6) Again, we define ~ρ : S_2 × p_2(K_2) → Z_2 × Z_2 as follows: ~ρ(B, (t_1, · · · , t_a), x, t) = (σ_2(B), t^{α1}_1 · · · t^{αa}_a xt^α) ∈ Z_2 × Z_2, where σ_2 : S_2 → Z_2 such that σ_2|_{S1} = σ_1. Then we have ker ~ρ = K by K = S_1 × p_2(K) and σ_1(S_1) = {1}. Because K_2/K ≃ Z_2, we have that ~ρ(K_2) ≃ Z_2, i.e., ~ρ(K_2) = Z_2 × {1}, {1} × Z_2 or Δ = {(1, 1), (−1, −1)}. If ~ρ(K_2) = Z_2 × {1} or {1} × Z_2, then this gives a contradiction to that p_2(K_2)/p_2(K) = Z_2 or p_1(K_2) = S_1, respectively. Therefore, we have that ~ρ(K_2) = Δ. Moreover, by using (6.6), the subgroup K_2 ⊂ S_2 × p_2(K_2) can be denoted as follows: ~ρ^{−1}(Δ) = K_2 = {(B, t_1, · · · , t_a, x, t) | σ_2(B)t^{αa}_1 · · · t^{αa}_a xt^α = 1}, where σ_2 : S_2 → Z_2 such that ker σ_2 = S_1. Hence K_2 ⊂ N(K; G) is completely determined by S_2 and σ_2 in the case (2)-(a)-(iv).

With a method similar to that demonstrated in the previous cases, we can easily check the following manifold corresponds with M = X_1 ∪ X_2 up to essential isomorphism: M = b∏ j=1 S^{2mj} ×_{A×Z2} (_a ∏ i=1 S^{2li+1} ×_T a S(C^{k1}_c ⊕ R) ) , where the A(= A_1)-quotient is defined by the following actions:

• on ∏_b j=1 S^{2mj} as the subgroup of ∏_b j=1 Z_2;

• on C^{k1}_c trivially (this corresponds with σ_1(S_1) = {1});

• on R trivially, and the Z_2-quotient is defined by the following actions:

• on ∏_b j=1 S^{2mj} by a non-trivial representation ρ : Z_2 → ∏_b j=1 Z_2 which satisfies ρ(Z_2) ∩ A = {1} (this corresponds with p_1(K_2) = S_2);

• on C^{k1}_c by a non-trivial representation σ_2 : Z_2 → {±1} (this corresponds with p_2(K_2)/p_2(K) ≃ Z_2);

• on R by the natural representation.

Remark that M is also G-equivariantly diffeomorphic to the following manifold as well as the previous cases: b∏ j=1 S^{2mj} /A ×_{Z2} (_a ∏ i=1 S^{2li+1} ×_T a S(C^{k1}_c ⊕ R) ) .

6.5. Summary of the results from (2)-(a)-(i) to (iv). In summary, we can state the result of the case (2)-(a) as follows. Let (M, G) be the pair in the case (2)-(a). Then (M, G) is essentially isomorphism to the followings: M = b∏ j=1 S^{2mj} ×_{A×Z2} (_a ∏ i=1 S^{2li+1} ×_T a S(C^{k1}_a ⊕ R) ) ,

G = b∏ j=1 SO(2m_j + 1) × a∏ i=1 SU(l_i + 1) × U(k_1),

where G acts on M naturally, and the A(= A_1)-quotient is defined by the following actions:

• on ∏_b j=1 S^{2mj} as the subgroup of ∏_b j=1 Z_2;

• on C^{k1}_c through the representation σ_1(= σ_C ) : A → Z_2; • on R trivially, and the Z_2-quotient is defined by the following actions:

• on ∏_b j=1 S^{2mj} by a representation ρ : Z_2 → ∏_b j=1 Z_2 which satisfies ρ(Z_2) ∩ A = {1};

• on C^{k1}_c by a representation σ_2 : Z_2 → {±1}; • on R by the natural representation κ : Z_2 → O(1), where ρ or σ_2 is always non-trivial, i.e., the case that both of two representations ρ and σ_2 are trivial does not occur. This corresponds with the first manifold in Theorem 5.1, where σ_2 ⊕ κ = σ_{C⊕R}.

7. The case (2)-(b)

In this section, we study the case (2)-(b). From Section 4.1.2, we have that G = b∏ j=1 SO(2m_j + 1) × a∏ i=1 SU(l_i + 1) × SO(2k_1),

K_1 = S_1 × a∏ i=1 S(U(l_i) × U(1)) × SO(2k_1),

K = a∏ i=1 S(U(l_i) × U(1))

× {( A, ( X 0 0 x )) ∈ S_1 × S(O(2k_1 − 1) × O(1)) | | | | | σ_1(A)x = 1 }

= a∏ i=1 S(U(l_i) × U(1)) × K^′.

An element in S_1 × S(O(2k_1 − 1) × O(1)) is often denoted by (A, x). In this case, by Section 5.2, we may only analyze the inclusion of K_2 such that K ⊂ K_2 ⊂ N(K; G) and N(K; G) is known as (5.3).

Because K ⊂ K_2 ⊂ N(K; G) and K_2/K ≃ S^0, we have that

K_2 = a∏ i=1 S(U(l_i) × U(1)) × K^′_2,

where K^′_2 ⊂ ∏_b j=1 S(O(2m_j ) × O(1)) × S(O(2k_1 − 1) × O(1)) such that K^′_2/K^′ ≃ Z_2.

Let p_1 and p_2 be the following two natural projections:

p_1 : b∏ j=1 S(O(2m_j ) × O(1)) × S(O(2k_1 − 1) × O(1)) −→ b∏ j=1 S(O(2m_j ) × O(1));

p_2 : b∏ j=1 S(O(2m_j ) × O(1)) × S(O(2k_1 − 1) × O(1)) −→ S(O(2k_1 − 1) × O(1)).

Similarly to Lemma 6.1, we can easily prove the following lemma.

Lemma 7.1. For p_1, p_2 and K^′, the following properties hold: (1) the image of K^′ by p_1 satisfies p_1(K^′) = S_1;

(2) if σ_1(S_1) = {1}, then p_2(K^′) = SO(2k_1 − 1) and K^′ = S_1 × SO(2k_1 − 1); (3) if σ_1(S_1) = {±1}, then p_2(K^′) = S(O(2k_1 − 1) × O(1)) and (S_1 × S(O(2k_1 − 1) × O(1)))/K^′ ≃ Z_2.

Proof. The first statement is proved by making use of the subgroup R_1 in Section 3.5. The second and third statements are proved by the definition of K^′ and the first property p_1(K^′) = S_1. □

Because K^′_2/K^′ ≃ Z_2, similarly to the case (2)-(a), one of the following four cases occurs:

(i): p_1(K^′_2) = S_2, and p_2(K^′_2) = p_2(K^′);

(ii): p_1(K^′_2) = p_1(K^′) = S_1, and p_2(K^′_2)/p_2(K^′) ≃ Z_2; (iii): p_1(K^′_2) = p_1(K^′) = S_1, and p_2(K^′_2) = p_2(K^′); (iv): otherwise, i.e., p_1(K^′_2) = S_2, and p_2(K^′_2)/p_2(K^′) ≃ Z_2, where S_2 is a subgroup of ∏_b j=1 S(O(2m_j ) × O(1)) such that S_2/S_1 ≃ Z_2. We call the above cases the case (2)-(b)-(i), (2)-(b)-(ii), (2)-(b)-(iii) and (2)-(b)-(iv), respectively.

7.1. The case (2)-(b)-(i). Suppose the case (2)-(b)-(i) occurs, that is,

p_1(K^′_2) = S_2 and p_2(K^′_2) = p_2(K^′).

If σ_1(S_1) = {±1}, then K^′ is defined as ker ρ, where ρ : S_1 × p_2(K^′) → Z_2 is the following representation: ρ(A, x) = σ_1(A)x ∈ Z_2. Consider the lift of this representation ~ρ : S_2 × p_2(K^′) → Z_2. Similarly to the proof of Lemma 6.2, we can easily show that this lift is only determined by σ_2 : S_2 → Z_2 such that σ_2|_{S1} = σ_1, i.e., a representation ~ρ : S_2 × p_2(K^′) → Z_2 is denoted by ~ρ(B, x) = σ_2(B)x. On the other hand, there is the following induced representation form K^′_2 ⊂ S_2 × p_2(K^′):

S_2 × p_2(K^′)^{~r}−→ (S_2 × p_2(K^′))/K^′_2 ≃ Z_2.

With a method similar to that demonstrated in Section 6.1, ~r can be identified with ~ρ, i.e., the lift of ρ. Hence, there is a representation σ_2 : S_2 → Z_2 such that ~r(B, x) = σ_2(B)x. Because ker ~r = K^′_2, we have that K^′_2

(7.1) = {( B, ( X 0 0 x )) ∈ S_2 × S(O(2k_1 − 1) × O(1)) | | | | σ_2(B)x = 1 } , where σ_2 : S_2 → Z_2 is a representation such that σ_2|_{S1} = σ_1.

If σ_1(S_1) = {1}, then we have K = a∏ i=1 S(U(l_i) × U(1)) × S_1 × SO(2k_1 − 1),

by Lemma 7.1 (2). Because of the assumptions of the case (2)-(b)-(i), we have that

K_2 = a∏ i=1 S(U(l_i) × U(1)) × S_2 × SO(2k_1 − 1).

Therefore, we can regard K^′_2 of this case as that with σ_2(S_2) = 1 in Eq.(7.1).

Hence, we have that M = X_1 ∪X_2 is as follows, with the method similar to that demonstrated in Section 6.1: M = a∏ i=1 C P (l_i ) × b∏ j=1 S^{2mj} ×_{A×Z2} S(R^{2k1} ⊕ R) , where the A × Z_2-quotient is defined by the same rule as that in the case (2)-(a)-(i) (see Section 6.1 by replacing C^{k1}_c as R^{2k1} ), and G = ∏_a i=1 SU(l_i + 1) × ∏_b j=1 SO(2m_j + 1) × SO(2k_1) acts naturally on this manifold.

7.2. The case (2)-(b)-(ii). Suppose the case (2)-(b)-(ii) occurs, that is, p_1(K^′_2) = p_1(K^′) = S_1 and p_2(K^′_2)/p_2(K^′) ≃ Z_2.

If σ_1(S_1) = {±1}, then we have p_2(K^′) = S(O(2k_1 − 1) × O(1)) ⊃ p_2(K^′_2) by Lemma 7.1 (3). This gives a contradiction to p_2(K^′_2)/p_2(K^′) ≃ Z_2. Therefore, we have σ_1(S_1) = {1}. Hence, we have that K^′ = S_1 × SO(2k_1 − 1) by Lemma 7.1 (2).

Because p_2(K^′_2)/p_2(K^′) ≃ Z_2 and p_2(K^′) = SO(2k_1 − 1), we have the following sequence:

K^′ = S_1 × SO(2k_1 − 1) ⊂ K^′_2 ⊂ S_1 × p_2(K^′_2) = S_1 × S(O(2k_1 − 1) × O(1)). Because K^′_2/K^′ ≃ Z_2, we have that K^′_2 = S_1 × S(O(2k_1 − 1) × O(1)) and

K_2 = a∏ i=1 S(U(l_i) × U(1)) × S_1 × S(O(2k_1 − 1) × O(1)),

K = a∏ i=1 S(U(l_i) × U(1)) × S_1 × SO(2k_1 − 1).

Hence, similarly to Section 7.1, we have that M = X_1 ∪ X_2 is as follows: M = a∏ i=1 C P (l_i ) × b∏ j=1 S^{2mj} ×_{A×Z2} S(R^{2k1} ⊕ R) , where the A × Z_2-quotient is defined by the same rule as that in the case (2)-(a)-(ii) (see Section 6.2 by replacing C^{k1}_c as R^{2k1} ). This manifold is also G-equivariantly diffeomorphic to the following manifold: a∏ i=1 C P (l_i ) × b∏ j=1 S^{2mj} /A × P (R^{2k1} ⊕ R), where G = ∏_a i=1 SU(l_i + 1) × ∏_b j=1 SO(2m_j + 1) × SO(2k_1).

7.3. The case (2)-(b)-(iii). Suppose the case (2)-(b)-(iii) occurs, that is, p_1(K^′_2) = p_1(K^′) = S_1 and p_2(K^′_2) = p_2(K^′).

If σ_1(S_1) = {1}, then we have K^′ = S_1 × SO(2k_1 − 1) = p_1(K^′) × p_2(K^′) = p_1(K^′_2) × p_2(K^′_2) ⊃ K^′_2. This gives a contradiction to K^′_2/K^′ ≃ Z_2. Therefore, we have σ_1(S_1) = {±1}.

Hence, we have the following sequence:

K^′ ⊂ K^′_2 ⊂ p_1(K^′_2) × p_2(K^′_2) = S_1 × S(O(2k_1 − 1) × O(1)).

By Lemma 7.1 (3) and K^′_2/K^′ ≃ Z_2, we also have that K^′_2 = S_1 × S(O(2k_1 − 1) × O(1)) and

K_2 = a∏ i=1 S(U(l_i) × U(1)) × S_1 × S(O(2k_1 − 1) × O(1)),

K = a∏ i=1 S(U(l_i) × U(1)) × {(A, x) | σ_1(A)x = 1}. Hence, similarly to Section 7.1, we have that M = X_1 ∪ X_2 is as follows: M = a∏ i=1 C P (l_i ) × b∏ j=1 S^{2mj} ×_{A×Z2} S(R^{2k1} ⊕ R) , where the A × Z_2-quotient is defined by the same rule as that in the case (2)-(a)-(iii) (see Section 6.3 by replacing C^{k1}_c as R^{2k1} ). This manifold is also G-equivariantly diffeomorphic to the following manifold as well as the case (2)-(b)-(ii): a∏ i=1 C P (l_i ) × b∏ j=1 S^{2mj} ×_A P (R^{2k1} ⊕ R). 7.4. The case (2)-(b)-(iv). Suppose the case (2)-(b)-(iv) occurs, that is, p_1(K^′_2) = S_2 and p_2(K^′_2)/p_2(K^′) ≃ Z_2.

By the same reason in the case (2)-(b)-(ii) (see Section 7.2), we have σ_1(S_1) = {1}. Hence, we have that K^′ = S_1 × SO(2k_1 − 1) by Lemma 7.1 (2).

Because p_2(K^′_2)/p_2(K^′) ≃ Z_2 and p_2(K^′) = SO(2k_1 − 1), we have the following sequence:

K^′ = S_1 × SO(2k_1 − 1) ⊂ K^′_2 ⊂ S_2 × p_2(K^′_2) = S_2 × S(O(2k_1 − 1) × O(1)). Because K^′_2/K^′ ≃ Z_2, we also have the following inclusion map: i : K^′_2/K^′ ≃ Z_2 −→ (S_2 × S(O(2k_1 − 1) × O(1)))/K^′ ≃ Z_2 × Z_2.

Therefore, there are three types of the inclusion i, i.e., i(K^′_2/K^′) = Z_2 × {1}, {1} × Z_2 or Δ, where Δ is the diagonal subgroup in Z_2 × Z_2. Assume i(K^′_2/K^′) = Z_2 × {1} or {1} × Z_2. This gives a contradiction to p_2(K^′_2)/p_2(K^′) ≃ Z_2 or p_1(K^′_2)/p_1(K^′) ≃ Z_2, respectively. Therefore, we have that i(K^′_2/K^′) = Δ.

(7.2) Let ~ρ : S_2 × p_2(K^′_2) → Z_2 × Z_2 be a representation such that ~ρ(B, x) = (σ_2(B), x) for some σ_2 : S_2 → Z_2 with σ_2|_{S1} = σ_1. By (7.2), we have that K^′_2 = ~ρ^{−1}(Δ). It follows that

K^′_2 = {( B, ( X 0 0 x )) ∈ S_2 × S(O(2k_1 − 1) × O(1)) | | | | σ2(B)x = 1 } . Because K_2 = ∏_a i=1 S(U(l_i) × U(1)) × K^′_2 and K = ∏_a i=1 S(U(l_i) × U(1)) × S_1 × SO(2k_1 − 1), (similarly to Section 7.1) we have that M = X_1 ∪ X_2 is as follows: M = a∏ i=1 C P (l_i ) × b∏ j=1 S^{2mj} ×_{A×Z2} S(R^{2k1} ⊕ R) , where the A × Z_2-quotient is defined by the same rule as that in the case (2)-(a)-(iv) (see Section 6.4 by replacing C^{k1}_c as R^{2k1} ).

7.5. Summary of the results from (2)-(b)-(i) to (iv). In summary, we can state the result of the case (2)-(b) as follows. Let (M, G) be the pair in the case (2)-(b). Then (M, G) is essentially isomorphism to the followings: M = b∏ j=1 S^{2mj} ×_{A×Z2} (_a ∏ i=1 C P (l_i ) × S(R^{2k1} ⊕ R) ) ,

G = b∏ j=1 SO(2m_j + 1) × a∏ i=1 SU(l_i + 1) × SO(2k_1),

where G acts on M naturally, and the A(= A_1)-quotient is defined by the following actions:

• on ∏_b j=1 S^{2mj} as the subgroup of ∏_b j=1 Z_2;

• on R^{2k1} through the representation σ_1(= σ_R) : A → Z_2 = {±I_{2k1} }; • on R trivially, and the Z_2-quotient is defined by the following actions:

• on ∏_b j=1 S^{2mj} by a representation ρ : Z_2 → ∏_b j=1 Z_2 which satisfies ρ(Z_2) ∩ A = {1};

• on R^{2k1} by a representation σ_2 : Z_2 → {±I_{2k1} }; • on R by the natural representation κ : Z_2 → O(1), where ρ or σ_2 is always non-trivial as well as the case (2)-(a). This corresponds with the second manifold in Theorem 5.1, where σ_2 ⊕ κ = σ_{R⊕R}.

8. Main theorem of the case (3) and preparations

From this section, we start to classify the final case, i.e., the case (3): G/K_2 is not a torus manifold but a singular orbit (see Section 2.3). The goal of this section is to state the main theorem and a preparation to classify the case (3). From this section, we assume that the orbit G/K_2 is not a torus manifold but a singular orbit. By Lemma 4.1 and the assumption of this case, we have for k_2 ≥ 2

dim G/K_2 = 2n − 2k_2 + 1,

(8.1) and K_2/K ∼= S^{2k2 −2}. (8.2)

By using (8.1) and (8.2), the slice representation of K_2 in the case (3) is

σ_2 : K_2 −→ O(2k_2 − 1).

(8.3)

In the case (3) as well as the case (2), there are the following two cases:

(3)-(a): the case (3)-(a), i.e., G/K_1 satisfies the case (a) (see Section 4.1.1); (3)-(b): the case (3)-(b), i.e., G/K_1 satisfies the case (b) (see Section 4.1.2).

8.1. Main theorem and notations. First we state the main theorem of the case (3). Before we state it, we prepare some notations (also see Section 3.1 and 5.1). Let A be a subgroup of ∏_b j=1 Z_2, where ∏_b j=1 Z_2 is the following group: the first (b − 1) factors ∏_{b−1} j=1 Z_2 are generated by the antipodal involutions on S^{2mj} for j = 1, · · · , b − 1 and the b-th factor Z_2 is {±I_{2k2 −1}}. The quotient manifold (∏_a i=1 S^{2li+1} ) ×_T a S(C^{k1}_c ⊕ R^{2k2 −1}) is defined similarly as (∏_a i=1 S^{2li+1} ) ×_T a S(C^k_a ⊕ R) (see Section 3.1), where C^{k1}_c (≃ C^{k1} ) is a representation space of a representation c : T^a → S^1.

Now we may state the main theorem of this section.

Theorem 8.1. Suppose a torus manifold M has a codimension one extended G-action. If there are two singular orbits and one of them is not a torus manifold, then (M, G) is essentially isomorphic to b−1∏ j=1 S^{2mj} ×_A N, b−1∏ j=1 SO(2m_j + 1) × H , such that (N, H) is one of the followings: N H (a) (∏_a i=1 S^{2li+1} ) ×_T a S(C^{k1}_c ⊕ R^{2k2 −1}) ∏_a i=1 SU(l_i + 1) × U(k_1) × SO(2k_2 − 1) (b) ∏_a i=1 C P (l_i ) × S(R^{2k1} ⊕ R^{2k2 −1}) ∏_a i=1 SU(l_i + 1) × SO(2k_1) × SO(2k_2 − 1)

where A acts on ∏_{b−1} j=1 S^{2mj} × R^{2k2 −1} as a subgroup of ∏_b j=1 Z_2 and on the fibre of N through the following representations:

(a): σ_C : A → {±1} ⊂ S^1 on S(C^{k1}_c ⊕ R^{2k2 −1}) ∩ C^{k1}_c ; (b): σ_R : A → {±I_{2k1} } ⊂ SO(2k_1) on S(R^{2k1} ⊕ R^{2k2 −1}) ∩ R^{2k1} ;

respectively, such that if (1, · · · , 1, −I_{2k2 −1}) ∈ A ⊂ ∏_b j=1 Z_2 then σ(1, · · · , 1, −I_{2k2 −1}) = −1 for σ = σ_C and σ_R.

Here, G-actions on M are as follows: ∏ SO(2m_j + 1) and ∏ SU(l_i + 1) act naturally on ∏ S^{2mj} and ∏ S^{2li+1}, respectively; and U(k_1), SO(2k_1) and SO(2k_2 − 1) act naturally on C^{k1}_c , R^{2k1} and R^{2k2 −1}, respectively.

Note that the following facts: if (1, · · · , 1, −I_{2k2−1}) ∉ A then A acts on ∏_{b−1} j=1 S^{2mj} × R^{2k2 −1} freely; if (1, · · · , 1, −I_{2k2 −1}) ∈ A then A = A^′ × {±I_{2k2−1}} and A^′ acts on ∏_{b−1} j=1 S^{2mj} freely and {±I_{2k2−1}} acts on S(C^{k1}_c ⊕ R^{2k2 −1}) or S(R^{2k1} ⊕ R^{2k2 −1}) freely because of the properties of σ described in Theorem 8.1. Therefore, M in Theorem 8.1 is a manifold. Moreover, there is the case that A ⊂ ∏_{b−1} j=1 Z_2; hence, we do not write manifolds in Theorem 8.1 as manifolds in Theorem 5.1, i.e., manifolds divided by A × Z_2 where Z_2 acts on S(C^{k1}_c ⊕ R) ∩ R (or S(R^{2k1} ⊕ R) ∩ R).

In order to prove the above Theorem 8.1, we will use the following notations.

• Natural projections: p_i : G → SU(l_i + 1), p : G → SU(k_1), q : G → T^1 and r_j : G → SO(2m_j + 1), where i = 1, · · · , a and j = 1, · · · , b.

• Inclusions: ι : K → K_2 or ι : K^o → K^o_2 , and ι_2 : K_2 → G or ι_2 : K^o_2 → G.

8.2. Structure of K_2. Before we start to prove Theorem 8.1, in this subsection, we will prove the following Lemma 8.2.

Let N_1 ∘ N_2 be (N_1 × N_2)/F for some finite, normal subgroup F ⊂ N_1 × N_2, where N_1 and N_2 are connected Lie groups. Then, the following lemma holds.

Lemma 8.2. For the cases (3)-(a) and (3)-(b), the pair (K^o_2 , K^o) is isomorphic to

(Spin(2k_2 − 1) ∘ K^′_2, Spin(2k_2 − 2) ∘ K^′_2)

for some Lie group K^′_2 and k_2 ≥ 2.

Proof. Let ~K^o_2 be the covering of K^o_2 such that it is a product of simply connected, simple Lie groups and tori (see Section 2.3 in Chapter 1). Since a connected component K^o_2 acts on S^{2k2−2} ∼= K_2/K transitively through σ_2 (see (8.3)), there is a factor H in the product group ~K^o_2 (i.e., ~K^o_2 = H × ~K^′_2 for some product group ~K^′_2) such that H = Spin(2k_2 − 1) or H = G_2 for k_2 = 4 by the classification result of transitive actions on even dimensional spheres (see Theorem 5.1, 5.2 in Chapter 2), where here G_2 is the exceptional Lie group. Therefore, there is a subgroup K^′_2 such that (K^o_2 , K^o) can be denoted as follows:

(Spin(2k_2 − 1) ∘ K^′_2, Spin(2k_2 − 2) ∘ K^′_2); (G_2 ∘ K^′_2, SU(3) ∘ K^′_2).

In order to prove this lemma, we assume (K^o_2 , K^o) = (G_2 ∘ K^′_2, SU(3) ∘ K^′_2).

(8.4) We will prove that this case does not occur.

Taking some covering of K^o in (8.4), we can put ~Ko = SU(3) × ~K′_2, (8.5)

where ~K^′_2 is a product of simply connected, simple Lie groups and tori. On the other hand, taking a covering of K^o in the cases (3)-(a) and (3)-(b) (see Section 4.1.1, 4.1.2 or (9.1) in Section 9, (10.1) in Section 10), we can put ~Ko =^b ∏ j=1 Spin(2m_j ) × a∏ i=1 SU(l_i) × L × T, (8.6)

where T is a torus and

• L = SU(k_1 − 1) for the case (3)-(a), • L = Spin(2k_1 − 1) for the case (3)-(b).

Because dim Spin(x) ≠ dim SU(3) for all x ∈ N, there are the following two cases by (8.5) and (8.6):

(1) l_a = 3 and ~K^′_2 = ∏_b j=1 Spin(2m_j) × ∏_{a−1} i=1 SU(l_i) × L × T , in the case (3)-(a) or (3)-(b);

(2) k_1 = 4 and ~K^′_2 = ∏_b j=1 Spin(2m_j ) × ∏_a i=1 SU(l_i) × T , in the case (3)-(a).

Suppose l_a = 3 and ~K^′_2 = ∏_b j=1 Spin(2m_j ) × ∏_{a−1} i=1 SU(l_i) × L × T . Let p_a : G → SU(l_a + 1) be the natural projection (see notations in Section 8.1). Then we have that p_a(SU(3) ∘ {e}) ⊂ p_a(G_2 ∘ {e}) ⊂ p_a(K^o_2 ) ⊂ p_a(G) = SU(4) because SU(3) ∘ {e} ⊂ G_2 ∘ {e} ⊂ K^o_2 ⊂ G, where {e} ⊂ K^′_2 is the identity element in K^′_2. Since SU(3) ∘ {e} ⊂ K^o and p_a(K^o) = S(U(3) × U(1)) by Section 4.1, we also have that p_a(SU(3) ∘ {e}) = SU(3). Therefore, p_a(G_2 ∘ {e}) is a non-trivial subgroup in SU(4). Since the restricted representation p_a|_{G2∘{e}} is a non-trivial representation and G_2 is a simple Lie group, we also have that dim p_a(G_2 ∘ {e}) = dim G_2 = 14.

It follows that there is a subgroup H ⊂ SU(4) such that dim H = 14 and SU(4)/H ∼= S^1, because SU(4) is compact and dim SU(4) = 15. However, this gives a contradiction because SU(4)-action on S^1 is trivial (see Theorem 5.2, 5.3 in Chapter 2).

Suppose k_1 = 4 and ~K^′_2 = ∏_b j=1 Spin(2m_j ) × ∏_a i=1 SU(l_i) × T . In this case, the above argument for l_a = 3 can also work for the natural projection p : G → SU(k_1). It follows that the case (K^o_2 , K^o) = (G_2 ∘ K^′_2, SU(3) ∘ K^′_2) does not occur. Hence, we have Lemma 8.2. □

In the next two sections, we study the cases (3)-(a) and (3)-(b).

9. The case (3)-(a) In this section, we study the case (3)-(a). From Section 4.1, we have G = b∏ j=1 SO(2m_j + 1) × a∏ i=1 SU(l_i + 1) × SU(k_1) × T^1,

K_1 = S_1 × a∏ i=1 S(U(l_i) × U(1)) × SU(k_1) × T^1,

K = {( A, (t_1, · · · , t_a), ( X 0 0 x ) , t ) | | | σ_1(A)t^{α1}_1 · · · t^{αa}_a xt^α = 1 } . (9.1) where A ∈ S_1 ⊂ ∏_b j=1 S(O(2m_j ) × O(1)), (t_1, · · · , t_a) ∈ ∏_a i=1 S(U(l_i) × U(1)), t ∈ T^1 and X ∈ U(k_1 − 1) such that x det X = 1. If k_1 = 1, then we can take α = 1. Moreover, we have that the finite covering of K^o is as follows by (9.1): ~Ko =^b ∏ j=1 Spin(2m_j ) × a∏ i=1 SU(l_i) × T^a × SU(k_1 − 1) × T^1 if k_1 ≥ 2;

~Ko =^b ∏ j=1 Spin(2m_j ) × a∏ i=1 SU(l_i) × T^a if k_1 = 1.

Because of Lemma 8.2, we also have

K^o = Spin(2k_2 − 2) ∘ K^′_2 and ~K^o = Spin(2k_2 − 2) × ~K^′_2,

(9.2)

K^o_2 = Spin(2k_2 − 1) ∘ K^′_2 and ~K^o_2 = Spin(2k_2 − 1) × ~K^′_2.

(9.3)

In order to classify the case (3)-(a), we will divide this case into the following two cases:

• k_2 ≥ 3 (we will discuss in Section 9.1); • k_2 = 2 (we will discuss in Section 9.2).

9.1. The case k_2 ≥ 3. Assume k_2 ≥ 3. Comparing coverings ~K^o of the above K^o’s in (9.1) and (9.2), and using the fact that Spin(4) ≃ SU(2) × SU(2) and Spin(6) ≃ SU(4), there are the following five cases:

(i): Spin(2k_2 − 2) = Spin(2m_b), and k_2 = m_b + 1 ≥ 3; (ii): Spin(2k_2 − 2) = SU(l_{a−1}) × SU(l_a), and k_2 = 3, l_{a−1} = l_a = 2; (iii): Spin(2k_2 − 2) = SU(l_a) × SU(k_1 − 1), and k_2 = 3 = k_1, l_a = 2; (iv): Spin(2k_2 − 2) = SU(l_a) and k_2 = 4, l_a = 4; (v): Spin(2k_2 − 2) = SU(k_1 − 1) and k_2 = 4, k_1 = 5,

First we prove the following lemma.

Lemma 9.1. In the above cases, the cases from (ii) to (v) do not occur.

Proof. If the case (ii) occurs, then Spin(2k_2 − 2) = SU(l_{a−1}) × SU(l_a) and k_2 = 3, l_{a−1} = l_a = 2. Let φ : ~K^o_2 → K^o_2 be the finite covering. By using (9.1), (9.2) and (9.3), we have

K^′_2 = b∏ j=1 SO(2m_j ) × {( ( A_1 0 0 t_1 ) , · · · , ( A_{a−2} 0 0 t_{a−2} ) , ( r_{a−1}I_2 0 0 t_{a−1} ) , ( r_aI_2 0 0 t_a ) , ( X 0 0 x ) , t ) | | | t^{α1}_1 · · · t^{αa}_a xt^α = 1 }

= φ( ~K^{′′}_2 × T^2),

where r^{−2}_{a−1} = t_{a−1}, r^{−2}_a = t_a, ~K^{′′}_2 is the product of factors in ~K^o except Spin(2k_2 − 2) and T^2(⊂ T^a). By (9.2), (9.3), Section 3.1 in Chapter 1 (i.e., for the factor H ⊂ ~K^o in H^′ ⊂ ~K^o_2 such that H ⊂ H^′, if ~K^o and ~K^o_2 are same rank then H and H^′ are same rank) and the assumption of the case (ii), we have the following commutative diagram: (T^2 × SU(2) × SU(2)) × ~K^{′′}_2^{~ι}−→ (T^2 × Spin(5)) × ~K^{′′}_2 φ ↓ ↓ φ K^{o ι}−→ K^o_2 , where ~ι is an inclusion map. By using the above diagram and the definition of K and G, we have the following sequence (also see Section 8.1 about the definitions of notations):

S(U(2) × U(1)) × S(U(2) × U(1)) = (p_{a−1} × p_a) ∘ ι_2 ∘ ι ∘ φ(T^2 × SU(2) × SU(2)) = (p_{a−1} × p_a) ∘ ι_2 ∘ φ ∘ ~ι(T^2 × SU(2) × SU(2)) ⊂ (p_{a−1} × p_a) ∘ ι_2 ∘ φ(T^2 × Spin(5)) ⊂ p_{a−1} × p_a(G) = SU(3) × SU(3). This sequence implies that there is a non-trivial representation from T^2×Spin(5) to SU(3)×SU(3). Since Spin(5) is a simple Lie group and rank (T^2 × Spin(5)) = rank (SU(3) × SU(3)), there is some subgroup H ⊂ SU(3) such that Spin(5) ≈ H (because of Section 3.1 in Chapter 1), where Spin(5) ≈ H means that Spin(5) and H have the same Lie algebra. This gives a contradiction, because dim Spin(5) = dim H = 10 > 8 = dim SU(3). Hence, the case (ii) does not occur.

With an argument similar to the above for the case (ii), we can also prove that the cases (iii) does not occur.

If the case (iv) occurs, then Spin(2k_2 −2) = SU(l_a) and k_2 = 4, l_a = 4. With a method similar to that demonstrated in the proof of the case (ii), we have the following commutative diagram: (T^1 × SU(4)) × ~K^{′′}_2^{~ι}−→ (T^1 × Spin(7)) × ~K^{′′}_2 φ ↓ ↓ φ K^{o ι}−→ K^o_2 . We have the following sequence by using the above diagram and the definitions of K and G:

S(U(4) × U(1)) = p_a ∘ ι_2 ∘ ι ∘ φ(T^1 × SU(4)) = p_a ∘ ι_2 ∘ φ ∘ ~ι(T^1 × SU(4)) ⊂ p_a ∘ ι_2 ∘ φ(T^1 × Spin(7)) = H ⊂ p_a(G) = SU(5). Because S(U(4) × U(1)), SU(5) and T^1 × Spin(7) are the same rank Lie groups and Spin(7) is a simple Lie group, we have dim H = dim(T^1 × Spin(7)) = 22. Then we see SU(5)/H is a 2-dimensional manifold by dim SU(5) = 24. Moreover, H = p_a ∘ ι_2 ∘ φ(T^1 × Spin(7)) is connected. Therefore, we have SU(5)/H is a simply connected, compact manifold, because of the homotopy exact sequence of H → SU(5) → SU(5)/H. Hence, SU(5)/H ∼= S^2. However, the SU(5)-action on S^2 must be trivial (see Theorem 5.2 in Chapter 2). This gives a contradiction. Hence, the case (iv) does not occur.

With a method similar to that demonstrated in the above for the case (iv), we can also prove that the case (v) does not occur. □

Because of the above Lemma 9.1, we have that

Spin(2k_2 − 2) = Spin(2m_b) and k_2 = m_b + 1 ≥ 3.

(9.4)

Now we set {( (t_1, · · · , t_a), ( X 0 0 x ) , t ) | | | | t^{α1}_1 · · · t^{αa}_a xt^α = 1 } = P (α_1, · · · , α_a, x, α). If k_1 = 1, then x = 1 and we can assume α = 1 up to essential isomorphism. Therefore, P (α_1, · · · , α_a, x, α) is connected. Then, the following relation holds by using (9.1), (9.2) and

(9.4):

K^o = Spin(2k_2 − 2) ∘ K^′_2 = Spin(2m_b) ∘ K^′_2 = b∏ j=1 SO(2m_j ) × P (α_1, · · · , α_a, x, α). Therefore, we can put K^o = SO(2m_b) × K^′_2 = SO(2k_2 − 2) × K^′_2 and

K^′_2 = b−1∏ j=1 SO(2m_j ) × P (α_1, · · · , α_a, x, α)

⊂ b−1∏ j=1 SO(2m_j + 1) × a∏ i=1 SU(l_i + 1) × SU(k_1) × T^1 = G/SO(2m_b + 1) = G/SO(2k_2 − 1).

By using K^o_2 = Spin(2k_2 − 1) ∘ K^′_2 (by (9.3)) and the above K^o, we have the following covering map φ: Spin(2k_2 − 2) × K^′_2 −→ Spin(2k_2 − 1) × K^′_2 φ ↓ ↓ φ SO(2k_2 − 2) × K^′_2 −→ K^o_2 where the top and bottom maps are inclusions. Because the restricted representation φ|_K′_2 is the identity representation, there is the K^′_2 factor in K^o_2 . Therefore, we have that K^o_2 = SO(2k_2 − 1) × K^′_2 = b−1∏ j=1 SO(2m_j ) × SO(2k_2 − 1) × P (α_1, · · · , α_a, x, α), and there is some inclusion SO(2k_2 − 1) → K_2 whose image is the factor SO(2m_b + 1) ⊂ G. Because K^o_2 ⊂ K_2 ⊂ G, we can put K_2 is as follows: K_2 = SO(2k_2 − 1) × K^{′′}_2

⊂ G = SO(2k_2 − 1) × b−1∏ j=1 SO(2m_j + 1) × a∏ i=1 SU(l_i + 1) × SU(k_1) × T^1 ,

where 2m_b +1 = 2k_2 −1 and K^{′′}_2 is a subgroup of ∏_{b−1} j=1 SO(2m_j +1)× ∏_a i=1 SU(l_i +1)×SU(k_1)×T^1 whose connected component is K^′_2. By using the argument of Section 8.2, the SO(2k_2 − 1)-factor in K_2 acts transitively on K_2/K ∼= S^{2k2−2}. Therefore, for the natural projection Φ : K_2 = SO(2k_2 − 1) × K^{′′}_2 → K^{′′}_2 , we have the following relation (see [24, Lemma 8.0.2]): Φ(K_2) = K^{′′}_2 = Φ(K).

Hence, we have K_2 = SO(2k_2 − 1) × K^{′′}_2 = SO(2k_2 − 1) × Φ(K) ⊂ G.

It follows that the inclusion K_2 ⊂ G is completely determined by K (more precisely the projection Φ(K)).

Next, we consider the slice representation σ_2 : K_2 → O(2k_2 − 1). Since the SO(2k_2 − 1)-factor in K_2 acts transitively on K_2/K ∼= S^{2k2−2}, the restricted representation σ_2|_{SO(2k2 −1)} is the natural isomorphism to SO(2k_2 − 1) ⊂ O(2k_2 − 1). Hence, we have that σ_2(K^{′′}_2 ) ⊂ Z(SO(2k_2 − 1)) = {±I_{2k2−1}} ⊂ O(2k_2 − 1).

Moreover, by (9.1), we have the following formula for K:

K = σ^{−1}_2 (O(2k_2 − 2))

(9.5) = {( A, (t_1, · · · , t_a), ( X 0 0 x ) , t ) | | | σ1(A)t^{α1}_1 · · · t^{αa}_a xt^α = 1 }

= {(( A_b 0 0 a_b ) , Y ) | | | | a_b = det A^{−1}_b = det σ_2(Y ) } . ⊂ S(O(2k_2 − 2) × O(1)) × K^{′′}_2 .

Therefore, we can easily show that the following lemma by using (9.5).

Lemma 9.2. The following two statements are equivalent:

(1): σ_2(K^{′′}_2 ) = {I_{2k2 −1}} (resp. σ_2(K^{′′}_2 ) = {±I_{2k2−1}}); (2): K = SO(2k_2 − 2) × K^{′′}_2 (resp. r_b(K) = S(O(2m_b) × O(1))).

Moreover, the following statement holds:

(3): if σ_2(K^{′′}_2 ) = {±I_{2k2 −1}}, then we have K ≠ S(O(2m_b) × O(1)) × K^{′′}_2 .

It follows from (9.5) and Lemma 9.2 (1), (2) that the slice representation σ_2 : K_2 → O(2k_2 −2) is also completely determined by K. Therefore, the tubular neighborhood X_2 = G ×_{K2} D^{2k2 −1} of G/K_2 is completely determined by K, and equivariantly diffeomorphic to the following manifold: a∏ i=1 S^{2li +1} ×_T a b−1∏ j=1 S^{2mj} × D(R^{2k2 −1})

×_A S(C^k1_c ) ,

where T^a-quotient is defined similarly to that in the previous cases (e.g. the case (2)-(a)), A ≃ S_1/S^o_1 -quotient is defined by the following actions:

• on ∏_{b−1} j=1 S^{2mj} × D(R^{2k2 −1}) as the subgroup A ⊂ ∏_{b−1} j=1 Z_2 × {±I_{2k2 −1}};

• on S(C^{k1}_c ) ⊂ C^{k1}_c by the representation σ_C : A → {±1} (induced by σ_1).

Moreover, by using (9.5) and Lemma 9.2 (3), if (1, · · · , 1, −I_{2k2 −1}) ∈ A ⊂ ∏_{b−1} j=1 Z_2 × {±I_{2k2−1}}, then σ_C (1, · · · , 1, −I_{2k2 −1}) = −1 (because if not so the principal isotropy subgroup is K = S(O(2m_b) × O(1)) × K^{′′}_2 ). It follows that A acts on ∏_{b−1} j=1 S^{2mj} × D(R^{2k2 −1}) × S(C^{k1}_c ) freely;

therefore, X_2 is a manifold.

By using Remark 4.2, we can easily check that the pair (M, G) of the case (3)-(a) and k_2 ≥ 3 is as follows (up to essential isomorphism):

M = a∏ i=1 S^{2li+1} ×_T a b−1∏ j=1 S^{2mj} ×_A S(R^{2k2 −1} ⊕ C^{k1}_c ) ;

G = a∏ i=1 SU(l_i + 1) × b−1∏ j=1 SO(2m_j + 1) × SO(2k_2 − 1) × U(k_1),

where A acts on ∏_{b−1} j=1 S^{2mj} × S(R^{2k2 −1} ⊕ C^{k1}_c ) as follows: on C^{k1}_c by σ_C : A → {±1}; on ∏_{b−1} j=1 S^{2mj} × R^{2k2 −1} as the subgroup ∏_{b−1} j=1 Z_2 × {±I_{2k2−1}} such that if (1, · · · , 1, −I_{2k2 −1}) ∈ A then σ_C (1, · · · , 1, −I_{2k2 −1}) = −1.

This corresponds with the first manifold in Theorem 8.1 for k_2 ≥ 3.

9.2. The case k_2 = 2. Assume k_2 = 2. By (9.1) and (9.2), the covering of K^o is as follows: ~Ko = Spin(2k_2 − 2) × ~K′_2 = b∏ j=1 Spin(2m_j ) × a∏ i=1 SU(l_i) × T^a × SU(k_1 − 1) × T^1 for k_1 ≥ 2 or

= b∏ j=1 Spin(2m_j ) × a∏ i=1 SU(l_i) × T^a for k_1 = 1,

where l_i ≥ 1 for all i = 1, · · · , a. Comparing the above coverings of K^o’s, there are the following three cases:

(i): Spin(2k_2 − 2) = Spin(2m_b), and k_2 = m_b + 1 = 2;

(ii): Spin(2k_2 − 2) = T_a, where T_a is the a-th factor of T^a = T_1 × · · · × T_a (T_i ≃ T^1); (iii): Spin(2k_2 − 2) = T^1, and k_1 ≥ 2.

Remark 9.3. The above case (i) is the same as the case (i) in Section 9.1. By the same argument of Section 9.1, we have that (M, G) for the above case (i) is as follows (k_2 = 2): M = a∏ i=1 S^{2li+1} ×_T a b−1∏ j=1 S^{2mj} ×_A S(R^{2k2 −1} ⊕ C^{k1}_c ) ;

G = a∏ i=1 SU(l_i + 1) × b−1∏ j=1 SO(2m_j + 1) × SO(2k_2 − 1) × U(k_1),

where T^a and A quotients are similarly defined as that of M in Section 9.1. This corresponds with the first manifold in Theorem 8.1 for k_2 = 2. Hence, in this section, we may only discuss with the other cases: the case (ii) and (iii).

First we prove the following lemma.

Lemma 9.4. In the above cases, the case (iii) does not occur. Proof. By the definition of the case (iii),

~K′_2 =^b ∏ j=1 Spin(2m_j) × a∏ i=1 SU(l_i) × T^a × SU(k_1 − 1). By (9.2), (9.3), we can put ~K^o_2 = Spin(2k_2 − 1) × ~K^′_2. Therefore, with a method similar to that demonstrated in the proof of Lemma 9.1, there is the following commutative diagram (k_2 = 2): Spin(2k_2 − 2) × ~K^′_2^{~ι}−→ Spin(2k_2 − 1) × ~K^′_2 φ ↓ ↓ φ K^{o ι}−→ K^o_2 , where φ is the finite covering, and ~ι and ι are inclusion maps. Hence, the following sequence holds by the commutativity of the above diagram and the definition of G (also see notations in Section 8.1): q ∘ ι_2 ∘ ι ∘ φ(Spin(2)) = q ∘ ι_2 ∘ φ ∘ ~ι(Spin(2)) ⊂ q ∘ ι_2 ∘ φ(Spin(3)) ⊂ q(G) = T^1, On the other hand, by (9.1), we have q ∘ ι_2 ∘ ι ∘ φ(Spin(2)) = T^1 = q(G) = q ∘ ι_2 ∘ ι(K^o).

Consequently, we have q ∘ ι_2 ∘ ϕ(Spin(3)) = T^1. However, this gives a contradiction, because there is no non-trivial representation from Spin(3) to T^1. It follows that the case (iii) does not occur. □

By Remark 9.3 and Lemma 9.4, we may only study the case (ii) in this subsection. Assume the case (ii) occurs, that is, Spin(2k_2 − 2) = T_a, where T_a is the a-th factor of T^a = T_1 × · · · × T_a (T_i ≃ T^1). Let π_j : Spin(2m_j ) → SO(2m_j ) be the double covering. In order to study this case, we divide this case into two parts:

• the case k_1 = 1; • the case k_1 ≥ 2.

9.2.1. The case k_1 = 1. First, we assume k_1 = 1. Then, we have the following finite covering: π : b∏ j=1 Spin(2m_j ) × a∏ i=1 SU(l_i) × T^a = ~K^′_2 × T_a −→ K^o such that

π(A_j , B_i, t_i) = ( π_j (A_j ), ( B_it^{−1/li}_i 0 0 t_i ) , t^{−α1}_1 · · · t^{−αa}_a )

∈ K^o ⊂ b∏ j=1 SO(2m_j ) × a∏ i=1 S(U(l_i) × U(1)) × T^1,

for the element (A_j , B_i, t_i) ∈ ∏_b j=1 Spin(2m_j) × ∏_a i=1 SU(l_i) × T^a.

If α_a ≠ 0, then K^o has the following subgroup:

π(T_a) = π(Spin(2k_2 − 2)) = {(( I_{la} t^{−1/la}_a 0 0 t_a ) , t^{−αa}_a ) | | | ta ∈ Ta }

⊂ (S(U(l_a) × U(1)) × T^1) ∩ K^o,

where I_{la} is the identity element in U(l_a). Therefore, for the following commutative diagram (by (9.2) and (9.3)): T_a × ~K^′_2^{~ι}−→ Spin(3) × ~K^′_2 π ↓ ↓ ~π K^{o ι}−→ K^o_2 , we have the following sequence (also see notations in Section 8.1):

T^1 = q ∘ ι_2 ∘ ι ∘ π(T_a) = q ∘ ι_2 ∘ ι ∘ π(Spin(2k_2 − 2)) = q ∘ ι_2 ∘ ~π ∘ ~ι(Spin(2k_2 − 2)) ⊂ q ∘ ι_2 ∘ ~π(Spin(2k_2 − 1)) ⊂ q(G) = T^1.

This gives a contradiction with a method similar to that demonstrated in the proof of Lemma 9.4. Hence, we have α_a = 0.

Because α_a = 0, we have that π(T_a × SU(l_a)) = S(U(l_a) × U(1)). Therefore, there is the following sequence:

S(U(l_a) × U(1)) = p_a ∘ ι_2 ∘ ι ∘ π(T_a × SU(l_a)) = p_a ∘ ι_2 ∘ ~π ∘ ~ι(T_a × SU(l_a)) ⊂ p_a ∘ ι_2 ∘ ~π(Spin(3) × SU(l_a)) ⊂ p_a(G) = SU(l_a + 1).

Because Spin(3) and SU(l_a) are simple and dim(SU(l_a) × Spin(3)) = l^2_a + 2 and dim S(U(l_a) × U(1)) = l^2_a, we have that p_a ∘ ι_2 ∘ ~π(SU(l_a) × Spin(3)) ≠ S(U(l_a) × U(1)). Since S(U(l_a) × U(1)) is a maximal rank, maximal subgroup in SU(l_a + 1) (see [38]), we have p_a ∘ ι_2 ∘ ~π(SU(l_a) × Spin(3)) = SU(l_a + 1).

Comparing their dimension (dim(SU(l_a) × Spin(3)) = l^2_a + 2 and dim SU(l_a + 1) = l^2_a + 2l_a), we have

l_a = 1

(remark Spin(3) ≃ SU(2)). Hence, in the case k_1 = 1, we can regard

(SU(l_a + 1), S(U(l_a) × U(1))) = (Spin(2k_2 − 1), Spin(2k_2 − 2)) = (Spin(2m_{b+1} + 1), Spin(2m_{b+1}))

where m_{b+1} = 1. Therefore, by regarding b + 1 as b and a − 1 as a, we can regard the case (ii) with k_1 = 1 as the case (i). Hence, this case corresponds with the first case of Theorem 8.1 which satisfies k_1 = 1 and k_2 = 2 by using Remark 9.3.

9.2.2. The case k_1 ≥ 2. Next, we study the other case: the case k_1 ≥ 2. If k_1 ≥ 2, then we have the following finite coverings:

π : b∏ j=1 Spin(2m_j ) × a∏ i=1 SU(l_i) × T^a × SU(k_1 − 1) × T^1 → K^o

such that, π(A_j , B_i, t_i, Y, t) = ( π_j (A_j ), ( B_it^{−1/li}_i 0 0 t_i ) , ( Y x^{−1/(k1 −1)} 0 0 x ) , t )

∈ b∏ j=1 SO(2m_j ) × a∏ i=1 S(U(l_i × U(1)) × S(U(k_1 − 1) × U(1)) × T^1,

where x = t^{−α1}_1 · · · t^{−αa}_a t^{−α}.

If α_a = 0, then we can easily show that l_a = 1 and this case corresponds with the first case of Theorem 8.1 which satisfies k_1 ≥ 2 and k_2 = 2 with the method similar to that demonstrated in the previous section (Section 9.2.1). Therefore, we may only discuss with the case α_a ≠ 0.

Assume α_a ≠ 0. We will prove this case does not occur. First, we prove the following lemma.

Lemma 9.5. If k_1 ≥ 2 and α_a ≠ 0, then we can put l_a = 1, k_1 = 2 and α_a = ±1.

Proof. If k_1 ≥ 2 and α_a ≠ 0, then K^o has the following subgroups (k_2 = 2): π(SU(l_a) × Spin(2k_2 − 2)) (9.6) = {(( B_at^{−1/la}_a 0 0 t_a ) , ( I_{k1 −1}t^{αa /(k1 −1)} a 0 0 t^{−αa}_a ))}

π(Spin(2k_2 − 2) × SU(k_1 − 1))

(9.7) = {(( I_{la} t^{−1/la}a 0 0 t_a ) , ( Y t^{αa/(k1 −1)} a 0 0 t^{−αa}_a ))}

where t_a ∈ T_a = Spin(2k_2 − 2), B_a ∈ SU(l_a), Y ∈ SU(k_1 − 1), and I_{k1 −1}, I_{la} are identity elements in U(k_1 − 1) and U(l_a), respectively. Moreover, there is the following commutative diagram by (9.2) and (9.3): (SU(l_a) × Spin(2) × SU(k_1 − 1)) × ~K^{′′}_2^{~ι}−→ (SU(l_a) × Spin(3) × SU(k_1 − 1)) × ~K^{′′}_2 π ↓ ↓ ~π K^{o ι}−→ K^o_2 , where ~K^{′′}_2 = ∏_b j=1 Spin(2m_j ) × ∏_{a−1} i=1 SU(l_i) × T^{a−1} × T^1. Then, we have the following sequence by (9.6): S(U(l_a) × U(1)) = p_a ∘ ι_2 ∘ ι ∘ π(SU(l_a) × Spin(2)) = p_a ∘ ι_2 ∘ ~π ∘ ~ι(SU(l_a) × Spin(2)) ⊂ p_a ∘ ι_2 ∘ ~π(SU(l_a) × Spin(3)) ⊂ p_a(G) = SU(l_a + 1).

With a method similar to that demonstrated in the proof of l_a = 1 in Section 9.2.1, we have l_a = 1. Moreover, by (9.7), we have the following sequence: S(U(k_1 − 1) × U(1)) = p ∘ ι_2 ∘ ι ∘ π(Spin(2) × SU(k_1 − 1)) = p ∘ ι_2 ∘ ~π ∘ ~ι(Spin(2) × SU(k_1 − 1)) ⊂ p ∘ ι_2 ∘ ~π(Spin(3) × SU(k_1 − 1)) ⊂ p(G) = SU(k_1). Similarly, we have k_1 = 2.

Moreover, we can easily show that p ∘ ι_2 ∘ ~π : Spin(3) → SU(k_1) = SU(2) is an isomorphic map. By considering the restricted representation to Spin(2) of this isomorphic map and using (9.7), we also have α_a = ±1. □

By Lemma 9.5, we have l_a = 1, k_1 = 2 and |α_a| = 1; moreover, we have the following commutative diagram (see the proof of Lemma 9.5): Spin(2) × ~K^{′′}_2^{~ι}−→ Spin(3) × ~K^{′′}_2 π ↓ ↓ ~π K^{o ι}−→ K^o_2 . Then, we have the following sequence: H = (p_a × p) ∘ ι_2 ∘ ι ∘ π(Spin(2)) = (p_a × p) ∘ ι_2 ∘ ~π ∘ ~ι(Spin(2)) ⊂ (p_a × p) ∘ ι_2 ∘ ~π(Spin(3)) ⊂ p_a × p(G) = SU(l_a + 1) × SU(k_1) = SU(2) × SU(2).

Here, H is one of the followings, because of (9.6) and (9.7) in the proof of Lemma 9.5 and |α_a| = 1: Δ = {( t^{−1}_a 0 0 t_a ) , ( t^{−1}_a 0 0 t_a )} ⊂ SU(2) × SU(2) for α_a = −1;

Δ^′ = {( t^{−1}_a 0 0 t_a ) , ( t_a 0 0 t^{−1}_a )} ⊂ SU(2) × SU(2) for α_a = 1.

Since Δ and Δ^′ are conjugate in G, we can take α_a = −1 and H = Δ. Because Spin(3) ≃ SU(2) and H = Δ, we can easily show that (p_a × p) ∘ ι_2 ∘ ~π(Spin(3)) = {(X, X) | X ∈ SU(2)} ⊂ SU(2) × SU(2), i.e., the diagonal subgroup. By the definition of π and the above argument, we see the followings: ι ∘ π(Spin(2) × T^1) = {(( t^{−1}_a 0 0 t_a ) , ( t^{−1}_a t^α 0 0 t_at^{−α} ) , t ) ∈ SU(2) × SU(2) × T^1 }

⊂ ~π(Spin(3) × T^1) = { (X, X, t) ∈ SU(2) × SU(2) × T^1 } . It follows that α = 0. However, this gives a contradiction because α ∈ N (see Section 4.1.1). Therefore, this case (the case k_1 ≥ 2 and α_a ≠ 0) does not occur.

10. The case (3)-(b) In this section, we study the case (3)-(b). From Section 4.1, we have G = b∏ j=1 SO(2m_j + 1) × a∏ i=1 SU(l_i + 1) × SO(2k_1),

K_1 = S_1 × a∏ i=1 S(U(l_i) × U(1)) × SO(2k_1),

K = a∏ i=1 S(U(l_i) × U(1))

(10.1)

× {( A, ( X 0 0 x )) ∈ S_1 × S(O(2k_1 − 1) × O(1)) | | | | | σ_1(A)x = 1 } , where k_1 ≥ 2. From Lemma 8.2, we also have K^o = Spin(2k_2 − 2) ∘ K^′_2,

(10.2) K^o_2 = Spin(2k_2 − 1) ∘ K^′_2

(10.3) Therefore, we have the covering of K^o as follows by (10.1) and (10.2): ~Ko = Spin(2k_2 − 2) × ~K′_2 = b∏ j=1 Spin(2m_j) × a∏ i=1 SU(l_i) × T^a × Spin(2k_1 − 1). Comparing the above covering of K^o’s and using the fact that Spin(2) ≃ T^1, Spin(3) ≃ SU(2), Spin(4) ≃ SU(2) × SU(2) and Spin(6) ≃ SU(4), there are the following five cases:

(i): Spin(2k_2 − 2) = Spin(2m_b) and k_2 = m_b + 1 ≥ 2;

(ii): Spin(2k_2 − 2) = T_a and k_2 = 2, where T_a is the a-th factor of T^a = T_1 × · · · × T_a (T_i ≃ T^1);

(iii): Spin(2k_2 − 2) = SU(l_{a−1}) × SU(l_a) and l_a = l_{a−1} = 2, k_2 = 3; (iv): Spin(2k_2 − 2) = SU(l_a) × Spin(2k_1 − 1) and l_a = 2, k_1 = 2, k_2 = 3; (v): Spin(2k_2 − 2) = SU(l_a) and l_a = 4, k_2 = 4.

Similarly to Lemma 9.1, we can show the following lemma.

Lemma 10.1. In the above cases, the cases from (iii) to (v) do not occur. Proof. For the cases (iii) and (iv), we can apply a method similar to the proof of that the case (ii) does not occur in Lemma 9.1. For the case (v), we can apply a method similar to the proof of that the case (iv) does not occur in Lemma 9.1. So we may omit the detail of the proof. □ From the next section, we study the cases (i) and (ii): we call them (3)-(b)-(i) and (3)-(b)-(ii), respectively.

10.1. The case (3)-(b)-(i). Suppose the case (3)-(b)-(i) occurs, that is, Spin(2k_2 − 2) = Spin(2m_b) and k_2 = m_b + 1 ≥ 2.

It follows from (10.1) and (10.2) that the following relation holds:

Spin(2k_2 − 2) ∘ K^′_2 = Spin(2m_b) ∘ K^′_2 = b∏ j=1 SO(2m_j ) × a∏ i=1 S(U(l_i) × U(1)) × SO(2k_1 − 1) = K^o.

Therefore, we can put K^o = SO(2m_b) × K^′_2 = SO(2k_2 − 2) × K^′_2 and

K^′_2 = b−1∏ j=1 SO(2m_j ) × a∏ i=1 S(U(l_i) × U(1)) × SO(2k_1 − 1).

Because K^o_2 = Spin(2k_2 − 1) ∘ K^′_2 (by (10.3)), by using the same argument in Section 9.1, we have

K^o_2 = a∏ i=1 S(U(l_i) × U(1)) × b−1∏ j=1 SO(2m_b) × SO(2k_2 − 1) × SO(2k_1 − 1),

and there is the inclusion SO(2k_2 − 1) → K_2 such that its image is SO(2m_b + 1) ⊂ G. Because K^o_2 ⊂ K_2 ⊂ G, we can put K_2 is as follows:

K_2 = SO(2k_2 − 1) × K^{′′}_2

⊂ G = SO(2k_2 − 1) × b−1∏ j=1 SO(2m_j + 1) × a∏ i=1 SU(l_i + 1) × SO(2k_1) ,

where 2m_b + 1 = 2k_2 − 1 and K^{′′}_2 is a subgroup of ∏_{b−1} j=1 SO(2m_j + 1) × ∏_a i=1 SU(l_i + 1) × SO(2k_1).

By using the same argument of Section 9.1, we have that

K_2 = SO(2k_2 − 1) × Φ(K) ⊂ G such that Φ(K) = Φ(K_2) = K^{′′}_2 ,

where Φ : G → G/SO(2k_2 − 1) = G/SO(2m_b + 1) is the natural projection. It follows that the inclusion K_2 ⊂ G is completely determined by K.

Next, we consider the slice representation σ_2 : K_2 → O(2k_2 − 1). By the same reason demonstrated in Section 9.1, the restricted slice representation σ_2|_{SO(2k2 −1)} : SO(2k_2 − 1) → O(2k_2 − 1) is the natural inclusion. Hence, we have that

σ_2(K^{′′}_2 ) ⊂ Z(SO(2k_2 − 1)) = {±I_{2k2−1}} ⊂ O(2k_2 − 1).

Moreover, by (10.1), we have the following formula for K:

K = σ^{−1}_2 (O(2k_2 − 2)) = {(( B 0 0 b ) , Y ) ∈ S(O(2k_2 − 2) × O(1)) × K^{′′}_2 | | | | b = det B^{−1} = det σ_2(Y ) }

= a∏ i=1 S(U(l_i) × U(1)) × {( A, ( X 0 0 x )) ∈ S_1 × S(O(2k_1 − 1) × O(1)) | | | | σ_1(A)x = 1 } . Therefore, we can easily show that the following lemma by using the above formula for K.

Lemma 10.2. The following two statements are equivalent:

(1): σ_2(K^{′′}_2 ) = {I_{2k2 −1}} (resp. σ_2(K^{′′}_2 ) = {±I_{2k2−1}}); (2): K = SO(2k_2 − 2) × K^{′′}_2 (resp. r_b(K) = S(O(2m_b) × O(1))).

Moreover, the following statement holds:

(3): if σ_2(K^{′′}_2 ) = {±I_{2k2 −1}} then K ≠ S(O(2m_b) × O(1)) × K^{′′}_2 .

It follows from this Lemma 10.2 and the above formula for K that the slice representation σ_2 : K_2 → O(2k_2 −2) is also completely determined by K. Therefore, the tubular neighborhood of G/K_2 is completely determined by K and equivariantly diffeomorphic to the following manifold: a∏ i=1 C P (l_i ) × b−1∏ j=1 S^{2mj} × D(R^{2k2 −1}) ×_A S(R^{2k}1 ),

where A ≃ S_1/S^o_1 -quotient is defined by the following actions: on ∏_{b−1} j=1 S^{2mj} × D(R^{2k2 −1}) as the subgroup A ⊂ ∏_{b−1} j=1 Z_2 × {±I_{2k2 −1}}; and on S(R^{2k1} ) ⊂ R^{2k1} by the representation σ_R :

A → {±I_{2k1} } (induced by σ_1). Moreover, by using Lemma 10.2 (3), if (1, · · · , 1, −I_{2k2 −1}) ∈ A ⊂ ∏_{b−1} j=1 Z_2 × {±I_{2k2−1}}, then σ_R(1, · · · , 1, −I_{2k2 −1}) = −I_{2k1} . It follows that A acts on ∏_{b−1} j=1 S^{2mj} × D(R^{2k2 −1}) × S(R^{2k1} ) freely; therefore, X_2 is a manifold.

From Remark 4.2, we can easily check that the pair of (M, G) of the case (3)-(b)-(i) is as follows: M = a∏ i=1 C P (l_i ) × b−1∏ j=1 S^{2mj} ×_A S(R^{2k2 −1} ⊕ R^{2k1} );

G = a∏ i=1 SU(l_i + 1) × b−1∏ j=1 SO(2m_j + 1) × SO(2k_2 − 1) × SO(2k_1),

where A acts on ∏_{b−1} j=1 S^{2mj} × S(R^{2k2 −1} ⊕ R^{2k1} ) as follows:

• on R^{2k1} by σ_R : A → {±I_{2k1} }; • on ∏_{b−1} j=1 S^{2mj} ×R^{2k2 −1} as a subgroup ∏_{b−1} j=1 Z_2×{±I_{2k2−1}} such that if (1, · · · , 1, −I_{2k2 −1}) ∈ A, then σ_R(1, · · · , 1, −I_{2k2 −1}) = −I_{2k1} .

This corresponds with the second manifold in Theorem 8.1.

10.2. The case (3)-(b)-(ii). Suppose the case (3)-(b)-(ii) occurs, that is, Spin(2k_2 − 2) = T_a and k_2 = 2, where T_a is the a-th factor of T^a = T_1 × · · · × T_a (T_i ≃ T^1). Let ψ : ~K^o → K^o be the finite covering projection, where ~K^o is a product of Lie groups. By (10.1), we can easily show that

ψ(Spin(2k_2 − 2)) = {( I_{la} t^{−1/la}_a 0 0 t_a ) | | | t_a ∈ T_a = Spin(2k_2 − 2) } . Moreover, there is the following commutative diagram by (10.2) and (10.3): (SU(l_a) × Spin(2k_2 − 2)) × ~K^{′′}_2^{~ι}−→ (SU(l_a) × Spin(2k_2 − 1)) × ~K^{′′}_2 ψ ↓ ↓ ~ψ K^{o ι}−→ K^o_2 , where ~K^{′′}_2 = ∏_b j=1 Spin(2m_j )× ∏_{a−1} i=1 SU(l_i)×T^{a−1} ×Spin(2k_1 −1). Because p_a(K^o) = S(U(l_a)× U(1)) (by (10.1)), we have the following sequence (k_2 = 2): S(U(l_a) × U(1)) = p_a ∘ ι_2 ∘ ι ∘ ψ(SU(l_a) × Spin(2k_2 − 2)) = p_a ∘ ι_2 ∘ ~ψ ∘ ~ι(SU(l_a) × Spin(2k_2 − 2)) ⊂ p_a ∘ ι_2 ∘ ~ψ(SU(l_a) × Spin(2k_2 − 1)) ⊂ p_a(G) = SU(l_a + 1).

Therefore, with a method similar to the proof of l_a = 1 in Section 9.2.1, we also have l_a = 1 (remark Spin(3) ≃ SU(2)). Hence, we have

K^o_2 = b∏ j=1 SO(2m_b) × a−1∏ i=1 S(U(l_i) × U(1)) × SU(2) × SO(2k_1 − 1)

= b∏ j=1 SO(2m_b) × a−1∏ i=1 S(U(l_i) × U(1)) × Spin(3) × SO(2k_1 − 1). By the similar argument of Section 10.1 and using (10.1), we have that

K_2 = a−1∏ i=1 S(U(l_i) × U(1)) × Spin(3)

× {( A, ( X 0 0 x )) ∈ S_1 × S(O(2k_1 − 1) × O(1)) | | | | σ_1(A)x = 1 } .

Similarly, the slice representation σ_2 : K_2 → O(3) is the natural representation from the Spin(3)- factor in K_2 to SO(3) ⊂ O(3), and from the other factors K^{′′}_2 in K_2 to ZSO(3) = {±I_3}. However, by σ^{−1}_2 (O(2)) = K ⊃ K^{′′}_2 = ψ( ~K^{′′}_2 ) (see (10.1)) and O(2) ∩ {±I_3} = {I_3}, we have that σ_2(K^{′′}_2 ) = {I_3}. Therefore, K_2 ⊂ G and σ_2 are completely determined by K.

In this case, by constructing the G-manifold, we can regard Spin(3) as SO(3) = SO(2m_{b+1}+1) in G up to essential isomorphism. By regarding b+1 as b and a−1 as a, we can easily show that this case is the same as the case (3)-(b)-(i) with k_2 = 2 and σ_2(K^{′′}_2 ) = {I_3}. Hence, this corresponds with the second manifold in Theorem 8.1 such that k_2 = 2 and σ_2 : K_2 → SO(3) ⊂ O(3).

CHAPTER 4

Topological classification of torus manifolds which have codimension one extended G-actions

This chapter is the joint work with Suyoung Choi.

1. Introduction of Chapter 4

A toric variety of dimension n is a normal algebraic variety on which an algebraic torus (C^∗ )^n acts with a dense orbit. We call a compact non-singular toric variety a toric manifold. We regard the compact torus T^n as the standard subgroup in (C^∗ )^n. The orbit space of a toric manifold with T^n can be identified with the simple polytope and the action of T^n on a toric manifold is locally standard, that is, locally modelled by the standard action on C^n . Davis and Januszkiewicz first introduced the notion of a toric manifold as a topological counterpart, which is now called a quasitoric manifold, by taking these two characteristic properties as the starting point (see [7, 11]). A quasitoric manifold is a smooth closed manifold of dimension 2n with a locally standard T^n-action which has a simple polytope as an orbit space. Obviously not all quasitoric manifolds belong to the family of toric manifolds. For instance, C P^2 ♯C P^2 is a quasitoric manifold with an appropriate action of T^2 but not a toric manifold because it does not allow an almost complex structure. Moreover, the family of quasitoric manifolds does not contain the family of toric manifolds entirely but the theory can be extended to a certain family of manifolds containing both toric manifolds and quasitoric manifolds. In fact, Hattori and Masuda introduced a torus manifold(or unitary toric manifold in the earlier terminology) in [17, 29], which is an oriented closed smooth manifold of dimension 2n with an effective action of T^n with a non-empty fixed point set. Among the definition of torus manifolds, if a torus manifold M satisfies the following two conditions:

(1) H^{odd}(M) = 0 (resp. H^∗(M) is generated by H^2(M) as ring);

(2) M, M_i’s and connected components of any multiple intersection of M_i’s are all simply connected, where M_i’s are characteristic submanifolds of M, then the orbits space is a homotopy cell (resp. homotopy polytope) and the converse also holds (see [33]). Thus Masuda and Suh believe in [35] that the toric theory can be developed to the family of torus manifolds satisfying the two conditions above in the topological category in a nice way.

On the other hand, the topological classification of these manifolds has recently attracted the attention of toric topologists. Masuda and Suh gave several problems in [35]. Of special interest is the following problem which is now called a cohomological rigidity problem for toric manifolds:

Problem 1.1. Are toric manifolds diffeomorphic (or homeomorphic) if their cohomology rings are isomorphic as graded rings?

They also ask the problem for quasitoric manifolds and torus manifolds satisfying the two conditions above. In general, a cohomology ring of a given manifold does not determine its topological type. But in the category of toric or quasitoric manifolds, several mathematicians can find partial affirmative solutions in [8, 9, 34]. We do not know any counter example to Problem 1.1.

In the present chapter, we give a negative answer to Problem 1.1 for the family of torus manifolds each of whose orbit space is a homotopy cell. In order to give a negative answer, we study a topological classification of torus manifolds which have extended G-actions, where G is a compact, connected Lie group with maximal torus T^n. In Chapter 1, 2, 3, we have classified the torus manifolds which have extended G-actions with codimension 0 or 1 principal orbits. The (simply connected) torus manifold which has a codimension 0 extended G-action (i.e., transitive G-action) is a product of complex projective spaces and spheres. This is nothing but a product of projective spaces and spheres from the (non-equivariant) topological point of view. Thus, this chapter will be restricted to consideration of the classification of the torus manifolds which have extended G-actions with codimension 1 principal orbits, and the main theorem of this chapter is as follows:

Theorem 9. Let M_1, M_2 ∈ M with a = 1, b = 0. The following statements hold for these manifolds.

(1) If there is an isomorphism between H^∗(M_1) and H^∗(M_2) then M_1 ∼= M_2 up to homeomorphism (i.e., the cohomological rigidity holds) if and only if M_1 and M_2 are in the class in M which constructed by the following manifolds:

S^{2ℓ+1} ×_S1 P (C^{k1}_ρ ⊕ C^{k2} );

S^{2ℓ+1} ×_S1 S(C^k_ρ ⊕ R) ℓ > 1 and k ≤ ℓ;

S^3 ×_S1 S(C^k_ρ ⊕ R) for k ≡_2 0 (k > 1);

S^3 ×_S1 S(C^{k1}_ρ ⊕ R^{2k2 +1}) for k_1 ≡_2 0.

(2) If there is an isomorphism between H^∗(M_1) and H^∗(M_2) and their Pontrjagin classes are same p(M_1) = p(M_2), then M_1 ∼= M_2 up to homeomorphism (i.e., the cohomological rigidity does not hold) if and only if M_1 and M_2 are in the class in M which constructed by the following manifolds:

S^{2ℓ+1} ×_S1 S(C^k_ρ ⊕ R) for k > ℓ > 1;

S^{2ℓ+1} ×_S1 S(C^{k1}_ρ ⊕ R^{2k2 +1}) for ℓ > 1;

(3) If there is an isomorphism between H^∗(M_1) and H^∗(M_2) and their Stiefel-Whitney classes are same w(M_1) = w(M_2), then M_1 ∼= M_2 up to homeomorphism (i.e., the cohomological rigidity does not hold) if and only if M_1 and M_2 are in the class in M which constructed by the following manifolds:

S^3 ×_S1 S(C^k_ρ ⊕ R) for k ≡_2 1 (k > 1);

S^3 ×_S1 S(C^{k1}_ρ ⊕ R^{2k2 +1}) for k_1 ≡_2 1.

Therefore, we have the following corollary.

Corollary 10. In the above theorem, the set of (2) and (3) in torus manifolds do not satisfy the cohomological rigidity. It follows that the Problem 1.1, for the family of torus manifolds each of whose orbit space is a homotopy cell, is negative.

This chapter is organized as follows. In Section 2, we recall the results of Chapter 2, 3 and prepare notations. In Section 3, we compute cohomology rings and characteristic classes of these manifolds. In order to compute them, we use the Davis-Januszkiewicz formula for the topological invariants of quasitoric manifolds and the classical facts of bundles. In Section 4, we give the main result of this chapter. In Section 5, we prove the main result.

2. Notations

Let ~M be the set of simply connected torus manifolds M^{2n} which have extended G-actions with codimension 1 principal orbits, where G is a compact, connected Lie group with maximal torus T^n. Due to the main results in Chapter 2, 3, ~M consists of the following three types of manifolds:

TYPE 1 : b∏ j=1 S^{2mj} × (_a ∏ i=1 S^{2ℓi+1} ×_{(S}1_)a P (C^{k1}_ρ ⊕ C^{k2} ) ) ;

TYPE 2 : b∏ j=1 S^{2mj} × (_a ∏ i=1 S^{2ℓi+1} ×_{(S}1_)a S(C^k_ρ ⊕ R) ) ;

TYPE 3 : b∏ j=1 S^{2mj} × (_a ∏ i=1 S^{2ℓi+1} ×_{(S}1_)a S(C^{k1}_ρ ⊕ R^{2k2 +1}) ) ,

where P (C^{k1}_ρ ⊕C^{k2} ) = (C^{k1}_ρ ⊕C^{k2} −{0})/C^∗ is a complex projective space, S(C^l ⊕R^m ) ⊂ C^l ⊕R^m is a sphere, and (S^1)^a acts on ∏_a i=1 S^{2ℓi+1} naturally and on C^{k1}_ρ through the following representation ρ : (S^1)^a → S^1: ρ(t_1, · · · , t_a) = t^{α1}_1 · · · t^{αa}_a for α_i ∈ Z (i = 1, · · · , a).

From now on, we assume that a = 1 and b = 0 and M denotes the subset of ~M which satisfies a = 1 and b = 0. Let M_i (i = 1, 2, 3) be the subset of M of TYPE i with a = 1 and b = 0. By the definition of M_i, the element N_i ∈ M_i is as follows:

N_1 = S^{2ℓ+1} ×_S1 P (C^{k1}_ρ ⊕ C^{k2} ); N_2 = S^{2ℓ+1} ×_S1 S(C^k_ρ ⊕ R); N_3 = S^{2ℓ+1} ×_S1 S(C^{k1}_ρ ⊕ R^{2k2 +1}).

We may regard ρ ∈ Z by defining ρ : S^1 → S^1 as t → t^ρ. First we compute the cohomology rings and characteristic classes of N_i’s. In order to compute them, we use the following standard notations: H^∗(X) is the cohomology ring of X over Z-coefficient; w(X) (resp. w_i(X)) is the total (resp. i-th) Stiefel-Whitney class of X; and p(X) (resp. p_i(X)) is the total (resp. i-th) Pontrjagin class of X. Moreover, Z[x_1, · · · , x_m] denotes the polynomial ring generated by x_j (j = 1, · · · , m), and < f_1(x_1, · · · , x_m), · · · , f_s(x_1, · · · , x_m) > denotes the ideal in Z[x_1, · · · , x_m] generated by the polynomials f_j (x_1, · · · , x_m) (j = 1, · · · , s). E(η) denotes the total space for the fibre bundle η.

3. Topological invariants

In this section, we will compute the following three topological invariants of N_i (i = 1, 2, 3): cohomology rings H^∗(N_i); Stiefel-Whiteny classes w(N_i); and Pontrjagin classes p(N_i).

3.1. Topological invariants of N_1. In this subsection, we will compute topological invariants of N_1 = S^{2ℓ+1} ×_S1 P (C^{k1}_ρ ⊕ C^{k2} ). In order to compute them, we first recall the torus action on N_1. The torus action on N_1 is defined as follows (k_1, k_2 ≥ 1):

(a_1, · · · , a_l, b_1, · · · , b_{k1} , c_1, · · · , c_{k2−1}) · [(x_0, · · · , x_l), [y_1; · · · ; y_{k1} ; y^′_1; · · · ; y^′_{k2} ]] = [(x_0, a_1x_1, · · · , a_lx_l), [b_1y_1; · · · ; b_{k1} y_{k1} ; c_1y^′_1; · · · ; c_{k2−1}y^′_{k2 −1}; y^′_{k2} ]],

where a_i, b_j , c_k ∈ S^1 and (x_0, · · · , x_ℓ) ∈ S^{2ℓ+1} ⊂ C^{ℓ+1} , [y_1; · · · ; y_{k1} ; y^′_1; · · · ; y^′_{k2} ] ∈ P (C^{k1}_ρ ⊕ C^{k2} ). Hence, we can easily check that this manifold N_1 is a quasitoric manifold over Δ^l ×Δ^{k1 +k2 −1} (product of two simplices) whose dimension is 2l + 2k_1 + 2k_2 − 2. Therefore, we can use the Davis- Januszkiewicz formula in [11, Theorem 4.14, Corollary 6.8] for topological invariants of quasitoric manifolds.

3.1.1. The Davis-Januszkiewicz formula. Next we quickly review the Davis-Januszkiewicz formula for topological invariants (see [7, 11] for detail). The equivariant cohomology of quasitoric manifolds M^{2n} can be described as follows: H^∗(ET ×_T M; Z) = H^∗_T n (M^{2n}; Z) ≃ Z[v_1, · · · , v_m]/I, where v_j (deg v_j = 2, j = 1, · · · , m) is the equivariant Poincaré dual of codimension two invariant submanifold M_j in M^{2n} (characteristic submanifolds) and I is an ideal of the polynomial ring Z[v_1, · · · , v_m] generated by { ∏ j∈I v_j | ∩_{j∈I} M_j = ∅}. Let p : ET ×_T M → BT be the natural projection. Then, we can define the induced homomorphism p^∗ : H^∗(BT ; Z) = Z[t_1, · · · , t_n] → H^∗(ET ×_T M; Z) = H^∗_T n (M^{2n}; Z). Moreover, we see that p^∗(t_i) (i = 1, · · · , n) can be described as the information of T -action on M, i.e., the characteristic function Λ = (λ_1 · · · λ_m) ∈ M(n, m; Z) (n × m integer matrix) and λ_j ∈ Z^n (j = 1, · · · , m) corresponds with the generator of Lie algebra of isotropy subgroup of characteristic submanifold M_j . This H^∗_T (M) is isomorphic to the face ring of the polytope M/T . Put λ_j = (λ_{1j} · · · λ_{nj} )^t ∈ Z^n. Then we can describe p^∗(t_i) (i = 1, · · · , n) as follows:

p^∗(t_i) = m∑ j=1 λ_{ij} v_j . Let J be the ideal in Z[v_1, · · · , v_m] generated by p^∗(t_j ) for all j = 1, · · · , n. Then the ordinary cohomology of quasitoric manifolds are described as follows: H^∗(M^{2n}; Z) ≃ Z[v_1, · · · , v_m]/I + J . (3.1)

Moreover, for an inclusion j : M → ET ×_T M, the Stiefel-Whitney class and the Pontrjagin class^1 can be described as follows: w(M) = j^∗ m∏ i=1 (1 + v_i),

(3.2)

p(M) = j^∗ m∏ i=1 (1 + v^2_i ).

(3.3)

3.1.2. Topological invariants of N_1. Now we may compute the topological invariants of N_1. In order to use the Davis-Januszkiewicz formula, we need to compute the characteristic functions of N_1. By the torus action on N_1, the characteristic function of N_1 is as follows:

I_ℓ 0 0 1 0 0 I_{k1} 0 ρ1 1 0 0 I_{k2 −1} 0 1 ∈ M(n, n + 2; Z), (3.4)

where n = l + k_1 + k_2 and 1 = (1, · · · , 1)^t ∈ M(1, r; Z) for r = ℓ, k_1, k_2.

Now we may compute the topological invariants of N_1. Because the equivariant cohomology ring H^∗_T n (N_1) is the face ring of Δ^l × Δ^{k1+k2 −1}, we have that H^∗_T n (N_1) ≃ Z[v_1, · · · , v_{ℓ+1}, w_1, · · · , w_{k1 +k2} ]/I, (3.5)

where deg v_i = deg w_j = 2, and I is generated by

v_1 · · · v_{ℓ+1} and w_1 · · · w_{k1 +k2} .

Now J in H^∗_T n (N_1) is as follows by (3.4):

v_1 = −v_{ℓ+1}, · · · , v_ℓ = −v_{ℓ+1}, w_1 = −ρv_{ℓ+1} − w_{k1 +k2} , · · · , w_{k1} = −ρv_{ℓ+1} − w_{k1 +k2} ,

(3.6) w_{k1 +1} = −w_{k1 +k2} , · · · , w_{k1 +k2−1} = −w_{k1 +k2} .

1In [11, Corollary 6.8], the Pontrjagin class of quasitoric manifolds (toric manifolds in [11]) is j∗ ∏m i=1(1−v^2_i ).

However, this formula coincides with 1 − p_1(M) + p_2(M) − · · · . Therefore, by [35], the Pontrjagin class of quasitoric manifolds must be p(M) = 1 + p_1(M) + p_2(M) + · · · = j^∗ ∏_m i=1(1 + v^2_i )

By using (3.1), (3.5) and (3.6), we have the following formula:

H^∗(N_1) ≃ Z[v_1, · · · , v_{l+1}, w_1, · · · , w_{k1 +k2} ]/I + J

≃ Z[v_{ℓ+1}, w_{k1 +k2} ]/ < (−1)^ℓ(v_{ℓ+1})^{ℓ+1}, (−w_{k1 +k2} − ρv_{ℓ+1})^{k1} (−w_{k1 +k2} )^{k2} > ≃ Z[x, y]/ < x^{ℓ+1}, y^{k2} (y + ρx)^{k1} >, where deg x = deg z = 2.

Because of (3.2), (3.3) and (3.6), we have the characteristic classes of N_1 as follows:

p(N_1) = (1 + v^2_{ℓ+1})^{ℓ+1}(1 + (ρv_{ℓ+1} + w_{k1 +k2} )^2)^{k1} (1 + w^2_{k1 +k2} )^{k2} = (1 + x^2)^{ℓ+1}(1 + (ρx + y)^2)^{k1} (1 + y^2)^{k2} ;

w(N_1) ≡_2 (1 + v_{ℓ+1})^{ℓ+1}(1 + ρv_{ℓ+1} + w_{k1 +k2} )^{k1} (1 + w_{k1 +k2} )^{k2} ≡_2 (1 + x)^{ℓ+1}(1 + ρx + y)^{k1} (1 + y)^{k2} .

In summary, we have the following proposition. Proposition 3.1. Topological invariants of N_1 are as follows: H^∗(N_1) = Z[x, y]/ < x^{ℓ+1}, y^{k2} (y + ρx)^{k1} >;

p(N_1) = (1 + x^2)^{ℓ+1}(1 + (ρx + y)^2)^{k1} (1 + y^2)^{k2} ; w(N_1) ≡_2 (1 + x)^{ℓ+1}(1 + ρx + y)^{k1} (1 + y)^{k2} ;

where deg x = deg y = 2 and ℓ, k_1, k_2 ∈ N.

3.2. Topological invariants of N_2 and N_3. For N_2 = S^{2ℓ+1} ×_S1 S(C^k_ρ ⊕ R) and N_3 = S^{2ℓ+1} ×_S1 S(C^{k1}_ρ ⊕ R^{2k2 +1}), in this subsection, we prove the following propositions.

Proposition 3.2. Topological invariants of N_2 are as follows: H^∗(N_2) = Z[x, z]/ < x^{ℓ+1}, z(z + (ρx)^k ) >;

p(N_2) = (1 + x^2)^{ℓ+1}(1 + ρ^2x^2)^k; w(N_2) ≡_2 (1 + x)^{ℓ+1}(1 + ρx)^k :

where deg x = 2, deg z = 2k and ℓ, k ∈ N.

Proposition 3.3. Topological invariants of N_3 are as follows: H^∗(N_3) = Z[x, z]/ < x^{ℓ+1}, z^2 >;

p(N_3) = (1 + x^2)^{ℓ+1}(1 + ρ^2x^2)^{k1} ; w(N_3) ≡_2 (1 + x)^{ℓ+1}(1 + ρx)^{k1} ;

where deg x = 2, deg z = 2(k_1 + k_2) and ℓ, k_1, k_2 ∈ N.

Now N_2 has the following fibration:

S^{2k} = S(C^k_ρ ⊕ R) −→ N_2^π−→ S^{2ℓ+1}/S^1 ∼= C P (ℓ), that is, N_2 is a sphere bundle over a complex projective space. Therefore, we can use the following lemma ([13, Lemma 4]):

Lemma 3.4. Let π : E → M be a smooth, oriented r-sphere bundle over an oriented manifold M which has a section s : M → E. Let the normal bundle ν of the embedding s be oriented by π, and let χ(ν) ∈ H^r(M) be the Euler class of ν with respect to this orientation. Then there exists a unique class z ∈ H^r(E) such that s^∗(z) = 0 ∈ H^∗(M) and < i^∗(z), [S^r] >= 1.

Furthermore

(1) H^∗(E), as a module over H^∗(M), has the basis {1, z} subject to the relation z^2 + π^∗(χ(ν))z = 0;

(2) the induced cohomology map J^∗ acts identically on the subset Im π^∗ ⊂ H^∗(E) and J^∗(z) = (−1)^{r−1}z − π^∗(χ(ν)).

We define the section of π : N_2 → C P (ℓ) as follows:

s : C P (ℓ) ∋ [z_0; · · · ; z_ℓ] → ([z_0; · · · ; z_ℓ], (0, · · · , 0, 1)) ∈ N_2, where (0, · · · , 0, 1) ∈ S(C^k_ρ ⊕ R). We can easily check this map is well-defined because (0, · · · , 0, 1) ∈ S(C^k_ρ ⊕ R) is one of the fixed points of the S^1-action on S(C^k_ρ ⊕ R). Then the normal bundle of this section is isomorphic to the following bundle ξ_ρ: C^k −→ S^{2ℓ+1} ×_S1 C^k_ρ −→ C P (ℓ). Then, we have that ξ_ρ ∼= γ^{⊕k}_ρ where E(γ_ρ) = S^{2ℓ+1} ×_S1 C_ρ such that S^1 acts on C_ρ by the representation t → t^ρ. If ρ = 1, then γ_ρ is isomorphic to the canonical line bundle over C P (ℓ). Hence, γ_ρ = γ^{⊗ρ} for the canonical line bundle γ(= γ_1). Therefore, the Euler class of ξ_ρ is χ(ξ_ρ) = c_k(ξ_ρ) = c_k(γ^{⊕k}_ρ ) = c_1(γ_ρ)^k = c_1(γ^{⊗ρ})^k = (ρc)^k = ρ^kc^k, where c ∈ H^2(C P (ℓ)) is the generator (determined by c_1(γ)) of the cohomology ring H^∗(C P (ℓ)). Because π^∗ is injective by using H^{odd}(C P (ℓ)) = 0 and H^{odd}(S^{2k}) = 0 (see [38]), there are the following relations in the cohomology ring H^∗(N_2): x^{ℓ+1} = 0;

z^2 + ρ^kx^kz = 0;

for x = π^∗(c) ∈ H^2(N_2) and some z ∈ H^{2k}(N_2) by using H^∗(C P (ℓ)) = Z[c]/ < c^{ℓ+1} > and Lemma 3.4. Making use of the Serre spectral sequence for the bundle π : N_2 → C P (ℓ), there is an epimorphism Z[x, z] → H^∗(N_2), and additively the cohomology of H^∗(N_2) coincides with that of C P (ℓ) × S^{2k}. Hence, there is no other relations except those mentioned in the above arguments. Thus, we have the cohomology formula in Proposition 3.2.

In order to compute characteristic classes, we regard N_2 = S^{2ℓ+1} ×_S1 S(C^k_ρ ⊕ R) as the unit sphere bundle of the following vector bundle over C P (ℓ): ξ = ξ_ρ ⊕ R ∼= γ^{⊕k}_ρ ⊕ R, (3.7) where R is the trivial line bundle, E(ξ) = S^{2ℓ+1} ×_S1 (C^k_ρ ⊕ R). We often denote N_2 as S(ξ).

Now T denotes the tangent bundle of E(ξ). Then, there is the following pull-back diagram: ι^∗T −→ T ↓ ↓ S(ξ)^ι−→ E(ξ) where ι : (N_2 =)S(ξ) → E(ξ) is the natural inclusion, and the following relation holds: T |_{N2} = ι^∗T = τ_2 ⊕ ν_2, where τ_2 is the tangent bundle of N_2 = S(ξ) and ν_2 is the normal bundle of the inclusion ι : N_2 = S(ξ) → E(ξ). Note that ν_2 is a real 1-dimensional bundle by the equation dim E(ξ)−dim S(ξ) = 1. We prove the following lemma for ν_2.

Lemma 3.5. ν_2 is the trivial real line bundle, i.e., E(ν_2) = N_2 × R.

Proof. By the classification theorem of vector bundles, the number of line bundle over a connected CW complex X is the number of [X, BZ_2], where [X, BZ_2] is a set of all continuous map from X to a classified space BZ_2 up to homotopy. Moreover, the following relation is known: [X, BZ_2] ≈ H^1(X; Z_2), i.e., two numbers are same (e.g. see [47, Chapter 8, Section 1, 10 Theorem]). Because N_2 is simply connected, the line bundle over N_2 is always trivial. □

Hence, we have ι^∗p(T ) = p(ι^∗T ) = p(τ_2 ⊕ ν_2) = p(τ_2) = p(N_2),

(3.8) ι^∗w(T ) = w(ι^∗T ) = w(τ_2 ⊕ ν_2) = w(τ_2) = w(N_2).

(3.9) We also remark ι^∗ : H^∗(E(ξ)) → H^∗(S(ξ)) is injective, because π : S(ξ) → C P (ℓ) is decomposed into π = ~π ∘ ι where ~π : E(ξ) → C P (ℓ) and π^∗ is injective by the Serre spectoral sequence. In order to prove Proposition 3.2, we compute p(T ) and w(T ).

Let ~s be the zero section of ~π : E(ξ) → C P (ℓ). Consider the following pull-back diagram: ~s^∗T −→ T ↓ ↓ C P (ℓ)^{~s}−→ E(ξ). Because the normal bundle ν(C P (ℓ)) of the image of ~s is isomorphic to ξ, we have that ~s^∗T ∼= τ(C P (ℓ)) ⊕ ν(C P (ℓ)) ∼= τ(C P (ℓ)) ⊕ ξ, where τ(C P (ℓ)) is the tangent bundle over C P (ℓ). Therefore, we have

~s^∗(p(T )) = p(~s^∗T ) = p(τ(C P (ℓ)) ⊕ ξ) = p(τ(C P (ℓ)))p(ξ) = (1 + c^2)^{ℓ+1}(1 + ρ^2c^2)^k, ~s^∗(w(T )) = w(~s^∗T ) = w(τ(C P (ℓ)) ⊕ ξ) = w(τ(C P (ℓ)))w(ξ) = (1 + c)^{ℓ+1}(1 + ρc)^k.

Because ~s^∗ : H^∗(E(ξ)) → H^∗(C P (ℓ)) ≃ Z[c]/ < c^{ℓ+1} > induces the isomorphism and ~s^∗ = (~π^∗)^{−1}, we have p(T ) = (1 + ~π^∗(c)^2)^{ℓ+1}(1 + ρ^2~π^∗(c)^2)^k, w(T ) = (1 + ~π^∗(c))^{ℓ+1}(1 + ρ~π^∗(c))^k.

Hence, we have that p(N_2) = (1 + x^2)^{ℓ+1}(1 + ρ^2x^2)^k, w(N_2) = (1 + x)^{ℓ+1}(1 + ρx)^k, by using ι^∗ ∘ ~π^∗(c) = π^∗(c) = x, (3.8) and (3.9). Thus, we have the characteristic classes in Proposition 3.2.

With a method similar to that demonstrated in the proof of Proposition 3.2, for N_3 = S^{2ℓ+1} ×_S1 S(C^{k1}_ρ ⊕ R^{2k2 +1}), we can prove Proposition 3.3.

4. Main theorem and Preliminary In this section, we state the main theorem and prepare to prove it. First we state the main theorem.

Theorem 4.1. Let M_1, M_2 ∈ M with a = 1, b = 0. The following statements hold for these manifolds.

(1) If there is an isomorphism between H^∗(M_1) and H^∗(M_2) then M_1 ∼= M_2 up to homeomorphism (i.e., the cohomological rigidity holds) if and only if M_1 and M_2 are in the class in M which constructed by the following manifolds: S^{2ℓ+1} ×_S1 P (C^{k1}_ρ ⊕ C^{k2} );

S^{2ℓ+1} ×_S1 S(C^k_ρ ⊕ R) ℓ > 1 and k ≤ ℓ; S^3 ×_S1 S(C^k_ρ ⊕ R) for k ≡_2 0 (k > 1); S^3 ×_S1 S(C^{k1}_ρ ⊕ R^{2k2 +1}) for k_1 ≡_2 0.

(2) If there is an isomorphism between H^∗(M_1) and H^∗(M_2) and their Pontrjagin classes are same p(M_1) = p(M_2), then M_1 ∼= M_2 up to homeomorphism (i.e., the cohomological rigidity does not hold) if and only if M_1 and M_2 are in the class in M which constructed by the following manifolds:

S^{2ℓ+1} ×_S1 S(C^k_ρ ⊕ R) for k > ℓ > 1;

S^{2ℓ+1} ×_S1 S(C^{k1}_ρ ⊕ R^{2k2 +1}) for ℓ > 1.

(3) If there is an isomorphism between H^∗(M_1) and H^∗(M_2) and their Stiefel-Whitney classes are same w(M_1) = w(M_2), then M_1 ∼= M_2 up to homeomorphism (i.e., the cohomological rigidity does not hold) if and only if M_1 and M_2 are in the class in M which constructed by the following manifolds:

S^3 ×_S1 S(C^k_ρ ⊕ R) for k ≡_2 1 (k > 1);

S^3 ×_S1 S(C^{k1}_ρ ⊕ R^{2k2 +1}) for k_1 ≡_2 1.

Due to the definition of N_1 ∈ M_1, this manifold N_1 is the projectify of the vector bundle η_ρ:

C^{k1 +k2} → S^{2ℓ+1} ×_S1 (C^{k1}_ρ ⊕ C^{k2} ) → C P (ℓ).

Now we have η_ρ ∼= (γ^{⊗ρ})^{⊕k1} ⊕ C^{⊕k2} over C P (ℓ), where C is the trivial complex line bundle, E(γ) = S^{2ℓ+1} ×_S1 C_1 and γ^{⊗(−1)} = γ̄ (i.e., orientation reversing). Thus, M_1 consists of 2-stage generalized Bott towers. Therefore, we may use the following theorem.

Theorem 4.2 ([8]). Top manifolds of 2-stage generalized Bott towers are diffeomorphic if and only if their integral cohomology rings are isomorphic.

Due to the definition of N_2 ∈ M_2 and N_3 ∈ M_3, they are sphere bundles over projective spaces C P (ℓ). Then (n − 1)-sphere bundles over a complex K are generated by mappings of K into some Grassmannian manifold G_n = BO(n). By [49], they are one-to-one correspondence with the homotopy classes.

Theorem 4.3 ([49]). The problem of classifying the (n − 1)-sphere bundles over a complex K is equivalent to the problem of enumerating the homotopy classes of maps of K in G_{n+ℓ,n} for any ℓ > dim K, where G_{n,k} is the Grassmannian manifold of oriented k-planes through the origin in a euclidean space of dimension n.

Note that for M ∈ M, H^∗(M) = Z[x, w]/ < x^{ℓ+1}, f(x, w) >, where f is a homogeneous polynomial and deg x = 2 and w = y for Proposition 3.1 or w = z for Proposition 3.2, 3.3. We list up for each case:

Proposition 3.1: f(x, y) = y^{k2} (y + ρx)^{k1} , deg y = 2 for k_1, k_2 ∈ N; Proposition 3.2: f(x, z) = z(z + (ρx)^k), deg z = 2k for k ∈ N; Proposition 3.3: f(x, z) = z^2, deg z = 2k_1 + 2k_2 for k_1, k_2 ∈ N.

This implies that the cohomology ring determines ℓ, deg w and deg f (remark that ℓ ≥ 1, deg w ≥ 2 and deg f ≥ 4). The proof of Theorem 4.1 divides into the following two cases by the degree of w:

CASE 1: deg w = 2, i.e., 2-dimensional sphere bundle; CASE 2: deg w > 2, i.e., the dimension of fibre is greater than 2;

moreover, we will divide each case into small parts (see the next section).

5. Proof of the main theorem

In this final section, we prove Theorem 4.1. We divide CASE 1 into 3 parts and CASE 2 into 3 parts by ℓ and deg f as follows:

CASE 1 (1): deg w = 2 and deg f > 4; CASE 1 (2): deg w = 2, deg f = 4 and ℓ > 1; CASE 1 (3): deg w = 2, deg f = 4 and ℓ = 1;

CASE 2 (1): deg w > 2 and ℓ ≥ 4; CASE 2 (2): deg w > 2 and ℓ = 2, 3; CASE 2 (3): deg w > 2 and ℓ = 1.

5.1. CASE 1 (1) : deg w = 2 and deg f > 4. In this case, M must be in M_1. By Theorem 4.2, the homeomorphism type of M is determined by its cohomology ring.

5.2. CASE 1 (2) : deg w = 2, deg f = 4 and ℓ > 1. In this case, M must be in M_1 for k_1 = k_2 = 1 or M_2 for k = 1. In fact, M is a 2-sphere bundle over C P (ℓ) for ℓ > 1. Note that P (C ⊕ C ) is homeomorphic to S(C ⊕ R). Thus the total space of P (γ_ρ ⊕ C ) is homeomorphic to the total space of S(γ_ρ ⊕ R). Thus the homeomorphism type of M is determined by ρ up to sign by Theorem 4.2.

We now claimed that the cohomology isomorphism

ϕ : Z[x_1, y_1]/ < x^{ℓ+1}_1 , y_1(y_1 + ρ_1x_1) >→ Z[x_2, y_2]/ < x^{ℓ+1}_2 , y_2(y_2 + ρ_2x_2) >

implies ρ_1 = ±ρ_2. Without loss of generality, |ρ_2| ≤ |ρ_1|. We may assume ϕ ( x_1 y_1 ) = ( α_{11} α_{12} α_{21} α_{22} ) ( x_2 y_2 ) , where the matrix det(α_{ij} ) = ±1 and α_{ij} ∈ Z.

Since

ϕ(y_1(y_1 + ρ_1x_1)) = (α_{21}x_2 + α_{22}y_2)(α_{21}x_2 + α_{22}y_2 + ρ_1(α_{11}x_2 + α_{12}y_2)) ∈ < x^{ℓ+1}_2 , y_2(y_2 + ρ_2x_2) >,

we have

α^2_1 + ρ_1α_{21}α_{11} = 0,

(5.1) ρ_2(α^2_2 + ρ_1α_{22}α_{12}) = 2α_{21}α_{22} + ρ_1α_{12}α_{22} + ρ_1α_{11}α_{22}.

(5.2)

By (5.1), we get α_{21} = −ρ_1α_{11} or α_{21} = 0. Both of them implies α_{21} is divided by ρ_1. From this, in (5.2), ρ_2α^2_2 is divided by ρ_1. But if gcd(α_{22}, ρ_1) = d > 1, then det(α_{ij} ) = ±1 is divided by d > 1. This is contradiction. Therefore, we have ρ_1|ρ_2. But by the hypothesis, |ρ_2| ≤ |ρ_1|, we can conclude that ρ_1 = ±ρ_2. This implies that the homeomorphism type of M in CASE 1 (2) is determined by its cohomology ring. Moreover, the homeomorphism types are P (γ_ρ ⊕ C ) for ρ ∈ N ∪ {0}. 5.3. CASE 1 (3) : deg w = 2, deg f = 4 and ℓ = 1. In this case, M = S^3 ×_S1 S(C_ρ ⊕ R) ∼= S^3×_S1 P (C_ρ ⊕C ) is S^2 bundle over S^2. These are classified by [S^2 : G_3] = π_2(G_3) ∼= Z_2 by Theorem 4.3. Thus there is just one 2-sphere bundle over S^2 except the product bundle. Therefore, the homeomorphism type of M is determined by ρ mod 2. Moreover, we have that ρ ≡_2 w_1(M) and the homeomorphism type of M is determined by its cohomology ring by Propositions 3.1 and 3.2.

5.4. CASE 2 (1) : deg w > 2 and ℓ ≥ 4. In this case, M must be in M_2 or M_3. Let M_1 and M_2 be in M. Assume their cohomology rings are isomorphic. Without loss of generality, M_1 = S((γ^{⊗ρ1} )^{⊕k11} ⊕ R^{2k21 +1}) and M_2 = S((γ^{⊗ρ2} )^{⊕k12} ⊕ R^{2k22 +1}) over C P^ℓ for some k_{11}, k_{12} ∈ N and k_{21}, k_{22} ≥ 0, where (k_{11}, k_{21}), (k_{12}, k_{22}) ≠ (1, 0) because deg w > 2. Put H^∗(M_1) = Z[x_1, y_1]/ < x^{ℓ+1}_1 , f_1(x_1, y_1) > and H^∗(M_2) = Z[x_2, y_2]/ < x^{ℓ+1}_2 , f_2(x_2, y_2) >, where deg x_i = 2, deg y_i = deg w = 2k_{1i} + 2k_{2i} (i = 1, 2) and

f_i(x_i, y_i) = y_i(y_i + (ρ_ix_i)^{k1i} ) for k_{2i} = 0; f_i(x_i, y_i) = y^2_i for k_{2i} > 0.

Let ϕ : H^∗(M_1) → H^∗(M_2) be an isomorphism. By the assumptions, we can easily show that

ϕ(x_1) = ±x_2.

We will divide this case into the following three cases by k_{21} and k_{22}.

5.4.1. The case k_{21}, k_{22} > 0. In this case, we can easily show that ϕ(y_1) = ±y_2.

Therefore, in this case, the cohomology isomorphism does not induce the identity of Pontrjagin classes except their coefficients are same, i.e., p(M_1) = p(M_2). Hence, by taking different Pontrjagin classes, we can easily construct the counter examples of the cohomological rigidity.

Assume Pontrjagin classes of M_1 and M_2 are same. Then, by Proposition 3.2, 3.3 and ϕ(x_1) = ±x_2, we have an isomorphic map ϕ preserves their Pontrjagin classes and ϕ(p_1(M_1)) = p_1(M_2) ⇔ k_{11}ρ^2_1 = k_{12}ρ^2,

ϕ(p_2(M_1)) = p_2(M_2) ⇔ ( k_{11} 2 ) ρ^4_1 = ( k_{12} 2 ) ρ^4_2.

Therefore, we have two cases; one is ρ_1 = ρ_2 = 0 and the other is ρ_1 = ±ρ_2 and k_{11} = k_{12}. Thus the vector bundle (γ^{⊗ρ1} )^{⊕k11} ⊕ R^{2k21 +1} and (γ^{⊗ρ2} )^{⊕k12} ⊕ R^{2k22 +1} are isomorphic. This implies that M_1 and M_2 are homeomorphic. Hence, in this case, we have that if cohomology rings and Pontrjagin classes of M_1 and M_2 are same then M_1 and M_2 are homeomorphic.

5.4.2. The case k_{21} > 0 and k_{22} = 0. Let ϕ(y_1) = ax^{k12}_2 + by_2, where b = ±1 by ϕ(x_1) = ±x_2. By ϕ(y_1)^2 = 0, we have that ρ_2 = 0 or k_{12} > ℓ.

If k_{12} > ℓ, then we have ϕ(y_1) = ±y_2. This is the same situation as the above case (Section 5.4.1). Therefore, it is sufficient to consider the case ρ_2 = 0 and k_{12} ≤ ℓ only, in this case. However, in this case, we also have ϕ(y_1) = ±y_2. Hence, this is also the same as above.

5.4.3. The case k_{21} = k_{22} = 0. If k_{21} = 0 = k_{22} and k_{11} > ℓ or k_{12} > ℓ, then we can easily show that ϕ(y_1) = ±y_2 by the similar method demonstrated above.

Assume k_{21} = 0 = k_{22} and k_{11}, k_{12} ≤ ℓ. Let ϕ(y_1) = ax^{k12}_2 + by_2, where b = ±1. Then k_{11} = k_{12}, and by using the cohomology ring ϕ(y_1(y_1 + (ρ_1x_1)^{k11} )) = (ax^{k12}_2 + by_2)^2 + (ax^{k12}_2 + by_2)(±ρ_1x_2)^{k11} = a^2x^{2k12}_2 + 2abx^{k12}_2 y_2 + b^2y^2 + a(±ρ_1)^{k12} x^{2k12}_2 + b(±ρ_1)^{k12} y_2x^{k12}_2 = a^2x^{2k12}_2 + 2abx^{k12}_2 y_2 − b^2y_2(ρ_2x_2)^{k12} + a(±ρ_1)^{k12} x^{2k12}_2 + b(±ρ_1)^{k12} y_2x^{k12}_2 = ax^{2k12}_2 (a + (±ρ_1)^{k12} ) + bx^{k12}_2 y_2(2a − b^2ρ^{k12}_2 + b(±ρ_1)^{k12} ) = 0.

If a = 0, then |ρ_2| = |ρ_1|. This implies that the vector bundles (γ^{⊗ρ1} )^{⊕k11} ⊕ R and (γ^{⊗ρ2} )^{⊕k12} ⊕ R are same. It follows that the cohomological rigidity holds in this case. If a ≠ 0, then a = −(±ρ_1)^{k12} and by using b = ±1 (b − 2)(±ρ_1)^{k12} = ρ^{k12}_2 .

If b = −1, we can easily show this gives a contradiction to k_{12} ≥ 2 and ρ_1, ρ_2 ∈ Z. Therefore, in this case b = 1 and |ρ_1| = |ρ_2|. Hence, the cohomological rigidity holds.

In summary, the following lemma holds.

Lemma 5.1. If the CASE 2-(1) holds, then there are the following two cases: (1) the cohomological rigidity holds ⇔ the case k_{21} = 0 = k_{22} and k_{11}, k_{12} ≤ ℓ; (2) the cohomological rigidity does not holds ⇔ the case k_{21} > 0 or k_{22} > 0 and the case k_{21} = 0 = k_{22} and k_{11} > ℓ or k_{12} > ℓ, where the Pontrjagin class is complete invariant of homeomorphism types for the case that the cohomological rigidity does not holds.

5.5. CASE 2 (2) : deg w > 2 and ℓ = 2, 3. Let ϕ : H^∗(M_1) → H^∗(M_2) be an isomorphism. With the method similar to that demonstrated in CASE 2 (1), we have an isomorphic map ϕ satisfies ϕ(x_1) = ±x_2. Assume ϕ(y_1) = ±y_2 and Pontrjagin classes of M_1 and M_2 are same, then ϕ(p_1(M_1)) = p_1(M_2) ⇔ k_{11}ρ^2_1 = k_{12}ρ^2.

Remark that in this case the second Pontrjagin class p_2 does not appear by its cohomology ring structure.

Because of [43], in this case (ℓ = 2, 3) we have KO(C P^ℓ ) ≃ Z[y_ℓ]/ < y^2_ℓ >, where y_ℓ = r(γ)+2 for the canonical line bundle γ and the realification map r : K(C P^ℓ ) → KO(C P^ℓ ). Moreover, we have r(γ^{⊗n}) = n^2y_ℓ + 2 by [43]. Therefore, we have that

(γ^{⊗ρ1} )^{⊕k11} ⊕ R^{2k12 +1} ≡ (γ^{⊗ρ2} )^{⊕k21} ⊕ R^{2k22 +1} ⇔ k_{11}ρ^2_1 = k_{12}ρ^2 and k_{11} + k_{12} = k_{21} + k_{22}.

This implies that if two cohomology rings and Pontrjagin classes are same then they are homeomorphic in this case.

If ϕ(y_1) ≠ ±y_2, then this case is just induced by the case k_{21} = 0 = k_{22} and k_{11}, k_{12} ≤ ℓ and the cohomological rigidity holds. Therefore, CASE 2-(2) also holds Lemma 5.1.

5.6. CASE 2 (3) : deg w > 2 and ℓ = 1. In this case, M must be in M_2 or M_3. Thus M is S^{deg y}-bundle over S^2. Moreover, their cohomology rings are always same if we fix their dimension. Since π_2(G_n) ∼= Z_2, the homeomorphism type of M is determined by w_2(M) if k ≡_2 1 (or k_1 ≡_2 1).

If k ≡_2 0 (or k_1 ≡_2 0), then C^k_ρ ⊕ R (or C^{k1}_ρ ⊕ R^{2k2 +1}) is trivial bundle because of their Stiefel- Whitney class is trivial. Hence if k ≡_2 0 (or k_1 ≡_2 0), then M ∼= S^{deg y} × S^2. This implies that homeomorphism types of CASE 2 (3) are determined as follows: if k ≡_2 0, then the cohomology ring completely determines their homeomorphism types; if k ≡_2 1, then the cohomology ring and Stiefel-Whitney class completely determines their homeomorphism types, i.e., this case does not satisfy the cohomological rigidity.

Part 2

Operations and projective bundles on small covers

CHAPTER 5

Operations on three dimensional small covers

1. Introduction of Part 5

Small covers were introduced by Davis and Januszkiewicz as a real version of quasitoric manifolds in 1991. In their paper [11], they showed that there are strong links between small covers M with the orbit projection map π : M → P and combinatorial structures of their orbit polytopes P . For example, some topological invariants (e.g., equivariant cohomologies or Z_2-Betti numbers) of small covers π : M → P are consistent with the combinatorial invariants of their orbit polytopes P (e.g., Stanley-Reisner rings or h-vectors).

Not only topological invariants but also topological operations on M (e.g., equivariant connected sums or equivariant surgeries) correspond with combinatorial operations on the orbit polytope P (see Section 3). Making use of this correspondence, constructions of 3-dimensional small covers M^3 from basic small covers have been studied by Izmestiev, Nishimura, Lü and Yu. In [19] Izmestiev studies the class of small covers M^3 called a linear model, i.e., small covers over 3-colored polytopes. He proves that 3-dimensional linear models are constructed from one basic small cover (the 3-dimensional torus T^3) by using two operations ♯ and ♮ (see Section 3 and Theorem 4.2). In [42] Nishimura generalizes the Izmestiev result to oriented small covers M^3, i.e., small covers over 3 or 4-colored polytopes. He proves that 3-dimensional oriented small covers are constructed from two basic small covers (T^3 and the real projective space RP (3)) by using three operations ♯, ♮ and ♭ (see Section 3 and Theorem 4.3). In [28] Lü and Yu prove that all 3-dimensional small covers are constructed from five basic small covers by using six operations ♯, ♯^e, ♯^{eve}, ♮, ♯^Δ and ♯^C (see Section 3 and Theorem 4.5).

In the Nishimura’s theorem (Theorem 4.3), the operation ♭ appears; however, in the Lü-Yu’s theorem (Theorem 4.5), this operation does not appear. On the other hand, in the Lü-Yu’s theorem, the operations ♯^e, ♯^{eve}, ♯^Δ and ♯^C appear; however, in the Nishimura’s theorem, these operations do not appear. So we can naturally ask what relations exist between the Nishimura’s theorem and the Lü-Yu’s theorem. Motivated by this question, in this chapter, we prove the following theorem (Theorem 4.1).

Theorem 11. The operations ♭, ♯^e, ♯^{eve} can be obtained by using ♯, ♮ as follows: (1) ♭ = ♮ ∘ (♯Δ^3); (2) ♯^e = ♮ ∘ (♯P^3(3)); (3) ♯^{eve} = ♮^2 ∘ (♯P^3_−(3)), where ♮^2 denotes two times Dehn surgery ♮ ∘ ♮.

Using the above Theorem 11 and the Nishimura’s theorem (Theorem 4.3), we have the following corollary (Corollary 4.4).

Corollary 12. Each 3-dimensional oriented small cover can be (equivariantly) constructed from the real projective space RP (3) and the 3-dimensional torus T^3 by using finite times following two operations: the equivariant connected sum ♯; and the equivariant Dehn surgery ♮.

Moreover, we prove the following corollary (Corollary 4.8) by making use of Theorem 11 and the Lü-Yu’s theorem (Theorem 4.5).

Corollary 13. Each 3-dimensional small cover can be (equivariantly) constructed from RP (3), M(P^3(3), λ_2) and M(P^3(3), λ_3) (up to weak Z^3_2-equivariant diffeomorphism) by using finite times following four operations: the equivariant connected sum ♯; the equivariant surgery ♮;

the operation ♯^Δ and the coloring change ♯^C , where (M(P^3(3)), λ_i) denotes S^1 × RP (2) with the Z^3_2-action induced by λ_i for i = 2, 3.

For 2-torus manifolds, the following theorem (Theorem 6.1) holds.

Theorem 14. The operations ♯^Δ, ♯^C can be obtained by using ♮, ♮_0 and ♯ as follows: (1) ♯^Δ = ♮_0 ∘ ♮ ∘ ♯;

(2) ♯^C P^3(l) = ♮_0 ∘ ♮^{l−2} ∘ (♯P^3(l)), where P^3(l) is the l-sided prism, l ≥ 3 and ♮^{l−2} denotes (l − 2)-times ♮.

The organization of this chapter is as follows. In Section 2, we recall the basic facts for small covers. In Section 3, we introduce the seven operations on 3-dimensional small covers. In Section 4, we prove the main theorem (Theorem 4.1). As an application of Theorem 4.1, we also prove Corollary 4.4 and 4.8 which improve the Nishimura’s theorem (Theorem 4.3) and the Lü-Yu’s theorem (Theorem 4.5). In Section 5, we remark a relation between the Nishimura’s theorem and Lü-Yu’s theorem. In Section 6, we introduce the new operation and prove Theorem 6.1 for 2-torus manifolds.

2. Basics of small covers

In this section, we recall some basic facts for small covers (see [11] for detail). We describe the quotient additive group Z/2Z as Z_2 throughout this chapter.

2.1. Definition of a small cover. First we shall recall the terminology: 2-torus manifolds in [26, 27]. A 2-torus manifold M^n is an n-dimensional, closed smooth manifold with a non-free effective smooth Z^n_2-action.

Let P^n be a simple convex n-polytope, i.e., precisely n codimension-one faces (facets) of P^n meet at each vertex. A small cover is a 2-torus manifold M^n which satisfies the following two conditions:

(a): the Z^n_2-action is locally standard, i.e., locally same as the Z^n_2-action on R^n ; and (b): there is the orbit projection map π : M^n → P^n constant on Z^n_2-orbits which maps every rank k orbit (i.e., orbits which isomorphic to Z^k_2) to a point in the interior of k-dimensional face of P^n, k = 0, · · · , n.

We can easily show that π sends Z^n_2 -fixed points in M^n to vertices of P^n by using the above condition (b). We often call P^n an orbit polytope of M.

2.2. Characteristic function and constructions of small covers. On the other hand, for given P^n, small covers M^n with orbit projection π : M^n → P^n can be reconstructed by using a characteristic function λ : F → Z^n_2, where F is the set of facets (i.e., codimension-1 subfaces) in P . In this subsection, we shall recall the characteristic function λ and the construction of small covers by using P and λ.

Due to the definition of a small cover π : M → P , we have that π^{−1}(int F^{n−1}) consists of (n − 1)-rank orbits, in other words, the isotropy subgroup at x ∈ π^{−1}(int F^{n−1}) is K ⊂ Z^n_2 such that K ≃ Z_2, where int F^{n−1} is an interior of a facet F^{n−1}. Hence, the isotropy subgroup at x is determined by a primitive vector v ∈ Z^n_2 generating a subgroup K. In this way we obtain a function λ from the set of facets of P , denoted by F, to primitive vectors in Z^n_2 . We call such λ : F → Z^n_2 a characteristic function or coloring on P. By the locally standard property, a characteristic function satisfies the following property (we call the property (⋆)):

(⋆): if F_1 ∩ · · · ∩ F_n ≠ ∅ for F_i ∈ F (i = 1, · · · , n), then {λ(F_1), · · · , λ(F_n)} spans Z^n_2 . Next we mention the construction of small covers by using P^n and λ. Let P^n be a simple convex polytope. Suppose that the characteristic function λ : F → Z^n_2 which satisfies the above property (⋆) is defined on P^n. Small covers can be constructed from P and λ as follows: Z^n_2 × P/ ∼, where (t, x) ∼ (t^′, y) is defined as x = y ∈ P and t = t^′ if x ∈ intP ; t^{−1}t^′ ∈ ⟨λ(F_1), · · · , λ(F_l)⟩ ≃ Z^l_2 if x ∈ int(F_1 ∩ · · · ∩ F_l), where ⟨λ(F_1), · · · , λ(F_l)⟩ ⊂ Z^n_2 denotes the subgroup generated by λ(F_i) for i = 1, · · · , l. We describe such small cover as M(P, λ).

2.3. Examples. Let {e_1, · · · , e_n} be the standard basis in Z^n_2. Figure 1 shows two examples of characteristic functions on polytopes. The polytope of the left example is the 3-simplex Δ^3 with 4-coloring, i.e., λ_0(F) = {e_1, e_2, e_3, e_1 + e_2 + e_3}. The polytope of the right example is the 3-cube I^3 with 3-coloring, i.e., λ^I_0(F) = {e_1, e_2, e_3}.

Figure 1. The left figure is (Δ^3, λ_0) and the right figure is (I^3, λ^I_0), where the bottom e_1 + e_2 + e_3 and e_1 are the colors of the behind facets. We see that M(Δ^3, λ_0) = RP (3) and M(I^3, λ^I_0) = T^3, where RP (3) and T^3 have the standard Z^3_2-actions.

We can easily show that Δ^3 has the unique characteristic function λ_0 up to GL(3, Z_2), i.e., for all characteristic function λ on Δ^3, there is an element σ ∈ GL(3, Z_2) such that σ ∘ λ = λ_0. In other words, small covers over Δ^3 are unique up to weak equivariant diffeomorphism. We can assume that there is at least one vertex v = F_1 ∩ · · · ∩ F_n in P such that λ(F_i) = e_i for all i = 1, · · · , n up to GL(3, Z_2) because of the property (⋆).

A small cover over P^n with n-coloring, i.e., λ(F) = {e_1, · · · , e_n} (up to GL(n, Z_2)) is called a linear model. So the right example in Figure 1 is a linear model. Nakayama and Nishimura show that a 3-dimensional small cover is orientable if and only if the characteristic function on the orbit polytope P^3 is 3 or 4 colored in [41]. Therefore, small covers which construct from two examples in Figure 1 are orientable.

2.4. Z^3_2-invariant normal bundle over an invariant S^1. Let π : M → P be a 3- dimensional small cover. In this subsection, we study that the equivariant normal bundle of the inverse of edges in P .

Fix {e_1, e_2, e_3} as a basis (not necessary standard) of Z^3_2. We can easily show, by using the property (⋆), that the characteristic functions on neighboring facets around one edge in 3- dimensional polytope are only the four cases in Figure 2.

Figure 2. The characteristic functions around edges.

The small cover over 1-simplex Δ^1(= I^1) is identified with RP (1)(= S^1). Hence, for the small cover π : M → P , the inverses π^{−1}(I^1) of all edges I^1 in P are invariant submanifolds diffeomorphic to S^1. Moreover, we know an equivariant normal bundle of π^{−1}(I^1) from the characteristic functions around I^1. Let (t_1, t_2, t_3) ∈ Z^3_2 act on ((x_1, x_2), (y_1, y_2)) ∈ S^1 × D^2 by ((x_1, x_2), (y_1, y_2)) → ((t_1x_1, x_2), (t_2y_1, t_3y_2)). We can easily show the following proposition by computing the characteristic functions of S^1 ×_{Z2} D^2’s and using Figure 2 and the construction of small covers in Section 2.2.

Proposition 2.1. Let I be an edge in P and N a small neighborhood of I. For an invariant submanifold S^1 = π^{−1}(I) in the 3-dimensional small cover, the normal bundles π^{−1}(N) are weak Z^3_2-equivariantly isomorphic to one of the following four disk bundles:

(1) if N satisfies (1) in Figure 2, then π^{−1}(N) ≃ S^1 ×_{Z2} D(R ⊕ R); (2) if N satisfies (2) in Figure 2, then π^{−1}(N) ≃ S^1 ×_{Z2} D(R ⊕ R); (3) if N satisfies (3) in Figure 2, then π^{−1}(N) ≃ S^1 ×_{Z2} D(R ⊕ R); (4) if N satisfies (4) in Figure 2, then π^{−1}(N) ≃ S^1 ×_{Z2} D(R ⊕ R),

where the non-trivial element in Z_2 acts on S^1 by the antipodal involution, and D(V ⊕ V^′) = D^2 denotes a closed disk in V ⊕ V^′ (V, V^′ are 1-dimensional real vector spaces), Z_2 acts on R canonically and on R trivially.

Remark 2.2. In the above Proposition 2.1, we have that S^1 ×_{Z2} (R ⊕ R) ∼= ϵ^1 ⊕ ϵ^1, S^1 ×_{Z2} (R ⊕ R) ∼= γ^1_1 ⊕ γ^1_1 , S^1 ×_{Z2} (R ⊕ R) ∼= γ^1_1 ⊕ ϵ^1 and S^1 ×_{Z2} (R ⊕ R) ∼= ϵ^1 ⊕ γ^1_1 , where ϵ^1 is the trivial bundle and γ^1_1 is the canonical bundle over RP (1)(= S^1). Hence, we have that the bundle (1) (resp. (3)) is isomorphic to the bundle (2) (resp. (4)) in Proposition 2.1, by making use of the basic facts of the vector bundle over RP (1) (see [37]). However, these four bundles are different as the Z^3_2-equivariant bundle because their characteristic functions are different (see Figure 2). We also remark that, up to weak Z^3_2-equivariant diffeomorphism, (3) and (4) are same.

3. Operations for 3-dimensional small covers

Henceforth, we assume that M(P, λ) is a 3-dimensional small cover over a 3-dimensional simple convex polytope with coloring (P, λ), and {e_1, e_2, e_3} is a basis (not necessary standard) of Z^3_2. In this section, we introduce operations on small covers and orbit polytopes (also see [19, 28, 42]).

3.1. The equivariant connected sum ♯. The operation in Figure 3 is called the equivariant connected sum ♯ (from left to right) and its inverse ♯^{−1} (from right to left). The left figure shows two neighborhoods of two same colored vertices in (P_1, λ_1) and (P_2, λ_2). We can do the connected sum these vertices (see [19, Definition 3]), then we get new polytope with coloring (P_1♯P_2, λ), vice versa. Remark that P_1♯P_2 is a combinatorial simple convex polytope by using the Steinitz’ theorem: the graph Γ is associated from the 3-dimensional polytope P if and only if Γ is 3-connected and planer (see [55, Chapter 4]).

Figure 3. The equivariant connected sum ♯ (from left to right) and its inverse ♯^{−1} (from right to left). Here, e_3 is the coloring of the behind facet.

From the geometric point of view, this operation ♯ corresponds with the equivariant connected sum M(P_1, λ_1)♯M(P_2, λ_2) for two fixed points in M(P_1, λ_1) and M(P_2, λ_2). We can easily check M(P_1, λ_1)♯M(P_2, λ_2) is a small cover and its orbit polytope with coloring is (P_1♯P_2, λ), i.e., M(P_1, λ_1)♯M(P_2, λ_2) = M(P_1♯P_2, λ) (also see [19, Lemma 2]).

3.2. The cutting edge operation ♯^e. Before we mention the cutting edge operation, we introduce the connected sum along edges. Let P_1 and P_2 be 3-dimensional, simple, convex polytopes. Suppose that the edges I_1 ⊂ P_1 and I_2 ⊂ P_2 are chosen, and a one-to-one correspondence F_i → F^′_i (i = 1, · · · , 4) is established, where this correspondence is from the facets {F_1, F_2, F_3, F_4} containing I_1 as I_1 = F_2 ∩ F_3 to the facets {F^′_1, F^′_2, F^′_3, F^′_4} containing I_2 as I_2 = F^′_2 ∩ F^′_3. The connected sum along edges with respect to these data is a polytope combinatorially equivalent to the result of the gluing P_1 and P_2 with small neighborhoods of I_1 and I_2 removed. The corresponding facets must be glued together. The operation in Figure 4 is the special case of this operation.

The operation in Figure 4 is called the cutting edge operation ♯^e (from left to right) and its inverse (♯^e)^{−1} (from right to left). The left figure shows two neighborhoods of two same colored edges in (P_1, λ_1) and (P_2, λ_2), where P_2 is the 3-sided prism, i.e., P_2 = P^3(3) = I^1 × Δ^2. We can do the connected sum along edges for these same colored edges, then we get new polytope (remark that this is combinatorially equivalent to a simple polytope because of the Steinitz’ theorem) with coloring (P_1♯^eP_2, λ), vice versa (also see [28, Section 2]).

Figure 4. The cutting edge operation ♯^e (from left to right) and its inverse (♯^e)^{−1} (from right to left). Here, e_3 is the coloring of the behind facet, and w is an element in Z^3_2 such that the property (⋆) holds around vertices (see Figure 2).

From the geometric point of view, the operation ♯^e corresponds with the following operation. Let π_i : M_i → P_i be a small cover and I_i an edge in P_i for i = 1, 2. Suppose that P_2 = P^3(3) and colorings of facets around I_1 and I_2 are same as in Figure 4. Then we see that a closed invariant tubular neighborhood N_1 of π^{−1}_1 (I_1) is equivariantly isomorphic to a closed invariant tubular neighborhood N_2 of π^{−1}_2 (I_2) (see Section 2.4). Therefore, two boundaries of M(P_1, λ_1)\intN_1 and M(P_2, λ_2)\intN_2 are equivariantly diffeomorphic, where intN_i is an interior of N_i for i = 1, 2. Hence, we can glue equivariantly these two boundaries, and get the Z^3_2-manifold M(P_1, λ_1)\intN_1 ∪_∂ M(P_2, λ_2)\intN_2; we describe it as M(P_1, λ_1)♯^eM(P_2, λ_2). We can easily show that M(P_1, λ_1)♯^eM(P_2, λ_2) is small cover and its orbit polytope with coloring is (P_1♯^eP_2, λ) (also see [28, Section 5.2]).

3.3. The cutting edge-vertex-edge operation ♯^{eve}. In this chapter, the operation in Figure 5 is called the cutting e-v-e operation ♯^{eve} (from left to right) and its inverse (♯^{eve})^{−1} (from right to left), where e-v-e means edge-vertex-edge. Let 2-edges in a simple polytope P be an union of two different edges with the common vertex. The left figure shows two neighborhoods of two same colored 2-edges in (P_1, λ_1) and (P_2, λ_2), where P_2 is the truncated prism, i.e., P_2 is the polytope constructed by the connected sum of the 3-simplex Δ^3 and the 3-sided prism P^3_3 : P_2 = P^3_−(3) = P^3(3)♯Δ^3. We describe the 2-edges in (P_1, λ_1) as I_1 ∨ I_2 and that in (P_2, λ_2) as I^′_1 ∨ I^′_2. Then we can establish a one-to-one correspondence F_i → F^′_i (i = 1, · · · , 5), from the facets {F_1, · · · , F_5} containing I_1 ∨ I_2 as I_1 = F_2 ∩ F_5 and I_2 = F_3 ∩ F_5 to the facets {F^′_1, · · · , F^′_5} containing I^′_1 ∨ I^′_2 as I^′_1 = F^′_2 ∩ F^′_5 and I^′_2 = F^′_3 ∩ F^′_5, such that λ_1(F_i) = λ_2(F^′_i ). The cutting e-v-e operation with respect to these data is a polytope combinatorially equivalent to the result of the gluing P_1 and P_2 with small neighborhoods of I_1 ∨ I_2 and I^′_1 ∨ I^′_2 removed. The corresponding facets must be glued together. Remark that the cutting e-v-e operation of P_1 and P_2 is combinatorially equivalent to a simple polytope because of the Steinitz’ theorem. Therefore, we have the new polytope with coloring (P_1♯^{eve}P_2, λ) (also see [28, Section 2]).

Figure 5. The cutting e-v-e operation ♯^{eve} (from left to right) and its inverse (♯^{eve})^{−1} (from right to left). Here, e_3 is the coloring of the behind facet, and w_1, w_2 are elements in Z^3_2 such that the property (⋆) holds around vertices.

From the geometric point of view, this operation ♯^{eve} corresponds with the following operation. Let π_i : M_i → P_i be a small cover and I_i an edge in P_i for i = 1, 2. Assume that P_2 = P^3_−(3) and colorings of facets around I_1 ∨ I_2 in P_1 and I^′_1 ∨ I^′_2 in P_2 are same as in Figure 5. Now we see that π^{−1}_1 (I_1 ∨I_2) ∼= S^1 ∨S^1 and π^{−1}_2 (I^′_1 ∨I^′_2) ∼= S^1 ∨S^1. Here, S^1 ∨S^1 is the Z^3_2-invariant bouquet of two S^1’s on the fixed points, i.e., S^1 ∨ S^1 = (S^1 ∐ S^1)/v_1 ∼ v_2, where S^1 ∐ S^1 is a disjoint union of two S^1’s and v_i is a Z^3_2 -fixed point in the i-th S^1 for i = 1, 2. Moreover, by our assumption, there are Z^3_2-invariant closed neighborhoods N_1 and N_2 of π^{−1}_1 (I_1 ∨ I_2) and π^{−1}_2 (I^′_1 ∨ I^′_2), respectively, and they are equivariantly diffeomorphic. Therefore, with a method similar to that demonstrated in the previous section (Section 3.3), we have the Z^3_2-manifold M(P_1, λ_1)\intN_1∪_∂ M(P_2, λ_2)\intN_2; we describe it as M(P_1, λ_1)♯^{eve}M(P_2, λ_2). We can easily show that M(P_1, λ_1)♯^{eve}M(P_2, λ_2) is small cover and its orbit polytope with coloring is (P_1♯^{eve}P_2, λ) (see [28, Section 5.3] for detail).

3.4. The equivariant Dehn surgery ♮. The operation described in Figure 6 is called the equivariant Dehn surgery ♮ (from left to right) and its inverse ♮^{−1} (from right to left). If a coloring around edge is 3-coloring (i.e., from geometric point of view, an equivariant normal bundle which is weak equivariantly isomorphic to S^1 ×_{Z2} D(R ⊕ R) by Proposition 2.1), then we can do this operation ♮ for (P, λ). Remark that the obtained object by ♮ might not be a convex polytope (also see [19]); however, we get the coloring on this object which satisfies the property (⋆) around the vertex. We describe the object obtained by the operation ♮ as ♮(P, λ).

Figure 6. The equivariant Dehn surgery ♮ (from left to right) and its inverse ♮^{−1} (from right to left).

From the geometric point of view, this operation ♮ corresponds with the following operation. Let Z^3_2 act on the last three coordinate in S^3 ⊂ R ⊕ R^3 , naturally. Then there is the Z^3_2-invariant submanifold S^1 ⊂ R^2 ⊕ {0} ⊕ {0} (remark that there are two fixed points in this submanifold), and we can take its tubular neighborhood S^1 × D^2 ∼= S^1 ×_{Z2} D(R ⊕ R). We next consider S^3 = S^1 × D^2 ∪ D^2 × S^1, and prepare the Z^3_2-invariant part S^3\S^1 × D^2 = D^2 × S^1 (remark that there is no fixed points in this manifold). Then we remove the invariant neighborhood S^1 × D^2(≃ S^1 ×_{Z2} D(R ⊕ R)) around S^1 from M(P, λ), i.e., we take M(P, λ)\S^1 × D^2. Finally we glue these two invariant manifold M(P, λ)\S^1 × D^2 ∪_∂ S^3\S^1 × D^2. This operation is identically the equivariant surgery of three dimensional manifold (also see [19, Definition 5] or [28, Section 5.4]). We describe the manifold obtained by this equivariant surgery as ♮(M(P, λ)). If ♮(P, λ) is a convex polytope, then ♮(M(P, λ)) = M(♮(P, λ)).

3.5. The equivariant Dehn surgery ♭. The operation described in Figure 7 is called the equivariant Dehn surgery ♭ (from left to right) and its inverse ♭^{−1} (from right to left). This move is also called the bistellar 1-move (see [7, Chapter 2]: remark that the operation in Figure 7 corresponds with the dual of the bistellar 1-move in [7]). If a coloring around edge is 4-coloring as that in Figure 7 (i.e., from geometric point of view, an equivariant normal bundle which is weak equivariantly isomorphic to S^1 ×_{Z2} D(R ⊕ R) by Proposition 2.1) , then we can do this operation ♭. We describe the object with coloring obtained by this operation as ♭(P, λ). Remark that if the polytope P is prime, i.e, P is not decomposed into connected sum of two different polytopes, then this operation ♭ does not collapse the convex property (see [42]). We also remark that this move is the same as the connected sum along edges between (P, λ) and (Δ^3, σ ∘ λ_0) for some σ ∈ GL(3; Z_2).

Figure 7. The equivariant surgery ♭ (from left to right) and its inverse ♭^{−1} (from right to left).

Now we may explain what happen from the geometric point of view. We can regard RP (3) as S^3/Z_2 by the antipodal involution Z_2. Then we can consider RP (3) = S^1 ×_{Z2} D^2 ∪ D^2 ×_{Z2} S^1, where S^1 ×_{Z2} D^2 ≃ S^1 ×_{Z2} D(R ⊕ R). We first prepare the Z^3_2-invariant part RP (3)\S^1 ×_{Z2} D^2 = D^2 ×_{Z2} S^1 (remark that there are two fixed points in this manifold). Next, we remove the invariant neighborhood S^1 ×_{Z2} D^2 around S^1 from M(P, λ), i.e., we take M(P, λ)\S^1 ×_{Z2} D^2. Finally, we glue these two invariant manifold M(P, λ)\S^1 ×_{Z2} D^2 ∪_∂ RP (3)\S^1 ×_{Z2} D^2; We describe the manifold obtained by this operation as ♭(M(P, λ)). If ♭(P, λ) is a convex polytope, then ♭(M(P, λ)) = M(♭(P, λ)). 3.6. The operation ♯^Δ. The operation described in Figure 8 is called the operation ♯^Δ (from left to right) and its inverse (♯^Δ)^{−1} (from right to left). If a coloring around triangle facet is 2- independent coloring (i.e., their colorings can be choose from one of {e_1, e_2, e_1 + e_2}), then we can do this operation ♯^Δ. Using the Steinitz’ theorem, P_1♯^ΔP_2 is a convex, simple polytope (also see [28, Section 2.2]).

Figure 8. The operation ♯^Δ (from left to right) and its inverse (♯^Δ)^{−1} (from right to left).

From the geometric point of view, a neighborhood of a triangle facet whose neighboring facets are 2-independent coloring corresponds with an invariant normal bundle which is weak equivariantly isomorphic to RP (2) × I^1 with the standard Z^3_2-action (i.e., the first Z^2 acts on RP (2) and the last Z_2 acts on I^1 = [−1, 1] ⊂ R naturally), by computing its characteristic function. Therefore, we have that the operation ♯^Δ corresponds with the following operation. We first remove an open invariant neighborhood RP (2) × intI^1 from M(P_i, λ_i), i.e., M(P_i, λ_i)\RP (2) × intI^1 for i = 1, 2. Next we glue these two manifolds along boundaries, i.e., M(P_1, λ_1)\RP (2) × intI^1 ∪_∂ M(P_2, λ_2)\RP (2) × intI^1 ; we describe it as M(P_1, λ_1)♯^ΔM(P_2, λ_2). We can easily show M(P_1, λ_1)♯^ΔM(P_2, λ_2) is a small cover and its orbit polytope with coloring is (P_1♯^ΔP_2, λ) (also see [28, Section 5.5]).

3.7. The coloring change ♯^C . We explain the operation in Figure 9. Let F be an l-gon facet whose neighboring facets are 2-independent coloring in (P, λ) (see the left bottom polytope in Figure 9). Then we can construct a l-sided prism P^3(l) = F × I^1 (see the left above polytope in Figure 9), which naturally admits a coloring such that the coloring of the neighboring facets around the bottom facet (or top facet) is the same as that of F in (P, λ). Next we glue these two polytopes along the facet F , and we have the new polytope; we describe this new polytope as P ♯^C P^3(l). Remark that two polytopes P and P ♯^C P^3(l) are combinatorially equivalent; however, the colorings of the l-gon facet F in P and P ♯^C P^3(l) are different (also see [28, Section 2.3]).

Figure 9. The coloring change ♯^C (from left to right) and its inverse (♯^C )^{−1} (from right to left), where w = e_1 or e_1 + e_2 and the left e_3 means the coloring of the bottom of prism and the top of polytope. We also have x = e_1 + e_3, e_2 + e_3 or e_1 + e_2 + e_3.

From the geometric point of view, this operation corresponds with a (geometric) operation similar to that described in Section 3.6 (see [28, Section 5.6] for detail).

4. Main theorem and corollaries

In this section, we shall prove the main theorem of this chapter.

4.1. Main theorem. First we prove the following main theorem.

Theorem 4.1. The operations ♭, ♯^e, ♯^{eve} can be obtained by using ♯, ♮ as follows: (1) ♭ = ♮ ∘ (♯Δ^3), i.e., ♭(P, λ) = ♮((P, λ)♯(Δ^3, λ^′));

(2) ♯^e = ♮ ∘ (♯P^3(3)), i.e., (P, λ)♯^e(P^3(3), λ^′) = ♮((P, λ)♯(P^3(3), λ^′)); (3) ♯^{eve} = ♮^2 ∘ (♯P^3_−(3)), i.e., (P, λ)♯^{eve}(P^3_−(3), λ^′) = ♮^2((P, λ)♯(P^3_−(3), λ^′)), where ♮^2 denotes ♮ ∘ ♮.

Proof. These relations (1), (2) and (3) are shown by the Figures 10, 11 and 12, respectively. In these Figures 10, 11 and 12, the upper map from left to right means the connected sum ♯ on two black vertices with Δ, P^3(3) and P^3_−(3) respectively, and the right map from top to bottom means the equivariant Dehn surgery ♮ along the black edge. Remark that in Figure 12, we do the operation ♮ two times along two black edges. As the result, we get the formulas (1), (2), (3) in the statement.

Figure 10. ♭ = ♮ ∘ (♯Δ). □

Figure 11. ♯^e = ♮ ∘ (♯P^3(3)).

Figure 12. ♯^{eve} = ♮^2 ∘ (♯P^3_−(3)).

4.2. Constructions of oriented small covers. In this and next subsection, we apply our main theorem (Theorem 4.1) to constructions of the three-dimensional small covers. First, we recall the following Izmestiev’s theorem ([19, Theorem 3]).

Theorem 4.2 (Izmestiev). Suppose that the characteristic function λ of a 3-dimensional small cover M(P, λ) satisfies that λ(F) = {e_1, e_2, e_3}, i.e., M(P, λ) is a 3-dimensional linear model. Then M(P, λ) can be (equivariantly) constructed from the 3-dimensional torus T^3 by using finite times following two operations: the equivariant connected sum ♯; and the equivariant Dehn surgery ♮. Nishimura generalizes the above theorem to the following theorem ([42, Theorem 1.10]).

Theorem 4.3 (Nishimura). Suppose that the characteristic function λ of a 3-dimensional small cover M(P, λ) satisfies that λ(F) ⊂ {e_1, e_2, e_3, e_1 + e_2 + e_3}, i.e., M(P, λ) is an oriented small cover. Then M(P, λ) can be (equivariantly) constructed from T^3 and the 3-dimensional real projective space RP (3) by using finite times following three operations: the equivariant connected sum ♯; and the equivariant Dehn surgeries ♮ and ♭.

By Section 2.3, we see that the small cover over Δ is RP (3). Therefore we can prove the following corollary by applying Theorem 4.1 (1) to the above Nishimura’s theorem.

Corollary 4.4. Each 3-dimensional oriented small cover can be (equivariantly) constructed from T^3 and RP (3) by using finite times following two operations: the equivariant connected sum ♯; and the equivariant Dehn surgery ♮.

4.3. Constructions of all small covers. For all 3-dimensional small covers, the following Lü-Yu’s theorem are known ([28, Theorem 1.1, 1.2]).

Theorem 4.5 (Lü-Yu). Each 3-dimensional small cover can be (equivariantly) constructed from RP (3) and S^1 × RP (2) with certain four type Z^3_2-actions (up to weak equivariantly diffeomorphic) by using the following six operations: ♯; ♯^e; ♯^{eve}; ♮; ♯^Δ and ♯^C .

Remark 4.6. In this chapter, we abuse the operations on small covers and on polytopes.

We shall explain the four types Z^3_2-actions on S^1 × RP (2) in Theorem 4.5. The manifold S^1 × RP (2) is the small cover over the three sided prism P^3(3) = I^1 × Δ^2. The four types Z^3_2- actions are defined by using the coloring in Figure 13. We call them (from left) M(P^3(3), λ_1), M(P^3(3), λ_2), M(P^3(3), λ_3), M(P^3(3), λ_4), respectively.

Figure 13. Basic four Z^3_2-actions on S^1 × RP (2) in Theorem 4.5; M(P^3(3), λ_1), M(P^3(3), λ_2), M(P^3(3), λ_3), M(P^3(3), λ_4). Here, e_2 + e_3 is the coloring of behind facets.

Remark that colorings of neighboring facets of triangle facets in Figure 13 are 2-independent. Therefore, we can do ♯^Δ (see Section 3.6) for these manifolds as Figure 14.

Figure 14. M(P, λ_1) and M(P, σ ∘ λ_4) can be constructed from M(P, λ_2) and M(P, λ_3) by using ♯^Δ. This figure shows that we do ♯^Δ along black facets.

In Figure 14, we remark that the middle two P^3(3)’s are equivariantly diffeomorphic to M(P, λ_2) because there is the combinatorially equivalent to the left-second figure in Figure 13 which preserves the colorings (from the geometric point of view, this equivalence on polytopes corresponds with the equivariant diffeomorphisms on small covers). We can easily show that the coloring of the right bottom figure in Figure 14 is same as the left-fourth figure in Figure 13 up to GL(3, Z_2)-equivariant isomorphism, by using the following σ ∈ GL(3, Z_2): σ = 1 0 0 1 1 0 0 0 1 .

By the above argument, we have the following lemma.

Lemma 4.7. For the basic small covers in Theorem 4.5 (Figure 13), the following relations hold:

(P^3(3), λ_1) = (P^3(3), λ_2)♯^Δ(P^3(3), λ_2); (P^3(3), σ ∘ λ_4) = (P^3(3), λ_2)♯^Δ(P^3(3), λ_3).

Next we remark that the operation ♯^e (resp. ♯^{eve}) itself includes the gluing P^3(3) (resp. P^3_−(3)). However, the 3-sided prism with coloring (P^3(3), λ) which is not included in Figure 13 can be constructed as (Δ, λ_0)♯(Δ, λ_0) using the argument in [28, Section 3]. Moreover, all truncated prisms with colorings (P^3_−(3), λ) can be constructed as (Δ, λ_0)♯(P^3(3), λ) using the argument in [28, Section 3 (a)]. Hence, we have the following corollary (Corollary 4.8) by applying Theorem 4.1 (2), (3) and Lemma 4.7 to the Lü-Yu’s theorem (Theorem 4.5).

Corollary 4.8. Each 3-dimensional small cover can be (equivariantly) constructed from RP (3), M(P^3(3), λ_2) and M(P^3(3), λ_3) (up to weak equivariant diffeomorphism) by using the following four operations: ♯; ♮; ♯^Δ and ♯^C .

5. Relation between the Nishimura’s theorem and the Lü-Yu’s theorem

In this section, we give the relations among the Izmestiev’s, Nishimura’s and Lü-Yu’s theorem.

5.1. Relation of Corollary 4.4 and the operation ♯^C . In this subsection, we apply the operation ♯^C to Corollary 4.4 for oriented small covers.

The torus with standard Z^3_2-action T^3 = M(I^3, λ^I_0) can be constructed from (Δ^3, λ_0) by using ♯, ♮ and ♯^C as Figure 15.

Figure 15. (I^3, λ^I_0) can be constructed from (Δ^3, λ_0) by using ♯, ♮ and ♯^C , where w = e_1 + e_2 + e_3.

In the Figure 15, the first figure shows that the connected sum on the black vertices; then, we get ((Δ^3, λ_0))♯(Δ^3, λ_0) = (P^3(3), λ). The second figure shows that the connected sum along the black edges: this operation is identically with ♯^e = ♮ ∘ ♯, and we get (P^3(3), λ)♯^e(P^3(3), λ) = (I^3, λ^′). In (I^3, λ^′) (the second right figure I^3), the colorings around the square facets with coloring w are 2-independent; therefore, we can do ♯^C along this facets. The third figure shows this coloring change, i.e., the coloring change along the black square facets and we get (I^3, λ^′)♯^C (I^3, λ^′) = (I^3, λ^I_0).

Therefore, we have the following proposition by applying the above argument to Corollary 4.4.

Proposition 5.1. Each 3-dimensional oriented small cover can be (equivariantly) constructed from RP (3) by using finite times following three operations: the equivariant connected sum ♯; the equivariant Dehn surgery ♮; and the coloring change ♯^C .

5.2. Problem. The above Proposition 5.1 shows that Corollary 4.8 is not the (directly) generalization of Corollary 4.4. Now we may give the relations among Theorem 4.2, Corollary 4.4, 4.8 and Proposition 5.1 as the following list:

linear model oriented 3-dimensional small covers Izmestiev (Theorem 4.2) Nishimura (Corollary 4.4) ?? Proposition 5.1 Lü-Yu (Corollary 4.8) Here, the column in the list means the category of 3-dimensional small covers, and this list means that Corollary 4.4 is the generalization of Theorem 4.2 and Corollary 4.8 is the generalization of Proposition 5.1. So we can ask the following problem:

Problem 5.2. What is a generalization of Corollary 4.4 for 3-dimensional small covers? In other wards, what are basic small covers which construct all 3-dimensional small covers using operations ♯, ♮ (or ♯^Δ)?

6. On 2-torus manifolds

In this final section, we shall give some remark for 2-torus manifolds. A 2-torus manifold M^n is an n-dimensional, closed smooth manifold with a non-free effective smooth Z^n_2-action (see Section 2.1). In this chapter, we are interested in the n = 3 case. First we give some basic facts for 2-torus manifolds (see [26, 27] for detail).

6.1. Basics of 2-torus manifolds. Let π : M^3 → M^3/Z^3_2 be the orbit projection of the 2-torus manifold M. We see that the orbit space M^3/Z^3_2 is a three dimensional closed space. If Z^3_2- action is locally standard then the orbit space is a 3-dimensional manifold with corner. Moreover, we can define the cell decomposition on ∂M^3/Z^3_2 (we call it the orbit cell decomposition) induced from the information of Z^3_2-orbits as follows: the information of fixed points as 0-cells (vertices); the information of rank one-orbits (i.e., orbits Z^3_2/K ≃ Z_2) as 1-cells (edges); the information of rank two-orbits (i.e., orbits Z^3_2/K ≃ Z^2) as 2-cells (facets); we remark that the free orbits correspond with the interior of M^3/Z^3_2. With a method similar to that defines the characteristic function on the small cover, we can define the characteristic function from facets in ∂M^3/Z^3_2 to Z^3_2. For example, Z^3_2 acts canonically on the last three coordinates of S^3 ⊂ R ⊕ R^3 . Then S^3 is a 2-torus manifold (not a small cover), and its orbit space with characteristic function is as that in Figure 16 by computing isotropy subgroups on rank two-orbits.

Figure 16. The orbit cell decomposition on S^3/Z^3_2. We describe this orbit cell decomposition with coloring as (D^3, ρ)

Figure 16 shows that S^3/Z^3_2 becomes the 3-disk D^3, and its orbit cell decomposition is as follows: two vertices; three edges; and three facets. We remark that, in Figure 16, e_3 is the coloring of the behind 2-cell.

We describe the orbit cell decomposition with coloring in Figure 16 as (D^3, ρ)

6.2. The equivariant surgery ♮_0. For the 2-torus manifold, we can define the new operation ♮_0 introduced from the (geometric) equivariant surgery. First, we explain this operation ♮_0.

The equivariant surgery ♮_0 is the operation described in Figure 17. As we see in Figure 16, generally in the orbit cell decomposition of 2-torus manifolds, there is the multi-edge (i.e., two vertices connected by more than two edges, also see the left figures in Figure 17). The left figures in Figure 17 show the neighborhood around the multi-edge with coloring in the orbit cell decomposition (Q, λ) and (D^3, ρ). First we take two facets D_1 ⊂ Q and D_2 ⊂ D^3 as the facets surrounded by black edges in Figure 17. The equivariant surgery ♮_0 is the gluing Q and D^3 with small neighborhoods of D_1 and D_2 removed. As a result, we get the new orbit cell decomposition with coloring (Q^′, λ^′) as in the right figure in Figure 17, vice versa. (Q^′, λ^′) is denoted by ♮_0(Q, λ).

Figure 17. The equivariant surgery ♮_0 (from left to right) and its inverse (♮_0)^{−1} (from right to left).

Let D be a facet in the orbit cell decomposition Q whose boundary is 2 vertices and 2 edges, and π : M → Q be an orbit projection. We can easily show that this facet D corresponds with the invariant submanifold diffeomorphic to S^2 in M, that is, π^{−1}(D) = S^2. So we can understand the geometric meaning of the operation ♮_0 as follows. Because Z^3_2 acts on the last three coordinate of S^3 ⊂ R ⊕ R^3 , there is the Z^3_2-invariant submanifold S^2 ⊂ R^3 ⊕ {0} (remark that there are two fixed points in this submanifold). Then its invariant, closed, tubular neighborhood is equivariantly isomorphic to S^2×D^1 with the standard Z^3_2-action, where D^1 = I^1. We next consider S^3 = S^2 × D^1 ∪ D^3 × S^0, and prepare the Z^3_2-invariant part S^3\S^2 × D^1 = D^3 × S^0 (remark that there is no fixed points in this disconnected manifold). Next we remove the invariant neighborhood S^2 × D^1 around S^2 = π^{−1}(D) from the 2-torus manifold M, i.e., we take M\S^2 × D^1. Finally we glue these two invariant manifold M\S^2 × D^1 ∪_∂ S^3\S^2 × D^1. This operation is identically the equivariant surgery of three dimensional manifold which is different form the equivariant surgery explained in Section 3.4.

6.3. Remark on the operations ♯^Δ and ♯^C . In this chapter, we define the three type different operations which introduced by the (geometric) equivariant surgeries as ♯, ♮ and ♮_0 (remark that we can easily regard the equivariant connected sum as the equivariant surgery). Finally in this chapter, we prove that ♯^Δ and ♯^C can be constructed by these equivariant surgeries, i.e., we prove the following theorem.

Theorem 6.1. The operations ♯^Δ, ♯^C can be obtained by using ♮, ♮_0 and ♯ as follows: (1) ♯^Δ = ♮_0 ∘ ♮ ∘ ♯, i.e., (P_1, λ)♯^Δ(P_2, λ^′) = ♮_0 ∘ ♮((P_1, λ)♯(P_2, λ^′)); (2) ♯^C P^3(l) = ♮_0 ∘ ♮^{l−2} ∘ ♯, i.e., (P, λ)♯^C (P^3(l), λ^′) = ♮_0 ∘ ♮ ∘ · · · ∘ ♮((P, λ)♯(P^3(l), λ^′)), where P^3(l) is the l-sided prism, l ≥ 3 and ♮^{l−2} denotes (l − 2)-times ♮ ∘ · · · ∘ ♮.

Proof. These relations (1) and (2) are shown by the Figures 18 and 19, respectively. In Figures 18, the upper map from left to right means the connected sum ♯ on two black vertices. Next we can do ♮ along the black edge; then we have the 2-gon facet as in the left bottom figure. Finally we can do ♮_0 for this 2-gon facet. As the result, we have the operation ♯^Δ as ♮_0 ∘♮∘♯.

In Figure 19, we explain the l = 5 case only. However, we can easily apply the same argument for all l ≥ 3. In Figure 19, the first map means the connected sum ♯ on two black vertices. Then we have the (2l − 2)-gon facet (in Figure 19, this facet is the 8-gon). Next we can do ♮ along the black edge as in the second figure; then, this facet becomes the (2l − 4)-gon facet. Iterating this argument ((l − 2)-times), finally we have the 2-gon facet. Then we can do ♮_0 along this 2-gon facet. As the result, we have the operation ♯^C P^3(l) as ♮_0 ∘ ♮^{l−2} ∘ ♯. □

Figure 18. ♯^Δ = ♮_0 ∘ ♮ ∘ ♯.

Figure 19. ♯^C P^3(l) = ♮_0 ∘ ♮^{l−2} ∘ ♯.

CHAPTER 6

On projective bundles over small covers

This is the joint work with Zhi Lü.

1. Introduction of Part 6

In the paper [32], Masuda gives a counter example of the cohomological rigidity of small covers, that is, the cohomology ring does not distinguish small covers. He classified homeomorphism types of height 2 real Bott manifolds by using the KO-ring structure of real projective spaces, where the height 2 real Bott manifold is the projective bundle of the line bundle over real projective space, and he found counter examples of the cohomological rigidity in height 2 real Bott manifolds. We note that if the vector bundle over small cover decomposes into line bundles then its projective bundle is small cover (see Proposition 3.1), and the real projective is small cover. Therefore, from his method, we are naturally led to study projective bundles over every small cover.

Due to the Masuda’s method, if we know the KO-ring of small covers then we might be able to classify the homeomorphism types of such projective bundles; however, unfortunately it is difficult to compute KO-ring of small covers in general. So, in this part, we try to study homeomorphism types of such projective bundles from the different direction. Our method is closed to the Orlik- Raymond’s method in [45]. In [45], Orlik and Raymond show that 4-dimensional torus manifolds can be constructed from basic torus manifolds by using connected sums. In fact, the small cover (resp. 2-torus manifold) M^n is the real version of the quasitoric manifold (resp. torus manifold) M^{2n}. Therefore, the Orlik-Raymond’s method in [45] can be also applied for 2-dimensional small covers. The goal of this chapter is to generalize their method to the projective bundles of line bundles over 2-dimensional small covers, and to show the construction theorem of such projective bundles. The main result of this chapter is as follows:

Theorem 15. Let P (ξ) be a projective bundle over 2-dimensional small cover M^2. Then P (ξ) can be constructed from projective bundles P (κ) over RP^2 and P (ζ) over T^2 by using the projective connected sum ♯^{Δk−1} .

The organization of this chapter is as follows. In Section 2, we introduce some general results of projective bundles over spaces. In Section 3, we introduce the basic results for projective bundles over small covers. In Section 4, we show the structure of projective bundles over small covers, that is, all projective bundles over small covers are induced by the trivial projective bundles over moment-angle manifolds. In Section 5, as a toy model, we classify the topological types of projective bundles over S^1. In Section 6, we show the construction theorem of 2-dimensional small covers. In Section 7, we classify the topological types of projective bundles over RP (2) and T^2. This section is also the main part of this chapter. In Section 8, we introduce the new characteristic function (projective characteristic function) to characterize the projective bundles over small covers. In Section 9, we introduce the new operation (projective connected sum). Finally, in Section 10, we prove the construction theorem of projective bundles over small covers by using the above new notions.

2. General results

First, we introduce some general notations and basic results for projective bundles. Let ξ be a real vector bundle over M, P (ξ) be its projective bundle. Now we prove the following proposition.

Proposition 2.1. Let M be a closed manifold, and ξ be a k-dimensional vector bundle. Then the following two statements are equivalent:

(1) H^∗(P (ξ); Z_2) ≃ H^∗(M × RP^{k−1} ; Z_2);

(2) w(ξ) = (1 + X)^k for some X ≡_2 kw_1(ξ) ∈ H^1(M; Z_2).

Proof. By using the Borel-Hirzebruch formula (see [10, (23.3)]), we have that

w_1(γ_ξ)^k = k∑ i=1 π^∗(w_i(ξ))w_1(γ_ξ)^{k−i},

(2.1)

where π^∗ : H^∗(M) → H^∗(P (ξ)) is the induced injection and γ_ξ is the canonical line bundle of ξ. Therefore, we have that H^∗(P (ξ); Z_2) ≃ Z_2[x_1, · · · , x_l, w_1(γ_ξ)]/⟨f_j (x_1, · · · , x_l), (2.1)⟩ Assume (1), that is, H^∗(P (ξ); Z_2) ≃ H^∗(M × RP^{k−1} ; Z_2) = Z_2[x_1, · · · , x_l, A]/⟨f_j (x_1, · · · , x_l), A^k⟩.

Then we can write A = w_1(γ_ξ) + ϵ_1x_1 + · · · + ϵ_lx_l = w_1(γ_ξ ) + X and A^k = (w_1(γ_ξ) + X)^k = 0. Comparing with the formula (2.1), we see that w(ξ) = (1 + X)^k.

Assume (2), that is, w(ξ) = (1 + X)^k. By using (2.1), we have that (w_1(γ_ξ) + X)^k = 0. Therefore, there is the following isomorphism from H^∗(P (ξ)) to H^∗(M × RP^{k−1} ): φ : x_i → x_i; φ : w_1(γ_ξ ) → w_1(γ_ξ ) + X. □ Proposition 2.2. Let M be a paracompact Hausdorff space and ξ its k-dimensional vector bundle. Then there is the following splitting manifold P_k(ξ) and the surjection g : P_k(ξ) → M:

(1) g^∗ξ = γ_1 ⊕ · · · ⊕ γ_k;

(2) g^∗ : H^∗(M) → H^∗(P_k(ξ)) is injective, where P_k(ξ) is the following tower: P_k(ξ)^≃−→ P_{k−1}(ξ)^{RP 1}−→ · · ·^{RP k−3}−→ P_2(ξ)^{RP k−2}−→ P_1(ξ)^{RP k−1}−→ M. Proof. We only explain about the second stage manifolds P_2(ξ). There is the canonical line bundle γ_ξ over P_1(ξ) = P (ξ) defined by ξ and the pull-back π^∗ξ. Now we take the normal bundle γ^⊥_ξ of γ_ξ ⊂ π^∗ξ. Then this bundle γ^⊥_ξ is a (k − 1)-dimensional vector bundle over P_1(ξ). So we can take the projective bundle of γ^⊥_ξ and we denote P (γ^⊥_ξ ) = P_2(ξ). Iterating this argument, we can define P_k (ξ), and the proof of the statement is the same as the splitting lemma of vector bundles. □

3. Basic results for small covers Next, we introduce some notations and basic results for projective bundles of small covers.

From this section, we assume M is an n-dimensional small cover.

Proposition 3.1. Let M be a small cover, and ξ be an k-dimensional vector bundle over M. Then P (ξ) is small cover if and only if ξ = γ_1 ⊕ · · · ⊕ γ_{k−1} ⊕ γ_k.

Proof. If ξ has the Z^k_2-action along fibre, then P (ξ) has the Z^{k−1}_2 -action along the fibre, vice versa. Hence, the problem is to determine when ξ has the Z^k_2-action along fibre.

We first recall the definition of vector bundles. Let ξ = ∐(U_i × R^k )/ ∼ for an open covering {U_i} of M, where (u, x) ∼ (u, y) is defined as follows: u ∈ U_i ∩ U_j and x = Ay ∈ R^k for some A ∈ O(k). If the natural Z^k_2-action on R^k extends to the global action on ξ, then A must be in Z^k_2 ⊂ O(k). This implies that ξ = γ_1 ⊕ · · · ⊕ γ_{k−1} ⊕ γ_k. Conversely, if ξ = γ_1 ⊕ · · · ⊕ γ_{k−1} ⊕ γ_k, then this vector bundle has the Z^k_2-action along fibre. □ By using Proposition 2.2 and 3.1, P_k(ξ) has the following property.

Corollary 3.2. Let M be a small cover, and ξ be a Whitney sum of k line bundles over M. Then P_k(ξ) is a small cover.

By using the fact that P (ξ ⊗ γ) ∼= P (ξ) for all line bundle γ (e.g. see [35]) and the above Proposition 3.1, we have the following corollary.

Corollary 3.3. Let M be a small cover, and ξ be a Whitney sum of k line bundles over M. Then the small cover P (ξ) is homeomorphic to P (γ_1 ⊕ · · · γ_{k−1} ⊕ ϵ). In this chapter, the projective bundle over small cover means the projective bundle in Corollary 3.3.

4. Structures of projective bundles over small covers In this section, we show the structure of projective bundles of small covers. First, we recall the moment-angle complex of small covers. Let P be a simple, convex polytope and F a set of facets {F_1, · · · , F_m}. We denote Z_P as the following manifolds: Z_P = Z^m_2 × P/ ∼, where (t, p) ∼ (t^′, p) is defined by t^{−1}t^′ ∈ ∏ p∈F_i Z2(i) (Z2(i) ⊂ Z m 2 is the subgroup generated by the i-th factor), and we call it a moment-angle manifold of P . We note that if P = M^n/Z^n_2 then there is the subgroup K ⊂ Z^m_2 such that K ≃ Z^{m−n}_2 and K acts freely on Z_P . Therefore, we can denote the small cover M = Z_P /Z^l_2 for l = m − n.

Because [X; BZ_2] = H^1(M; Z_2) ≃ Z^l_2, we see that all line bundles γ can be written as follows: γ ≡ Z_P ×_Zl_2 R_ρ , where Z^l_2 acts on R_ρ = R for some representation ρ : Z^l_2 → Z_2. Moreover, its Stiefel-Whitney class is w(Z_P ×_Zl_2 R) = 1 + δ_1x_1 + · · · + δ_lx_l where (δ_1, · · · , δ_l) ∈ {0, 1}^l is induced by a representation Z^l_2 → Z_2, i.e., (−1, · · · , −1) → (−1)^{δ1} · · · (−1)^{δl} . Therefore, by using Corollary 3.3, all projective bundles of small covers are as follows: P (ξ) = Z_P ×_Zl_2 (R^k − {0})/R^∗ = Z_P ×_Zl_2 RP^{k−1} ,

(4.1) where ξ = Z_P ×_Zl_2 R^k with the following Z^l_2-action on R^k = R_{α1} ⊕ · · · ⊕ R_{αk} α_i : Z^l_2 → Z_2 where i = 1, · · · , k and α_k is the trivial representation. We also denote the projective bundle of small cover as Z_P ×_Zl_2 RP^{k−1} = P (γ_1 ⊕ · · · γ_{k−1} ⊕ ϵ), where γ_i = Z_P ×_Zl_2 R_{αi} (i = 1, · · · , k − 1) satisfies that w(γ_i) = 1 + δ_{1i}x_1 + · · · + δ_{li}x_l for (δ_{1i}, · · · , δ_{li}) ∈ {0, 1}^l which is induced by the representation α_i : Z^l_2 → Z_2.

Then we can easily prove the following proposition.

Proposition 4.1. Let (I_n : Λ) be the characteristic function of M. Then the characteristic function of P (γ_1 ⊕ · · · ⊕ γ_{k−1} ⊕ ϵ) is as follows: ( I_n O Λ 0 O I_{k−1} Λ_ξ 1 ) , (4.2)

where

Λ_ξ = δ_{11} · · · δ_{l1} . . . . . . . δ_{1,k−1} · · · δ_{l,k−1} .

Therefore, we have the following corollary by Proposition 2.1.

Corollary 4.2. Let M be an small cover, and ξ a Whitney sum of k line bundles over M. Then the following two statements are equivalent:

(1) H^∗(P (ξ); Z_2) ≃ H^∗(M × RP^{k−1} ; Z_2); (2) w(ξ) = w(γ_1 ⊕ · · · ⊕ γ_{k−1} ⊕ ϵ) = ∏_{k−1} j=1 (1 + ∑_l i=1 δ_{ij} x_i) = (1 + X)^k.

5. Topological classification of projective bundles over the 1-dimensional small cover

Before we explain the main result of this part, in this section, as a toy model we explain the topological classification of projective bundles over the 1-dimensional small cover.

It is easy to show that the 1-dimensional small cover is the 1-dimensional circle S^1 and its moment-angle manifold is S^1 itself, i.e., the moment-angle manifold S^1 ⊂ R^2 has the diagonal free Z_2-action and its quotient is the 1-dimensional small cover S^1. Therefore, the classification problem corresponds with the classification of the following projective bundle of S^1 ×_{Z2} (qγ ⊕ (k − q)ϵ): S^1 ×_{Z2} P (qγ ⊕ (k − q)ϵ), where γ is the canonical line bundle and ϵ is the trivial line bundle over S^1 and 0 ≤ q ≤ k − 1 (also see [32]).

Because [S^1, BO(k)] = Z_2, the vector bundle over S^1 can be classified by its 1st Stiefel- Whitney classes. Therefore, we see that

(1) if q ≡_2 0, then S^1 ×_{Z2} (qγ ⊕ (k − q)ϵ) ≡ S^1 ×_{Z2} kϵ ∼= S^1 × R^k ;

(2) if q ≡_2 1, then S^1 ×_{Z2} (qγ ⊕ (k − q)ϵ) ≡ S^1 ×_{Z2} (γ ⊕ (k − 1)ϵ) ∼= (S^1 ×_{Z2} R) × R^{k−1} . Because P (ξ ⊗ γ) ∼= P (ξ) and H^∗(S^1 ×_{Z2} P (ξ); Z_2) ≃ Z_2[x, y]/ < x^2, y^k + y^{k−1}w_1(π^∗ξ) > for deg x = deg y = 1 (by the Borel-Hirzebruch formula) and the injectivity of induced homeomorphism π^∗ : H^∗(S^1; Z_2) → H^∗(P (ξ); Z_2) of π : P (ξ) → S^1 (see [40]), we have the following proposition.

Proposition 5.1. Let P (qγ ⊕ (k − q)ϵ) be a projective bundle over S^1. Then its topological type is one of the followings:

(1) if k ≡_2 1 or q ≡_2 0, then P (qγ ⊕ (k − q)ϵ) = S^1 × RP^{k−1} ; (2) if otherwise, i.e., k ≡_2 0 and q ≡_2 1, then P (qγ ⊕ (k − q)ϵ) = S^1 ×_{Z2} RP^{k−1} , where Z_2 acts freely on S^1 and on the first coordinate of RP^{k−1} .

6. Construction theorem of 2-dimensional small covers

In order to state the main result of this chapter, we give some results for 2-dimensional small covers. First, we remark that the 2-dimensional small cover can be induced by the 2- dimensional polytope and characteristic functions as Figure 1, where e_1 = (1, 0), e_2 = (0, 1) and e_1 + e_2 = (1, 1).

Figure 1. The left figure is (Δ^2, λ_0) and the middle figure is (I^2, λ^I_0). We see that M(Δ^2, λ_0) = RP (2) and M(I^2, λ^I_0) = T^2, where RP (2) and T^2 have the standard Z^2-actions. The third figure is the 5-gon with characteristic functions.

Here, the n-gon is that the 2-dimensional polytope with n facets (or n vertices). We can prove the following proposition (the construction theorem of 2-dimensional small covers).

Proposition 6.1. Let M^2 be a 2-dimensional small cover. Then M^2 is equivariantly homeomorphic to equivariant connected sum of RP (2) and T^2 with standard Z^2-actions.

Proof. The small cover M^2 can be defined by the n-gon with characteristic functions in {0, 1}^2. Moreover, all n-gon can be constructed by the connected sum around vertices from Δ^2. We call this a connected sum of n-gon.

Now we can easily define the connected sum with characteristic functions of the n-gon with characteristic functions (also see Chapter 5). Moreover, this connected sum with characteristic functions corresponds with the equivariant connected sum in the small cover. Therefore, it is sufficient to prove that all n-gon with characteristic functions are reduced to connected sums with characteristic functions of (Δ^2, λ_0) and (I^2, λ^I_0) (see Figure 1). Hence, we can apply the Orlik-Raymond’s method in [45] directly and more simply as Figure 2.

Figure 2. We can find the linearly independent, characteristic functions as a and b (a is separated from b by at least one edge) in the n-gon P . Then we can regard the first polytope P is constructed by the connected sum of P_1 and P_2 on the vertex constructed by two edges whose colors are a and b.

Here, P_1 and P_2 are n_1-gon and n_2-gon (n_1, n_2 < n), respectively. Iterating the argument in Figure 2, finally we have some (Δ^2, λ_0)’s and (I^2, λ^I_0)’s. □

Therefore, the real projective space RP (2) and torus T^2 with standard Z^2-actions are the basic small covers in 2-dimensional small covers.

7. Topological classification of projective bundles over RP (2) and T^2

In this section, we recall the classification of the topological types of projective bundles over basic small covers, i.e., projective bundles over RP (2) and T^2.

The classification of projective bundles over RP (2) is known by the Masuda’s paper [32]. Due to [32], we have that q ≡_4 q^′ or k−q^′ if and only if S^2 ×_{Z2} P (qγ⊕(k−q)ϵ) ∼= S^2 ×_{Z2} P (q^′γ⊕(k−q^′)ϵ). Remark that the line bundle over RP (2) is the canonical line bundle γ or the trivial line bundle ϵ. Therefore, by Proposition 3.1, we see that the projective bundles over RP (2) are only these types. Hence, we can easily show that the following proposition.

Proposition 7.1. Let P (qγ⊕(k−q)ϵ) be a projective bundle over RP (2). Then its topological type is one of the followings.

(1) The case k ≡_4 0:

(a) if q ≡_4 0, then P (qγ ⊕ (k − q)ϵ) ∼= RP (2) × RP (k − 1); (b) if q ≡_4 1, 3, then P (qγ ⊕ (k − q)ϵ) ∼= S^2 ×_{Z2} P (γ ⊕ (k − 1)ϵ); (c) if q ≡_4 2, then P (qγ ⊕ (k − q)ϵ) ∼= S^2 ×_{Z2} P (2γ ⊕ (k − 2)ϵ).

(2) The case k ≡_4 1:

(a) if q ≡_4 0, 1, then P (qγ ⊕ (k − q)ϵ) ∼= RP (2) × RP (k − 1); (b) if q ≡_4 2, 3, then P (qγ ⊕ (k − q)ϵ) ∼= S^2 ×_{Z2} P (2γ ⊕ (k − 2)ϵ).

(3) The case k ≡_4 2:

(a) if q ≡_4 0, 2, then P (qγ ⊕ (k − q)ϵ) ∼= RP (2) × RP (k − 1); (b) if q ≡_4 1, then P (qγ ⊕ (k − q)ϵ) ∼= S^2 ×_{Z2} P (γ ⊕ (k − 1)ϵ);

(c) if q ≡_4 3, then P (qγ ⊕ (k − q)ϵ) ∼= S^2 ×_{Z2} P (3γ ⊕ (k − 3)ϵ). (4) The case k ≡_4 3:

(a) if q ≡_4 0, 3, then P (qγ ⊕ (k − q)ϵ) ∼= RP (2) × RP (k − 1); (b) if q ≡_4 1, 2, then P (qγ ⊕ (k − q)ϵ) ∼= S^2 ×_{Z2} P (γ ⊕ (k − 1)ϵ).

Remark that the moment-angle manifold over RP (2) is S^2.

Next we classify projective bundles over T^2. Let γ_i be the pull back of the canonical line bundle over S^1 by the i-th factor projection π_i : T^2 → S^1 (i = 1, 2). We can easily show that line bundles over T^2 is completely determined by its 1st Stiefel-Whitney classes by [T^2, BZ_2] ≃ H^1(T^2; Z_2) ≃ Z^2. Therefore, all of the line bundles over T^2 are ϵ, γ_1, γ_2 and γ_1 ⊗ γ_2. By the definition of γ_i, we can easily show that γ_i ⊕ γ_i = π^∗_i (γ ⊕ γ) = π^∗_i (2ϵ) = 2ϵ. Therefore, we also have (γ_1 ⊗ γ_2) ⊕ (γ_1 ⊗ γ_2) = γ_1 ⊗ (γ_2 ⊕ γ_2) = γ_1 ⊗ 2ϵ = γ_1 ⊕ γ_1 = 2ϵ.

Hence, all of Whitney sums of k line bundles over T^2 is isomorphic to one of the followings by computing their Stiefel-Whitney classes: kϵ; γ_1 ⊕ (k − 1)ϵ; γ_2 ⊕ (k − 1)ϵ;

(γ_1 ⊗ γ_2) ⊕ (k − 1)ϵ;

γ_1 ⊕ γ_2 ⊕ (k − 2)ϵ;

γ_1 ⊕ (γ_1 ⊗ γ_2) ⊕ (k − 2)ϵ; γ_2 ⊕ (γ_1 ⊗ γ_2) ⊕ (k − 2)ϵ.

Therefore, by using P (ξ ⊗ γ) = P (ξ) for all line bundles γ and H^∗(P (ξ); Z_2) ≃ Z_2[x, y, z]/ < x^2, y^2, z^k + z^{k−1}w_1(π^∗ξ) + z^{k−2}w_2(π^∗ξ) > for deg x = deg y = deg z = 1, π : P (ξ) → T^2 (by the Borel-Hirzebruch formula), we have the following proposition.

Proposition 7.2. Let P (ξ) be a projective bundle over T^2. Then its topological type is one of the followings.

(1) The case k ≡_2 0:

(a) P (kϵ) ∼= T^2 × RP (k − 1);

(b) P ((γ_1 ⊗ γ_2) ⊕ (k − 1)ϵ) ∼= P (γ_1 ⊕ γ_2 ⊕ (k − 2)ϵ) ∼= T^2 ×_Z2 P (R_{ρ1} ⊕ R_{ρ2} ⊕ R^{k−2}); (c) P (γ_1 ⊕ (k − 1)ϵ) ∼= P ((γ_1 ⊗ γ_2) ⊕ γ_2 ⊕ (k − 2)ϵ) ∼= T^2 ×_Z2 P (R_{ρ1} ⊕ R^{k−1}); (d) P (γ_2 ⊕ (k − 1)ϵ) ∼= P ((γ_1 ⊗ γ_2) ⊕ γ_1 ⊕ (k − 2)ϵ) ∼= T^2 ×_Z2 P (R_{ρ2} ⊕ R^{k−1});

(2) The case k ≡_2 1:

(a) P (kϵ) ∼= T^2 × RP (k − 1);

(b) P ((γ_1 ⊗γ_2)⊕(k −1)ϵ) ∼= P (γ_1 ⊕(k −1)ϵ) ∼= P (γ_2 ⊕(k −1)ϵ) ∼= T^2 ×_Z2 P (R_{ρ1} ⊕R^{k−1}); (c) P ((γ_1 ⊕ γ_2) ⊕ (k − 2)ϵ) ∼= P ((γ_1 ⊗ γ_2) ⊕ γ_1 ⊕ (k − 2)ϵ) ∼= P ((γ_1 ⊗ γ_2) ⊕ γ_2 ⊕ (k − 2)ϵ) ∼= T^2 ×_Z2 P (R_{ρ1} ⊕ R_{ρ2} ⊕ R^{k−2}), where ρ_i : Z^2 → Z_2 is the i-th projection and R is the trivial line bundle.

Remark that the moment-angle manifold over T^2 is T^2 itself.

8. New characteristic function of projective bundles over 2-dimensional small covers In order to show the main result of this part, i.e., the construction theorem of projective bundles over 2-dimensional small covers. We introduce the new characteristic function (in this section) and the new operation of projective bundles over small covers (in the next section).

First, we recall Proposition 4.1 for n = 2 case. Let (I_2 : Λ) be the characteristic function of M^2, where Λ ∈ M(2, l; Z_2) for l = m − 2 (m is the number of facets). Then the characteristic function of P (γ_1 ⊕ · · · ⊕ γ_{k−1} ⊕ ϵ) is as follows: ( I_2 O Λ 0 O I_{k−1} Λ_ξ 1 ) , (8.1)

where ( Λ Λ_ξ ) = λ_{11} · · · λ_{l1} λ_{12} · · · λ_{l2} δ_{11} · · · δ_{l1} . . . . . . . δ_{1,k−1} · · · δ_{l,k−1} = ( a_1 · · · a_l b_1 · · · b_l ) ,

where a_i ∈ {0, 1}^2 and b_i ∈ {0, 1}^{k−1} for i = 1, · · · , l.

In usual, the characteristic function (8.1) is attached on facets of the polytope P^2 × Δ^{k−1}. However, because of its formulation, it is sufficient to attach on the polytope P^2 in order to determine P (γ_1 ⊕ · · · ⊕ γ_{k−1} ⊕ ϵ). Therefore, in order to consider the projective bundles, we can reduce the usual characteristic function as follows: for an m-gon P^2 and its facets F, the function λ_P : F = {F_1, · · · , F_m} → {0, 1}^2 × {0, 1}^{k−1} satisfies that λ_P (F_1) = e_1 × 0, λ_P (F_2) = e_2 × 0 (denote them simply e_1 = (1, 0), e_2 = (0, 1), respectively) and

det(λ_P (F_i) λ_P (F_j ) X_1 · · · X_{k−1}) = 1

(8.2)

for F_i ∩ F_j ≠ ∅ (i ≠ j) and all {X_1, · · · , X_{k−1}} ⊂ {0 × e^′_1, · · · , 0 × e^′_{k−1}, 0 × 1}, where e^′_i (i = 1, · · · , k − 1) is the canonical basis in {0, 1}^{k−1}. We call this function a projective characteristic function (we can easily generalize this notion to the general dimension n, not only 2), and (P^2, λ_P ) corresponds with the projective bundle over the 2-dimensional small cover (over P^2). The Figure 3 is the image of projective characteristic functions.

Figure 3. The image of projective characteristic functions. In the left triangle and the right square, functions are satisfies (8.2) on each vertex, where a_1, a_2 ∈ Z^2.

Remark that in Figure 3, if we put b = 0 and b_1 = b_2 = 0 ∈ Z^{k−1}_2 , then this gives ordinary characteristic functions on the triangle and the square. Therefore, we can regard such forgetful map of {0, 1}^{k−1}-part f : (P^2, λ_P ) → (P^2, λ) as the projection P (ξ) → M^2.

9. New operations of projective bundles over 2-dimensional small covers

For two polytopes with projective characteristic functions, we can also do the connected sum operation which is compatible with projective characteristic functions as Figure 4.

Remark that, in the geometric level, the inverse image of vertices of polytopes with projective characteristic functions corresponds with the projective space RP^{k−1} . Therefore, the geometric meaning of this operation is the equivariant gluing along the fibre RP^{k−1} . We call this operation a projective connected sum and denote it as ♯^{Δk−1} .

Figure 4. We can do connected sum same as the connected sum of polytopes with ordinary characteristic functions (see Chapter 5).

10. Construction theorem of projective bundles over 2-dimensional small covers

Now we may state the main theorem of this chapter.

Theorem 10.1. Let P (ξ) be a projective bundle over 2-dimensional small cover M^2. Then P (ξ) can be constructed from one of the projective bundles P (κ) over RP^2 in Proposition 7.1 and P (ζ) over T^2 in Proposition 7.2 by using the projective connected sum ♯^{Δk−1} .

Proof. We apply the Orlick-Raymond’s method in [45] (see Section 6). In order to apply this method, it is sufficient to show that there are two edges F_i and F_j in the m-gon P such that F_i ∩ F_j = and their projective characteristic functions satisfy (8.2).

Put the projective characteristic function of F_i and F_j as follows: ( a_i b_i ) and ( a_j b_j ) , respectively, where a_i, a_j ∈ {0, 1}^2 and b_i, b_j ∈ {0, 1}^{k−1}. Then we can take det(a_i, a_j ) = 1. If (X_1 · · · X_{k−1}) = I_{k−1} then we have that det ( a_i a_j O b_i b_j I_{k−1} ) = 1,

because det(a_i, a_j ) = 1. The problem is X_h = 1 for h = 1, · · · , k − 1. Assume X_1 = 1. Then, by using the basic transformation of matrix, we have that det ( a_i a_j 0 O b_i b_j 1 I_{k−2} )

= det a_i a_j 0 O b_{1i} b_{1j} 1 0 0 0 0 I_{k−2}

= det ( a_i a_j O 0 0 I_{k−1} ) = 1.

For the other cases X_h = 1 for h = 2, · · · , k − 1, with the method demonstrated in the above argument, we see that there are two edges F_i and F_j in the m-gon P such that F_i ∩ F_j = and their projective characteristic functions satisfy (8.2). □

Part 3

Appendix

CHAPTER 7

On 6-dimensional quasitoric manifolds

1. Introduction of Chapter 7

In the paper [28], Lü and Yu proved the construction theorem of the 3-dimensional small covers. From this result, it is easy to imagine that their results can be applied for the study of the construction theorem of the 6-dimensional quasitoric manifolds. However, if you try to apply the Lü-Yu’s argument to prove the construction theorem of 6-dimensional quasitoric manifolds, then you will immediately find that there is a big gap in this case because its characteristic function is in Z. In the paper [36], McGavran used very closed method with Lü-Yu’s method to prove the construction theorem of spin torus manifolds. However, we find the serious mistake in his paper [36]. So, the construction theorem of 6-dimensional quasitoric manifolds or torus manifolds with some suitable condition is challengeable problem.

Problem 1.1. Let M be a 6-dimensional quasitoric manifold (or torus manifold with suitable condition). Is there any basic quasitoric manifolds which yield M by using some operations (such as equivariant connected sum or equivariant surgery)?

For the topological classification, Wall and Jupp proved the following beautiful theorem in [20] and [51].

Theorem 1.2 (Wall and Jupp). The diffeomorphism types of simply connected, closed, 6- dimensional manifolds are completely determined by its cohomology rings, Stiefel-Whitney classes and Pontrjagin classes.

In this chapter, we give the realization of Δ^3 with characteristic functions as quasitoric manifolds in Section 1, and the directly proof when 6-dimensional quasitoric manifolds are spin manifolds in Section 2. Finally, in Section 3, we give the remark of the McGavran’s theorem in [36]. This part is the detail of the paper [25].

2. Geometric realization of the basic parts

The characteristic function of the quasitoric manifolds can realize not only its equivariant structure but also its stably almost complex structure. In this section, we compute the characteristic functions on Δ^3 and their stably almost complex structure. The characteristic functions on Δ^3 is as Figure 1

Figure 1. By the definition of the characteristic function, a, b, c = ±1.

Therefore, there are 8 characteristic functions on Δ^3 corresponding with (a, b, c). These characteristic functions correspond with the equivariant type of C P (3) with T^3-actions. Moreover, there is the weak equivariant diffeomorphism (or ψ-equivalence in [11]) as the identity relations. This corresponds with the characteristic functions up to permutation, i.e., (a, b, c) ≡ (−1, 1, 1) ≡ (1, −1, 1) ≡ (1, 1, −1) and (a, b, c) ≡ (−1, −1, 1) ≡ (1, −1, −1) ≡ (−1, 1, −1) up to this relation. Hence, there are 4 characteristic functions on Δ^3 up to ψ-equivalence, that is, (a, b, c) = (−1, −1, −1); (a, b, c) = (1, 1, 1); (a, b, c) = (−1, 1, 1); (a, b, c) = (1, −1, −1). The ψ-equivalence corresponds with not only the weak equivariant diffeomorphism but also the stably almost complex structure (see [7]). Here, the stably complex structure is the complex structure of η = τ ⊕ ϵ over M where τ is the tangent bundle over M and ϵ is the trivial vector bundle over M.

By [7], we can calculate the χ_y-genus of almost complex structures on C P (3) which corresponds with 4 characteristic functions, where the χ_y-genus (y ∈ Z) is defined as follows:

χ_y(x) = x(1 + ye^{−x(1+y)}) 1 − e^{−x(1+y)} . Let x = 1 + c_1 + c_2 + · · · + c_n. The following three invariants (y = −1, 0, 1) are very important:

(1) c_n[M^{2n}, η] = ⟨χ_{−1}(c_1, · · · , c_n)^{(n)}, [M^{2n}, η]⟩ = ∑ v∈V σ(v): the top Chern number;

(2) td[M^{2n}, η] = ⟨χ_0(c_1, · · · , c_n)^{(n)}, [M^{2n}, η]⟩ = ∑ v∈V, ind(v)=0 σ(v): the Todd genus;

(3) sign[M^{2n}, η] = ⟨χ_1(c_1, · · · , c_n)^{(n)}, [M^{2n}, η]⟩ = ∑ v∈V (−1)^{ind(v)}σ(v): the L-genus (the signature), By using the computation method in [7], we have the following list:

Table 1 C P^3_{−,−,−} C P^3_{+,+,+} C P^3_{−,+,+} C P^3_{+,−,−} c_3 4 −2 0 2 td 1 1 2 0 sign 0 1 2 0

Here, − means −1 and + means +1 of a, b, c.

Now we have that τ ⊕ ϵ_C = 4γ (up to orientation) for the tangent bundle of C P (3), where γ is the canonical line bundle (up to orientation). By using the above top Chern number, we have the following decompositions:

• C P^3_{−,−,−} = [C P (3), 4γ^1_3 ]; • C P^3_{+,+,+} = [C P (3), 3γ^1_3 ⊕ γ^1_3 ]; • C P^3_{−,+,+} = [C P (3), 2γ^1_3 ⊕ 2γ^1_3 ]; • C P^3_{−,−,−} = [C P (3), 3γ^1_3 ⊕ γ^1_3 ], where γ^1_3 is the canonical line bundle over C P (3) and γ^1_3 is its orientation reversing line bundle.

Therefore, we have the following proposition.

Proposition 2.1. There are just 4 characteristic functions on the 3-dimensional simplex up to ψ-equivalence. Moreover, these characteristic functions correspond with the following line bundle decomposition:

(1) τ(C P^3_{−,−,−} ) ⊕ C ≃ γ^1_3 ⊕ γ^1_3 ⊕ γ^1_3 ⊕ γ^1_3 ;

(2) τ(C P^3_{+,+,+} ) ⊕ C ≃ γ^1_3 ⊕ γ^1_3 ⊕ γ^1_3 ⊕ γ^1_3 ;

(3) τ(C P^3_{−,+,+} ) ⊕ C ≃ γ^1_3 ⊕ γ^1_3 ⊕ γ^1_3 ⊕ γ^1_3 ;

(4) τ(C P^3_{+,−,−} ) ⊕ C ≃ γ^1_3 ⊕ γ^1_3 ⊕ γ^1_3 ⊕ γ^1_3 ,

where γ^1_3 is the canonical line bundle, γ^1_3 is the line bundle with its converse orientation and C is the trivial complex line bundle over C P (3).

3. Properties of oriented small covers and spin quasitoric manifolds

According to [11], if F_1, · · · , F_n are the codimension-1 faces meeting at some vertex p of P then λ(F_1), · · · , λ(F_n) is a basis. This condition is equivalent with the following condition: if Λ(p) = (λ(F_1) · · · λ(F_n)) is an n × n square matrix whose column vectors consist of images of characteristic functions around a vertex p then det Λ = 1 ∈ Z_2 for d = 1 or det Λ = ±1 ∈ Z for d = 2.

Due to the classical results for the characteristic classes (see [37]), we have that the manifold M is oriented iff its first Stiefel-Whitney class satisfies w_1(M) = 0, and the manifold M has a spin structure, i.e., M is a spin manifold, iff its second Stiefel-Whitney class satisfies w_2(M) = 0.

Using the method of [41], we can easily show the following proposition, where K_1 = Z_2 and K_2 = Z.

Proposition 3.1. If M^{dn} = M(P^n, Λ(K_d )) satisfies w_d(M^{dn}) = 0, then each row vector (λ_1, λ_2, · · · , λ_n)^t ∈ K^n_d in Λ^′(K_d ) satisfies that

λ_1 + λ_2 + · · · + λ_n ≡ 1(mod 2).

Proof. We may only prove the statement for d = 2, because the proofs of the statement for d = 1 and d = 2 are similar.

Let M = M(P, Λ(Z)) be a spin quasitoric manifold over a simple polytope P and a characteristic function Λ(Z). We use the Davis and Januszkiewicz formula for characteristic classes of quasitoric manifolds in [11]. Due to their formula, the Stiefel-Whitney class of M can be calculated using the formula j^∗(1 + v_1) · · · (1 + v_m), where j^∗ : H^∗_T n (M; Z) → H^∗(M; Z) is the induced homomorphism of an embedding j : M → ET^n ×_T n M and v_i’s are generators of H^∗_T n (M; Z) (i = 1, · · · , m). Because H^∗_T n (M; Z) is isomorphic to the Stanley-Reisner ring Z[P ] of P (see [11]), there is no additive relations on H^2_T n (M; Z). Hence, we have the following equation for the second Stiefel-Whitney classes

w_2(M) = j^∗(v_1 + · · · + v_m) ∈ H^2(M; Z_2).

(3.1)

Let λ_{ij} be the (i, j)-element of the matrix Λ(Z) = (I_n | Λ^′(Z)) = (λ_{ij} ) (1 ≤ i ≤ n and 1 ≤ j ≤ m), and J be an ideal in H^∗_T n (M) generated by θ_i = λ_{i1}v_1 + · · · + λ_{im}v_m for i = 1, · · · , n. Because of Theorem in [11], we have H^∗(M) = H^∗_T n (M)/J . Because the first n-square matrix of Λ(Z) is the identity matrix I_n, we have that θ_i = v_i + λ_{i,n+1}v_1 + · · · + λ_{im}v_m for i = 1, · · · , n. Thus, we have j^∗(v_i) = −(λ_{i,n+1}j^∗(v_{n+1}) + · · · + λ_{im}j^∗(v_m)) for i = 1, · · · , n. Because of the above Eq.(3.1), we have

w_2(M) = j^∗(v_1 + · · · + v_m)

≡ (1 − λ_{1,n+1} − · · · − λ_{n,n+1})j^∗(v_{n+1}) + · · · + (1 − λ_{1m} − · · · − λ_{nm})j^∗(v_m) mod 2.

The proof is then completed by employing w_2(M) = 0, i.e., the assumption that M is a spin manifold. The proof of the statement for d = 1 is similar to the above proof. □

4. Remark on the McGavran’s paper

Suppose that M^6 is a spin 6-dimensional quasitoric manifold. We can take the characteristic functions around edges as Figure 2.

We note that the characteristic function satisfies the locally standard property, i.e., a determinant of a matrix whose column vectors consist of characteristic functions around a vertex must be ±1. Hence a = ±1. Using Proposition 3.1 and a = ±1, we also have b + c ≡ 0 (mod 2). Moreover, McGavran shows in his paper [36, 4.9 Lemma] that the characteristic functions around edges satisfies the following properties: b, c = 0 or ±1. We call it the McGavran’s lemma. However, the

Figure 2. Characteristic functions around edges

following example shows that there are quasitoric manifolds which do not hold the McGavran’s lemma (also see examples in [8]).

Example 4.1. Let M_ρ = S^5 ×_S1 P (C_ρ ⊕ C ) be a quotient manifold of S^5 × P (C_ρ ⊕ C ) by the following S^1-action: S^1 naturally acts on S^5 ⊂ C^3 ; and S^1 acts on C_ρ by the representation ρ(t) = t^r where t ∈ S^1 and r ∈ Z, and on C trivially. Here, S^5 is a 5-dimensional sphere and P (C_ρ ⊕ C ) is a projectify of the complex space C_ρ ⊕ C . We define a T^3-action on M_ρ as follows:

(t_1, t_2, t_3)[(w_1, w_2, w_3), [z_0 : z_1]] → [(t_1w_1, t_2w_2, w_3), [t_3z_0 : z_1]], in which case the characteristic function is as the following Figure 3.

Figure 3. The characteristic function of Example 4.1, where e_1 + e_2 + re_3 is the characteristic function of the facets behind this polytope.

In the case that r is odd, this manifold is a 6-dimensional, spin quasitoric manifold by making use of Proposition 3.1. Due to the McGavran’s lemma, we have that r = 0 or ±1. However, if |r| > 2, this example does not satisfy this condition. It follows that there is a mistake in the McGavran’s lemma (4.9 Lemma in [36]).

Bibliography

[1] I.V. Arzhantsev, J. Hausen, On embeddings of homogeneous spaces with small boundary, J. Algebra, 304, no. 2, 950–988, 2006.

[2] T. Asoh, Compact transformation groups on Z_2-cohomology spheres with orbits of codimension 1, Hirosima Math. J., 11, 571–616, 1981.

[3] A. Borel, Le plan projectif de actaves et les spheres comme espaces homogènes, C.R. Acad. Sci., Paris, 230, 1378–1381, 1950.

[4] A. Borel, J. deSiebenthal, Les sous-groupes fermés de rang maximum des groupes de Lie clos, Comment.

Helv., 23, 200–221, 1949.

[5] F. Bosio, L. Meersseman, Real quadrics in C^n, complex manifolds and convex polytopes, Acta Math., 197, 53–127, 2006.

[6] G.E. Bredon, Introduction to compact transformation groups, Academic Press, 1972. [7] V.M. Buchstaber, T.E. Panov, Torus actions and their applications in topology and combinatorics, Amer.

Math. Soc., 2002.

[8] S.Y. Choi, M. Masuda, D.Y. Suh, Quasitoric manifolds over a product of simplices, to appear in Osaka J.

Math; arXiv:0803.2749.

[9] S.Y. Choi, M. Masuda, D.Y. Suh. Topological classification of generalized bott towers, to appear in Trans.

AMS; arXiv:0807.4334, 2008.

[10] P.E. Conner, E.E. Floyd, Differentiable periodic maps, Springer-Verlag, Berlin, 1964. [11] M. Davis, T. Januszkiewicz, Convex polytopes, Coxeter orbifolds and torus action, Duke. Math. J., 62, no.

2, 417–451, 1991.

[12] M. Demazure, Sous-groups algebriques de rang maximum du group de Cremona, Ann. Sci. École Norm. Sup.

(4) 3, 507–588, 1970.

[13] H.B. Duan, The degree of a Schubert variety, Adv. Math., 180, 112–130, 2003.

[14] W. Fulton, An Introduction to Toric Varieties, Ann. of Math. Studies 113, Princeton Univ. Press, Princeton, N.J., 1993.

[15] A. Gambioli, Eight-dimensional SU(3)-manifolds of cohomogeneity one, arXiv:math. DG/0611796. [16] V. Guillemin, T.S. Holm, C. Zara, A GKM description of the equivariant cohomology ring of a homogeneous space, J. Algebraic Combin., 23, no. 1, 21–41, 2006.

[17] A. Hattori, M. Masuda, Theory of multi-fans, Osaka. J. Math., 40, 1–68, 2003.

[18] W.C. Hsiang, W.Y. Hsiang, Classification of differentiable actions on S^n, R^n and D^n with S^k as the principal orbit type, Ann. of Math., 82, 421–433, 1965.

[19] I.V. Izmestiev, Three dimensional manifolds defined by coloring a simple polytope, Math. Note., 69, 340–346, 2001.

[20] P.E. Jupp, Classification of certain 6-manifolds, Math. Proc. Camb. Phil. Soc. 73, 293–300, 1973. [21] K. Kawakubo, The theory of transformation groups, Oxford Univ. Press, London, 1991. [22] A. Kollross, A Classification of hyperpolar and cohomogeneity one actions, Trans. Amer. Math. Soc., 354, no. 2, 571–612, 2002.

[23] S. Kuroki, On transformation groups which act on torus manifolds, Proceedings of 34th Symposium on Transformation Groups, Wing Co., Wakayama, 10–26, 2007.

[24] S. Kuroki, Classification of compact transformation groups on complex quadrics with codimension one orbits, to appear in Osaka J. Math., 46, no. 1, 2009.

[25] S. Kuroki, Remarks on McGavran’s paper and Nishimura’s results, Trends in Math. - New Series 10 No 1 “Proceedings of Toric Topology Workshop KAIST 2008”, ed(s). Suh, D.Y. et al, ICMS in KAIST, 77–79, 2008.

[26] Z. Lü, 2-torus manifolds, cobordism and small covers, arXiv:math/0701928. [27] Z. Lü, M. Masuda, Equivariant classification of 2-torus manifolds, arXiv:0802.2313. [28] Z. Lü, L. Yu, Topological types of 3-dimensional small covers, arXiv:0710.4496.

[29] M. Masuda, Unitary toric manifolds, multi-fans and Equivariant index, Tôhoku Math. J., 51, 237–265, 1999. [30] M. Masuda, h-vectors of Gorenstein^∗ simplicial posets, Adv. Math., 194, 332–344, 2005. [31] M. Masuda, Equivariant cohomology distinguishes toric manifolds, Adv. Math., 218, 2005–2012, 2008. [32] M. Masuda, Cohomological non-rigidity of generalized real Bott manifolds of height 2 arXiv:0809.2215. [33] M. Masuda, T. Panov, On the cohomology of torus manifolds, Osaka J. Math. 43, 711–746, 2006.

[34] M. Masuda, T. Panov. Semifree circle actions, bott towers, and quasitoric manifolds. Sbornik Math., 199, 1201–1233; arXiv:math.AT/0607094, 2008.

[35] M. Masuda, D.Y. Suh, Classification problems of toric manifolds via topology, Toric Topology, Contemp.

Math., 460, 273–286; arXiv:0709.4579, 2008.

[36] D. McGavran, T 3-actions on simply connected 6-manifolds. I, Trans. Amer. Math. Soc., 220, 59–85, 1976. [37] J.W. Milnor, J.D. Stasheff, Characteristic classes, Princeton Univ. Press, 1974. [38] M. Mimura, H. Toda, Topology of Lie Groups, I and II, Amer. Math. Soc., 1991. [39] D. Montgomery, H. Samelson, Transformation groups of spheres, Ann. of Math., 44, 454–470, 1943. [40] M. Nakaoka, Geometric topology -Homology theory-, Kyoritsushuppan, 1970, (Japanese). [41] H. Nakayama, Y. Nishimura, The orientability of small covers and coloring simple polytopes, Osaka J. Math., 42, 243–256, 2005.

[42] Y. Nishimura, Equivariant surgeries of small covers, RIMS Kokyuroku 1393, 44–47, 2004, (Japanese). [43] M. Obiedat, On J-orders of elements of KO(C P^m ), arXiv:math/9906027, 1999. [44] T. Oda, Convex bodies and algebraic geometry: An introduction to the theory of toric varieties, Springer- Verlag, New York, 1988.

[45] P. Orlik, F. Raymond, Actions of the torus on 4-manifolds. I, Trans. Amer. Math. Soc., 152, 531–559, 1970. [46] J. Poncet, Groupes de Lie compacts de transformations de l’espace euclidien et les spheres comme espaces homogènes, Comment. Math. Helv., 33, 109–120, 1959.

[47] E.H. Spanier, Algebraic topology, Springer-Verlag, New York, 1966.

[48] R.P. Stanley, The number of faces of a simplicial convex polytopes, Adv. in Math. 35, 236–238, 1980. [49] N.E. Steenrod, The classification of sphere bundles, Ann. of Math. (2), 45, 294–311, 1944. [50] F. Uchida, Classification of compact transformation groups on cohomology complex projective spaces with codimension one orbits, Japan. J. Math. Vol. 3, No. 1, 141–189, 1977.

[51] C.T.C. Wall, Classification problem in defferential topology. V: On certain 6-manifolds, Invent. Math. 1, 355–374, 1966.

[52] H.C. Wang, Compact transformation groups of S^n with an (n − 1)-dimensional orbit, Amer. J. Math., 82, 698–748, 1960.

[53] M. Wiemeler, Torus manifolds with non-abelian symmetries, preprint. [54] I. Yokota, Groups and Representations, Shokabou, 1973, (Japanese).

[55] G. Ziegler, Lecture on Polytopes, Graduate Texts in Math. 152, Springer-Verlag, New-York, 1995.

Acknowledgements

My principal gratitude goes to my host Zhi Lü, who helped and discussed with me many times during I stay in Shanghai. Some ideas appearing in Chapter 5, 6, 7 are outcome of discussion with him.

My hearty thanks go on Bo Chen and Qiangbo Tan. They have done me a great service while I was staying in Shanghai. My hearty thanks also go on all of students who attended in Zhi Lü’s seminor: they are Bo Chen, Qiangbo Tan, Zhizhan Wang, Jinbo Ge, Yan Chen, Zhao Yang, Junda Chen, Hailian Hu, Genda Xia. I could have a very good time of my life in Shanghai because of their countless invaluable supports. I often talked about mathematics with them, and I hope that they would write good mathematical papers in the future.

I was able to complete this report with the help of many excellent mathematicians: they are Mikiya Masuda, Suyoung Choi, Megumi Harada, Li Yu, Taras Panov, Dongyoup Suh, Dan Zaffran, Shizuo Kaji, Jiming Ma, Zhen Lei. I have had countless invaluable conversations with them and all of them have greatly influenced my general mathematical perspective.

I also thank for all professors, students and staffs who supported me in Fudan University. I feel extremely lucky to be in such a warm and lively community.

The support of my family has been indispensable in completing this report. Finally, I gratefully acknowledge the financial support from Fudan University.

List of publications and preprints in postdoctoral period

1. ACCEPTED PAPERS

(1) Shintarô Kuroki, Classification of compact transformation groups on complex quadrics with codimension one orbits, to appear in Osaka J. Math. 46, no. 1, 2009.

(2) Shintarô Kuroki, Characterization of homogeneous torus manifolds, to appear in Osaka J. Math.

2. PREPRINTS

(3) Shintarô Kuroki, Hypertorus graphs and graph equivariant cohomologies. (4) Shintarô Kuroki, Classification of quasitoric manifolds with codimension one extended actions.

(5) Shintarô Kuroki, Classification of torus manifolds with codimension one extended actions. (6) Shintarô Kuroki, Operations on three dimensional small covers.

(7) Suyoung Choi, Shintarô Kuroki, Topological classification of torus manifolds which have codimension one extended G-actions, in preparation.

(8) Shintarô Kuroki, Zhi Lü, On projective bundles over small covers, in preparation.

3. PROCEEDINGS

(9) Shintarô Kuroki, On 8-manifolds with SU(3)-actions, RIMS kokyuroku 1569, 81–93, 2007. (10) Shintarô Kuroki, Remarks on McGavran’s paper and Nishimura’s result, Trends in Math.

- New Series, 10, No. 1, ICMS in KAIST, 77–79, 2008.

4. OTHERS

(11) Ikumitsu Nagasaki, Shintarô Kuroki (editors), RIMS Kokyuroku 1569 “The theory of transformation groups and its applications”, RIMS, Kyoto University, 2007.

131