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1.4 II

1.4.1

♠

1.4.1. 2

∫

x√
5− x

dx

(i) t = 5− x
dt

dx
= −1 dx = (−1)dt, x = 5− t

=

∫

5− t√
t
· (−1) dt

=

∫
(√

t− 5√
t

)

dt

=

∫

(

t
1

2 − 5t−
1

2

)

dt

=
2

3
t
3

2 − 5 · 2t 1

2 + C

=
2

3
(5− x)

√
5− x− 10

√
5− x+ C . (C : )

(ii) t =
√
5− x x = 5− t2

dt

dx
= −1

2
· 1√

5− x
= − 1

2t

dx = −2t dt

=

∫

5− t2

t
· (−2t) dt

=

∫

(2t2 − 10) dt

=
2

3
t3 − 10t+ C

=
2

3
(5− x)

√
5− x− 10

√
5− x+ C . (C : )

−2

3
(x+ 10)

√
5− x+ C
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1.4.2

1.4.2.
∫

√

a2 − x2dx (a > 0)

x = a sin t
(

−π

2
≦ t ≦

π

2

) dx

dt
= a cos t (dx = a cos tdt)

∫

√

a2 − x2 dx =

∫

√

a2 − a2 sin2 t a cos tdt

√
x2 = |x|

√

a2 − a2 sin2 t =

√

a2(1− sin2 t)

= |a|
√

1− sin2 t

= a
√
cos2 t

= a| cos t|
(∗) = a cos t

(∗) t −π

2
≦ t ≦

π

2
cos t ≧ 0

= a2
∫

cos2 tdt

→ = a2
∫

1 + cos 2t

2
dt

=
a2

2

(

t+
1

2
sin 2t

)

+ C

→ =
a2

2

(

t+
1

2
· 2 sin t cos t

✿✿✿

)

+ C

sin t =
x

a
→ =

a2

2

(

t+
x

a

√

1− sin2 t
✿✿✿✿✿✿✿✿✿

)

+ C

(∗∗) =
a2

2

(

sin−1 x

a
+

x

a

√

1−
(x

a

)2
)

+ C

=
1

2

(

a2 sin−1 x

a
+ x
√

a2 − x2
)

+ C (C : )

(∗∗) t −π

2
≦ t ≦

π

2
t = sin−1 x

a
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1.4.3.
∫

1

x2 + a2
dx

x = a tan t
(

−π

2
< t <

π

2

) dx

dt
=

a

cos2 t
dx =

a

cos2 t
dt

∫

1

x2 + a2
dx =

∫

1

a2
1

tan2 t+ 1
dx

=

∫

1

a2
cos2 tdx

=

∫

1

a2
cos2 t

a

cos2 t
dt

=

∫

1

a
dt

=
t

a
+ C

=
1

a
tan−1 x

a
+ C (C : )

1.4.4.
∫

1√
x2 + a

dx (a 6= 0)

t = x+
√
x2 + a ( )

dt

dx
= 1 +

1

2
(x2 + a)−

1

2 · 2x =

√
x2 + a+ x√
x2 + a

=
t√

x2 + a

dx =

√
x2 + a

t
dt

=

∫

1√
x2 + a

√
x2 + a

t
dt =

∫

1

t
dt

= log |t|+ C

= log |x+
√

x2 + a|+ C (C : )
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1.4.5.
∫

1

cosx
dx

t = tan
x

2
2 cosx

cosx = cos 2 · x
2
= cos2

x

2
− sin2

x

2

cos2
x

2
− sin2

x

2
= cos2

x

2

(

1− sin2 x

2

cos2 x

2

)

=
cos2 x

2

sin2 x

2 + cos2 x

2

(

1− sin2 x

2

cos2 x

2

)

=
1

tan2 x

2 + 1

(

1− tan2
x

2

)

tan
x

2
= t → =

1− t2

1 + t2

dt

dx
=
(

tan
x

2

)

′

=

(

sin x

2

cos x

2

)

′

=
1

cos2 x

2

·
(x

2

)

′

=
1

2
· cos

2 x

2 + sin2 x

2

cos2 x

2

=
1

2

(

1 + tan2
x

2

)

=
1

2

(

1 + t2
)

dt =
1 + t2

2
dx ⇒ dx =

2

1 + t2
dt

∫

1

cosx
dx =

∫

1 + t2

1− t2
· 2

1 + t2
dt

=

∫

2

1− t2
dt

=

∫
(

1

1 + t
+

1

1− t

)

dt

u = 1− t → = log |1 + t|+ (−1) log |1− t|+ C

= log

∣

∣

∣

∣

1 + t

1− t

∣

∣

∣

∣

+ C

= log

∣

∣

∣

∣

1 + tan x

2

1− tan x

2

∣

∣

∣

∣

+ C (C : )
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1.4.3

f([X,Y ]) 2 X Y

(1) f(sinx) cosx t = sinx

(2) f(cosx) sinx t = cosx

(3) f
(

[sin2 x, cos2 x]
)

t = tanx, sin2 x =
t2

1 + t2

cos2 x =
1

1 + t2
,
dx

dt
=

1

1 + t2

(4) f ([sinx, cosx]) t = tan
x

2
, cosx =

1− t2

1 + t2

sinx =
2t

1 + t2
,
dx

dt
=

2

1 + t2

(5) f
(

[x, n

√
ax+ b]

)

(a 6= 0) t = n

√
ax+ b

(6) f

([

x,
n

√

ax+ b

cx+ d

])

t =
n

√

ax+ b

cx+ d
(ad− bc 6= 0)

(7) f
(

[x,
√
ax2 + bx+ c ]

)

(i) a > 0

(a 6= 0, D = b2 − 4ac 6= 0) t =
√
ax2 + bx+ c+

√
ax

(ii) a < 0, D > 0

ax2 + bx+ c = a(x− α)(x− β)

t =

√

x− α

β − x
, (α < β)

(8) f([x,
√
a2 − x2]) (a > 0) x = a sin θ,

(

−π

2
≦ θ ≦

π

2

)

(9) f([x,
√
x2 + a2]) (a > 0) x = a tan θ,

(

−π

2
< θ <

π

2

)

(10) f([x,
√
x2 − a2]) (a > 0) x = a sec θ,

(

0 ≦ θ ≦ π, θ 6= π

2

)

(11) f(ex)ex t = ex

(12) f (a log x+ b)
1

x
t = a log x+ b
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1.4.4

1.4.1.

(1) (2− 3x)n (n ∈ Z− {−1}) (2)
1

x2 − 2x+ 5

(3)
1√

5x− x2
(4)

1√
7x− 3

(5) xe−x
2

(6)
e2x√
1 + e2x

(7) x(x2 − 3)5 (8) (3x2 + 2)(x3 + 2x+ 1)4

(9)
x2

√
1− x2

(10)
3x√
1− x4

( : t = x2)

(11)
x2

x6 − 1
( : t = x3) (12)

1

(1 + x2)
3

2

( : x = tan t)

1.4.2.

(1)
1

1 + cosx
(2)

1

2 + cosx

(3)
cosx

1 + sin2 x
(4)

1

cos2 x+ 4 sin2 x

(5)
1

1 + 3
√
x+ 1

(6)
1

√

(x− 1)(2− x)

(7)
1

(x− 1)
√
x2 − 4x− 2

(8)
ex − e−x

ex + e−x

(9)

√
1 + log x

x
(10)

1√
e3x + 4

1.4.3.

(1)
2x+ 5

x2 − 2x+ 4
(2)

3x+ 5√
1− x− 2x2

(3)
x√

x2 − 2x+ 3
(4)

1

x
√
1− x2

1.4.4. 1.4.5

log

∣

∣

∣

∣

cos x

2 + sin x

2

cos x

2 − sin x

2

∣

∣

∣

∣

+ C, log
1 + sinx

| cosx| + C
1

2
log

(

1 + sinx

1− sinx

)

+ C

cosx 6= 0 −1 < sinx < 1
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1.4.5

1.4.1. C

(1) t = 2− 3x
dt

dx
= −3 ⇒ dx = −1

3
dt

∫

(2− 3x)n dx =

∫

tn ·
(

−1

3

)

dt

n 6= −1 → = −1

3
· 1

n+ 1
tn+1 + C

= − 1

3(n+ 1)
· (2− 3x)n+1 + C

(2)

∫

1

x2 − 2x+ 5
dx =

∫

1

(x− 1)2 + 22
dx t = x − 1

dt

dx
= 1 ⇒ dx = dt

∫

1

x2 − 2x+ 5
dx =

∫

1

t2 + 22
dt =

1

2
tan−1 t

2
+ C =

1

2
tan−1 x− 1

2
+ C

(3)

∫

1√
5x− x2

dx =

∫

1
√

(

5
2

)2 −
(

5
2

)2
+ 5x− x2

dx =

∫

1
√

(

5
2

)2 −
(

x− 5
2

)2
dx

t = x− 5

2

dt

dx
= 1 ⇒ dx = dt

∫

1√
5x− x2

dx =

∫

1
√

(

5
2

)2 − t2
dt = sin−1 t

5
2

+ C = sin−1 2

5
t+ C

= sin−1

(

2

5
x− 1

)

+ C

♣ sin−1(−θ) = − sin−1 θ t =
5

2
− x

(4) t = 7x− 3
dt

dx
= 7 ⇒ dx =

1

7
dt

∫

1√
7x− 3

dx =

∫

1√
t
· 1
7
dt =

1

7
· 2
√
t+ C =

2

7

√
7x− 3 + C
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(5) t = −x2 dt

dx
= −2x ⇒ dx =

1

−2x dt

∫

xe−x
2

dx =

∫

xet · 1

−2x dt = −1

2

∫

et dt = −1

2
et + C

= −1

2
e−x

2

+ C

(6) t = ex
dt

dx
= ex ⇒ dx =

1

ex
dt =

1

t
dt

∫

e2x√
1 + e2x

dx =

∫

t2√
1 + t2

· 1
t
dt =

∫

t√
1 + t2

dt (∗)

u = 1 + t2
du

dt
= 2t ⇒ dt =

1

2t
du

(∗) =
∫

t√
u
· 1
2t

du =
1

2

∫

1√
u
du =

√
u+ C =

√

1 + t2 + C

=
√

1 + e2x + C

♣ t = 1 + e2x 2

(7) t = x2 − 3
dt

dx
= 2x ⇒ dx =

1

2x
dt

∫

x(x2 − 3)5 dx =

∫

xt5 · 1

2x
dt =

1

2

∫

t5 dt =
1

2
· 1
6
t6 + C

=
1

12
(x2 − 3)6 + C

(8) t = x3 + 2x+ 1
dt

dx
= 3x2 + 2⇒ dx =

1

3x2 + 2
dt

∫

(3x2 + 2)(x3 + 2x+ 1)4 dx =

∫

t4 dt =
1

5
t5 + C

=
1

5
(x3 + 2x+ 1)5 + C
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(9) x = sin θ
dx

dθ
= cos θ ⇒ dx = cos θ dθ

∫

x2

√
1− x2

dx =

∫

sin2 θ
√

1− sin2 θ
· cos θ dθ

=

∫

sin2 θ

| cos θ| · cos θ dθ

−π

2
≦ θ ≦

π

2
→ =

∫

sin2 θ dθ =

∫

1− cos 2θ

2
dθ

=
1

2
θ − 1

2
· 1
2
sin 2θ + C

=
1

2
θ − 1

4
· 2 sin θ cos θ + C

cos θ =
√

1− sin2 θ → =
1

2
θ − 1

2
x
√

1− x2 + C

=
1

2
sin−1 x− 1

2
x
√

1− x2 + C

(10) t = x2 dt

dx
= 2x ⇒ dx =

1

2x
dt

∫

3x√
1− x4

dx =

∫

3x√
1− t2

· 1

2x
dt

=
3

2

∫

1√
1− t2

dt

=
3

2
sin−1 t+ C

=
3

2
sin−1 x2 + C

(11) t = x3 dt

dx
= 3x2 ⇒ dx =

1

3x2
dt

∫

x2

x6 − 1
dx =

∫

x2

t2 − 1
· 1

3x2
dt

=
1

3

∫

1

t2 − 1
dt

=
1

3
· 1
2
log

∣

∣

∣

∣

x3 − 1

x3 + 1

∣

∣

∣

∣

+ C

=
1

6
log

∣

∣

∣

∣

x3 − 1

x3 + 1

∣

∣

∣

∣

+ C

x3 x
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(12) x = tan t (−π

2 < t < π

2 )
dx

dt
=

1

cos2 t
⇒ dx =

1

cos2 t
dt

∫

1

(1 + x2)
3

2

dx =

∫
(

1 +
sin2 t

cos2 t

)−
3

2

dx =

∫
(

1

cos2 t

)

−
3

2

·
(

cos2 t+ sin2 t
)−

3

2 dx

=

∫

(cos2 t)
3

2 · 1

cos2 t
dt =

∫ √
cos2 t dt =

∫

cos t dt

↑
−π

2 < t < π

2 cos t > 0.

= sin t+ C · · · (∗)
x = tan t

a

b

O
x

y

t

√
a2 + b2

tan t =
b

a
= x⇒ b = ax a > 0

sin t =
b√

a2 + b2
=

ax√
a2 + a2x2

=
x√

1 + x2

(∗) = x√
1 + x2

+ C

(b < 0 )

1.4.2. C

(1) (4) t = tan
x

2
cosx =

1− t2

1 + t2
, dx =

2

1 + t2
dt

∫

1

1 + cosx
dx =

∫

1

1 +
1− t2

1 + t2

· 2

1 + t2
dt

=

∫

1 dt

= t+ C

= tan
x

2
+ C
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(2) (1)

∫

1

2 + cosx
dx =

∫

1

2 +
1− t2

1 + t2

· 2

1 + t2
dt

=
2

2(1 + t2) + 1− t2
dt

=

∫

2

3 + t2
dt

=
2√
3
tan−1 t√

3
+ C

=
2√
3
tan−1 tan x

2√
3

+ C

(3) (1) t = sinx
dt

dx
= cosx ⇒ dx =

1

cosx
dt

∫

cosx

1 + sin2 x
dx =

∫

cosx

1 + t2
· 1

cosx
dt

=

∫

1

1 + t2
dt

= tan−1 t+ C

= tan−1 sinx+ C

(4) (3) t = tanx sin2 x =
t2

1 + t2
, cos2 x =

1

1 + t2
,
dx

dt
=

1

1 + t2

∫

1

cos2 x+ 4 sin2 x
dx =

∫

1

1

1 + t2
+

4t2

1 + t2

· 1

1 + t2
dt

=

∫

1

1 + 4t2
dt

=
1

2
tan−1 2t+ C
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(5) (5) t = 3
√
x+ 1

dt

dx
=

1

3
· 1

3

√

(x+ 1)2

∫

1

1 + 3
√
x+ 1

dx =

∫

1

1 + t
· 3t2 dt = 3

∫
{

t− 1 +
1

1 + t

}

dt

= 3

(

1

2
t2 − t+ log |1 + t|

)

+ C

=
3

2
3

√

(x+ 1)2 − 3 3
√
x+ 1 + 3 log |1 + 3

√
x+ 1|+ C

(6) (x − 1)(2 − x) = −(x − 1)(x − 2) (7) (ii)

a = −1, α = 1, β = 2 t =

√

x− 1

2− x

t2 =
x− 1

2− x
⇒ x =

2t2 + 1

t2 + 1
⇒ dx

dt
=

2t

(t2 + 1)2

x 2− x t 2− x =
1

t2 + 1

∫

1
√

(x− 1)(2− x)
dx =

∫

1

(2− x)

√

x− 1

2− x

dx

=

∫

1
1

t2 + 1
· t
· 2t

(t2 + 1)2
dt

= 2

∫

1

t2 + 1
dt

= 2 tan−1 t+ C

= 2 tan−1

√

x− 1

2− x
+ C

(7) (7) (i) t =
√
x2 − 4x− 2 +

√
1x t− x =

√
x2 − 4x− 2 2

t2 − 2tx+ x2 = x2 − 4x− 2 ⇒ x =
t2 + 2

2t− 4
,
dx

dt
=

1

2
· t

2 − 4t− 2

(t− 2)2
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x
√
x2 − 4x− 2 x− 1

√

x2 − 4x− 2 = t− x = t− t2 + 2

2t− 4

=
t2 − 4t− 2

2(t− 2)
,

x− 1 =
t2 − 2t+ 6

2(t− 2)

∫

1

(x− 1)
√
x2 − 4x− 2

dx =

∫

2(t− 2)

t2 − 2t+ 6
· 2(t− 2)

t2 − 4t− 2
· t

2 − 4t− 2

2(t− 2)2
dt

=

∫

2

t2 − 2t+ 6
dt

=

∫

2

(t− 1)2 + 5
dt

=
2√
5
tan−1 t− 1√

5
+ C

=
2√
5
tan−1

√
x2 − 4x− 2 + x− 1√

5
+ C

(8) t = ex t = ex+e−x
dt

dx
= ex−e−1 ⇒ dx =

1

ex − e−x
dt

∫

ex − e−x

ex + e−x
dx =

∫

ex − e−x

t
· 1

ex − e−x
dt

=

∫

1

t
dt

= log |t|+ C

= log(ex + e−x) + C

(9) t = log x+ 1
dt

dx
=

1

x
⇒ dx = xdt

∫
√
1 + log x

x
dx =

∫

√
t

x
· x dt

=

∫ √
t dt =

2

3
t
3

2 + C

=
2

3
(log x+ 1)

3

2 + C
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(10) t =
√
e3x + 4

dt

dx
=

3

2
· e3x√

e3x + 4
⇒ dx =

2

3
·
√
e3x + 4

e3x
dt

∫

1√
e3x + 4

dx =

∫

2

3
· 1

e3x
dt

=
2

3

∫

1

t2 − 4
dt

=
2

3
· 1
4
log

∣

∣

∣

∣

t− 2

t+ 2

∣

∣

∣

∣

+ C

=
1

6
log

√
e3x + 4− 2√
e3x + 4 + 2

+ C

1.4.3. C

(1) t = x2 − 2x+ 4
dt

dx
= 2x− 2

∫

2x+ 5

x2 − 2x+ 4
dx =

∫

2x− 2

x2 − 2x+ 4
dx+

∫

7

x2 − 2x+ 4
dx

( ) ( )

( ) =

∫

2x− 2

x2 − 2x+ 4
dx =

∫

2x− 2

t
· 1

2x− 2
dt =

∫

1

t
dt

= log |t|+ C1

( ) =

∫

7

x2 − 2x+ 4
dx = 7

∫

1

(x− 1)2 + 3
dx

=
7√
3
tan−1 x− 1√

3
+ C2

∫

2x+ 5

x2 − 2x+ 4
dx = log |x2 − 2x+ 4|+ 7√

3
tan−1 x− 1√

3
+ C



40 1

(2) t = 1− x− 2x2 dt

dx
= −1− 4x

∫

3x+ 5√
1− x− 2x2

dx = −3

4

∫ −1− 4x√
1− x− 2x2

dx+
17

4

∫

1√
1− x− 2x2

dx

−3

4

∫ −1− 4x√
1− x− 2x2

dx = −3

4

∫ −1− 4x√
t

· 1

−1− 4x
dt = −3

4

∫

1√
t
dt

= −3

2

√
t+ C1

17

4

∫

1√
1− x− 2x2

dx =
17

4

∫

1

√
2 ·
√

9

16
−
(

1

4
+ x

)2
dx

=
17

4
√
2
sin−1

(

1 + 4x

3

)

+ C2

∫

3x+ 5√
1− x− 2x2

dx = −3

2

√

1− x− 2x2 +
17

4
√
2
sin−1

(

1 + 4x

3

)

+ C

(3) t = x2 − 2x+ 3
dt

dx
= 2x− 2

∫

x√
x2 − 2x+ 3

dx =
1

2

∫

2x− 2√
x2 − 2x+ 3

dx+

∫

1√
x2 − 2x+ 3

dx

1

2

∫

2x− 2√
x2 − 2x+ 3

dx =
1

2

∫

2x− 2√
t
· 1

2x− 2
dt =

1

2

∫

1√
t
dt =

√
t+ C1

∫

1√
x2 − 2x+ 3

dx =

∫

1
√

(x− 1)2 + 2
dx = log

∣

∣

∣
x− 1 +

√

x2 − 2x+ 3
∣

∣

∣
+ C2

∫

x√
x2 − 2x+ 3

dx =
√

x2 − 2x+ 3 + log
∣

∣

∣
x− 1 +

√

x2 − 2x+ 3
∣

∣

∣
+ C
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(4) t = 1− x2 t =
√
1− x2

dt

dx
= − x√

1− x2

dx = −
√
1− x2

x
dt

∫

1

x
√
1− x2

dx =

∫

1

x
√
1− x2

· −
√
1− x2

x
dt

= −
∫

1

x2
dt

= −
∫

1

1− t2
dt

=
1

2
log

∣

∣

∣

∣

t− 1

t+ 1

∣

∣

∣

∣

+ C

=
1

2
log

∣

∣

∣

∣

∣

√
1− x2 − 1√
1− x2 + 1

∣

∣

∣

∣

∣

+ C

1.4.4.

log

∣

∣

∣

∣

1 + tan x

2

1− tan x

2

∣

∣

∣

∣

= log

∣

∣

∣

∣

∣

∣

1 +
sin x

2

cos x

2

1− sin x

2

cos x

2

∣

∣

∣

∣

∣

∣

= log

∣

∣

∣

∣

cos x

2 + sin x

2

cos x

2 − sin x

2

∣

∣

∣

∣

= log

∣

∣

∣

∣

(

cos x

2 + sin x

2

cos x

2 − sin x

2

)

·
(

cos x

2 + sin x

2

cos x

2 + sin x

2

)
∣

∣

∣

∣

= log

∣

∣

∣

∣

∣

cos2 x

2 + sin2 x

2 + 2 sin x

2 cos x

2

cos2 x

2 − sin2 x

2

∣

∣

∣

∣

∣

(∗)

sin2
x

2
+ cos2

x

2
= 1, sinx = 2 sin

x

2
cos

x

2
, cosx = cos2

x

2
− sin2

x

2

(∗) = log

∣

∣

∣

∣

1 + sinx

cosx

∣

∣

∣

∣

= log
1 + sinx

| cosx| (∗∗)

| cosx| =
√

1− sin2 x =
√

(1− sinx)(1 + sin x)

(∗∗) = log
1 + sinx√

1− sinx ·
√
1 + sinx

= log

√

1 + sinx

1− sinx

=
1

2
log

(

1 + sinx

1− sinx

)


