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1 Introduction

The elastic Neumann-Poincaré (eNP) operator is a boundary integral operator that appears natu-
rally when we solve classical boundary value problems for the Lamé system using layer potentials.
Recently, there is rapidly growing interest in the spectral properties of the eNP operator in relation
to cloaking by anomalous localized resonance (CALR). Anomalous localized resonance occurs at
the accumulation point of eigenvalues, which motivates us to investigate the spectral structure of
the eNP operator.

The Lamé system, a system of equations of linear elasticity, is described by

Ly v :=pAu+ A+ p)VV - u=f,

where u = (uq,...,uq) (d = 2,3) is the displacement, (A, ) are the Lamé constants, and f is
the force term. In what follows, we assume that the pair of constants (A, u) satisfies the strong
convexity condition:

w>0, d\+2u>0.

Let C = (C’ijkl);iyj’kﬁl:l be the isotropic elasticity tensor corresponding to (A, 1), namely,
Cijir == A6 + p(Ginbj1 + k).
Also, let Vu be the symmetric gradient of a vector-valued function u, namely,

~

1
Vu = 3 (Vu+ (Vu)),
where (Vu)T is the transpose of the matrix Vu. Then, the Lamé system is also described as

L u=V(CVu) = f.

We see what CALR is. Let Q be a bounded domain in R? (d = 2,3) with the Lipschitz
boundary. Let a(z) be a function in R%\9 such that

a(z) = k, =€,
1, r € RI\Q,

where k is a complex number. We consider the following transmission problem:

(1.1)

{V(a(x)(:%) = f in RY,
u(z)| = O(lz|'~9) as [x] — oo,
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where f is a function compactly supported in R4\Q and satisfies

fdx=0.
R4

Let
E(u) := / Vu: CVuds = / AV - ul? 4 (d — )|Vl da.
Q Q
Here, A: B =37, ai;b;; for two matrices A = (a;;) and B = (b;;). We assume that k = ko + i0

n (1.1) for § > 0, where
A+ 3u

A4
Let us be the solution to the problem (1.1). Then, CALR is characterized by two conditions:

ko =

limsup 0 E(us) = o0,
540

lus(x)| < C, || >R

for some positive constants C' and R independent of 9.

Let vs := us/+/0E(us). Then, we have §E(vs) = 1 and |vs(z)] = 0 as § L 0 for |z| > R. In
other words, we cannot observe the displacement outside a ball.

It is worth mentioning that, in the case that €2 is a ball or an ellipse in R?, CALR occurs when
the support of f locates in a suitable area, and that we can replace kg by 1/ko to see CALR [1].

Let T'(z) = (O(z))¢,_, be the fundamental solution to the Lamé system associated with the
Lamé constants (\, i), namely,

Q258 gy
Lya) = S
() €r) = (65} 6”‘ a9 ZL',;.CCJ' € )

_ % d=3
A x| 4w |x]3 ’

L1 1 1/1 1
a1 i — — — _— o = — - .
YT\ T xt+2w) TP 2\ A+ 2

Also, for a vector-valued function u, the conormal derivative 0, u corresponding to the Lamé system
is defined by

aq
5, diilog |z| —

where

dyu = (CYu)n = AV - w)n + 2u(Vu)n,
where n is the outward unit normal to 9€2. Then, the eNP operator K* is defined by

K*[f](z) :=p.v. /BQ 0., I(x —y)fly)doy, ae x el

Here, we consider the conormal derivative 9, T'(x — y) of the matrix columnwise and p.v. stands
for the Cauchy principal value.

Let ko := (ko +1)/2(ko — 1). Then, ko and —kg are accumulation points of eigenvalues of K*
when 0 is smooth.

2 Main Results

So far, we obtain two results on the spectral structure of the eNP operator K* on the energy space
H=1/2(00)°.

The first one is polynomial compactness of the eNP operator. This result was obtained by a
joint work with Hyeonbae Kang (Inha University).



Theorem 2.1. Let Q be a bounded domain in R3 with the C1*-smooth boundary for some o > 0.
Let K* be the eNP operator on 92 corresponding to the pair of Lamé constants (A, ). Let p3(t) :=
t(t + ko) (t — ko), where Ko is given by

ko +1 _ H
20ko — 1) 2(A+20)

Then, p3(K*) is compact on H=/2(9Q)3. Moreover, K*(K*+xol), K*(K*—kol) and (K*)? —r2I
are not compact on H=/2(9Q)3.

Ko ‘=

From Theorem 2.1 and the spectral mapping theorem, we obtain the following result on the
asymptotic behavior of eigenvalues.

Corollary 2.1. The spectrum of K* on H’l/z(ﬁQ)‘3 consists of three mon-empty sequences of
etgenvalues which converge to 0, kg and —kKg, respectively.

The counterpart of Theorem 2.1 is proved in [1] replacing the polynomial ps by p2(¢) := (t +
ko) (t—kKop). Also, Theorem 2.1 was once proved in [2] by assuming C*°-smoothness on the boundary
on.

The second one is a characterization of the essential spectrum when (2 is a planar domain with a
corner. This result was obtained by a joint work with Eric Bonnetier (Université Grenoble-Alpes),
Charles Dapogny (Université Grenoble—Alpes) and Hyeonbae Kang.

Let a be the opening angle of the corner, and assume that 0 < o < 27. We define a set X(ko, «)
by

S(ko, ) = {p € (0,1 — ko)|d(p,€) = 0 for some £ > 0},

where
d(p.€) =16d.+ (p,€)d—(p,£),
dx(p,§) =f1,£(p,§) f2,£(p;§) + 9(p, ),
fi,2(p,§) =sinh(af)(p — 1) £ sina,
f2,2(p,§) =sinh((2m — )&)(p + ko) £ {sinay,
§) =

9(p,

Then, we have the following relation.

p(p — 1 + ko) sinh?((m — @)€).

Theorem 2.2. Let 0 < o < 2mw. Then, we have

. 1 1
Uess(K ) = 5 — mZ(ko,O&).
A proof of Theorem 2.2 is based on [3], where we discuss the essential spectrum of the NP

operator for the Laplace equation.
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