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In the flag variety FI(C"), we consider
(i) the Peterson variety,

(ii) the permutohederal variety (+— a toric manifold).
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Pet = {V, € FI(C") | NV; C Vi41 (1 < i< n)}

where

N = (regular nilpotent matrix)

e Introduced by Dale Peterson
to construct the quantum cohomology ring of FI(C")

e Singular projective variety (except for the small ranks)
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Perm = {V, € FI(C") | SV; C Vi;1 (1 <i< n)}

where

S= - (distinct eigenvalues)

e torus orbit closure in FI(C") corresponding to permutohedron

e smooth projective (toric) variety
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Example : The 3-dimensional permutohedron :

(4,1,2,3)

(3,1,2,4)

(2,1,3,4)

(1,2,3,4)

(1332)
[From Wikipedia (David Eppstein)]

Sp~ Perm(C Fl,) ~ S, ~ H*(Perm; Q) : representation
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Pet C FI(C"), Perm C FI(C").

Using S, ~ H*(Perm; Q), we can describe an interesting relation
between Pet and Perm.
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Theorem (Fukukawa-Harada-Masuda, Klyachko)

There exists a ring isomorphism

H*(Pet; Q) = H*(Perm; Q)>".

Generalizations to Hessenberg varieties:

e A-Harada-Horiguchi-Masuda :

— reg. nilpotent and reg. semisimple Hessenberg var.
e Abe-Horiguchi-Masuda-Murai-Sato :

— relation to hyperplane arrangements

e Balibanu-Crooks :
— regular Hessenberg varieties
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Theorem (Fukukawa-Harada-Masuda, Klyachko)

There exists a ring isomorphism

H*(Pet; Q) = H*(Perm; Q)*".

Theorem (A-Zeng)

There exists a ring isomorphism

H*(Pet; 7.) = H*(Perm; 7.)*".
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Outline of the proof:

Using the isomorphism

H* (Pet; Q) = H*(Perm; Q)
we have an injection

H*(Pet; 7.) < H*(Perm; Z)*"
between the (free) Z-modules of the same rank.

But the surjectivity is still not obvious.
(Is the image a full-sublattice?)

To solve this problem, we use a flat degeneration Perm ~~ Pet.
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Recall:

Pet = {V, € FI(C") | NV; C Viuq (1< i< n)},
Perm = {V, € FI(C") | SV; C Vi41 (1 <i<n)}.

where
01 a
0 1 8]
N = and S =
0 1 Cn—1
0 Cn
01 teg; 1
0 1 teo, 1
(0+t)
0 1 tch_1 1

tc,
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N

H.(Pet;7) <«—— H.(Perm;Z)
This induces an injection
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Using this degeneration Perm ~~ Pet, we can prove that there
exists a surjective homomorphism

H.(FI(C); Z)

/ \ on homology

H.(Pet;7Z) <«—— H.(Perm;Z)
This induces an injection

H*(Pet; Z) > H*(Perm;Z)>"  on cohomology
whose image is a full-sublattice.

~s  H*(Pet; Z) = H*(Perm; Z)>



Thank you for your attention!



