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Right-Angled Coxeter groups

Let T' be a simplicial graph with Vertl' = {1,2,...,m}.
o We denote by Wt right-angled Coxeter group generated by
51,...,5m with order 2, where s;s; = s;s; iff {i,j} € Edgel".
e Let K be the flag complex associated with I': K C 2Vertl’,
for o C VertI', we have o € Kr iff o spans a complete

subgraph of T'.
e For I C Vertl', let Kt ; be the full subcomplex

KF,]:{UGKF’O'CI}.
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A Theorem of Panov and Veryovkin

Let (a,b) = a~'b~'ab be the commutator of the words a and b.

Theorem (Panov-Veryovkin, 2016)

For each
I = {Zk}zbzl C VertF,

suppose that we have the splitting
Krr=U,_Kr,

into a disjoint of connected components with jj. € I}, the smallest
index for k =1,...,r. Let S7 C Wr be the set given by

S} = {(siw (Si27 (5i3> 000y (Sinv sjk)) 2;117

then [Wr, Wr| is generated by S" = Urcvertr S}
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Main Theorem

Let s; = 54,5, - - - 54, where I = {ig}}_; with i} < g4 for
k=1,....,n—1.

For each
I = {ig}p—; C Vertl,

suppose that we have the splitting
Kr = U1 Kr,

into a disjoint of connected components with ji € I the smallest
index fork =1,...,r. Let St C Wr be the set given by

Sp= {SISjk (81\{%})71}};;11

then [Wp, Wr| is generated by S = UrcvertrS1-
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Example

Let I' be the boundary of a pentagon, namely
Edgel' = {{i,i+1}| i=1,...,5 mod 5}.

In order that S; # 0, Kp s shall have at least two connected
components. Thatis I = {i,7+ 2} and I’ = {i,i+ 1,7 + 3} for
mod 5 integers i, hence S; = {s;s;+25;Si+2} and

Sp = {8i8i+18i+38i8i+38i+1}, therefore

S = {51535153a 82545284, 535558355, 54515451, 55525552,
515254515452, 525355525553, 535451835154, 545552545285,

$58153555351 }-
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The relation

It can be checked directly that

515284818482)(52558285 (555254525554 )(54515451

51545154)\545153515453) 83555385

535451535154 )(54525452)(525451545251

1=(
(555183555351
(
( 51535153
(

) ) ) )
) ) ) )
$48552545285)(55538553)(535552555352)(52545254)
) ) ) )
525355525553)(53515351)( )( )

518355535155 )( 55525552

in which inside each bracket is a generator or its inverse.
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General facts

Let G be a discrete group and ¥ be a CW complex with a cellular
G-action, namely each element of g maps each cell
homeomorphically onto a cell. The following is well known.

Suppose that G acts on % preserving the orientation of each cell,
where Y is connected and G acts on the 0-skeleton X0 freely and
transitively. Let vg € X0 be a fixed vertex and E, C X! be the set
of positively oriented edges. Then G is generated by

S:{l#geG!vogg(UO)}v

where the notation above means that vy and g(vg) are connected
by an edge e € E, starting from vy and ending with g(uvp).
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Generators

Let p: ¥ — X/G be the quotient map.
Theorem (S from T)

Let E, C X' be the set of positively oriented edges, and suppose
the following:

© X is simply connected with G acting freely;

© T C ¥/G is a contractible subcomplex containing all vertices
of ¥/G, and that T admits a section T' C X so that
p: T — T is a homeomorphim of CW complexes.

Then G is generated by the set
S={1#geG|T= gD}

where the notation above means that T and g(TV) are connected

by an edge e € E starting from a vertex in T and ending with a
vertex in g(T).
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The Davis complex

Recall that the Davis complex X associated with the Coxeter
group Wr is a cube complex with the following properties:

) Elq = Wr
° E% coincides with the Cayley graph of Wr

® n-cubes are in one-to-one correspondence with the left cosets
Wr /W, with o running simplices of K1 such that cardo = n.
Here W, = (s; | i € o) = (Z/2)".

e the cube gV, is contained in another cube ¢'W, if and only
if gW, C ¢'W, as a set.
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Examples
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Figure: The Davis Complex X
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Facts on Davis complexes

® Topologically ¥ = W x P/ ~, where P = Cone|K[.| with
faces F; = |Star({i}, K{)|, i =1,...,m.

e X is contractible (Gromov, Davis, Moussong,...)
e [Wp, Wr| acts freely on X and

Xr/[Wr, Wr] 2 RZk,.
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Contractible subcomplex containing all vertices

Now we define a subcomplex T C Xr/[Wr, Wr].
o 70 = {[81] ‘ IC Vel”tr} = WF/[WF,WF].
® An edge [s7]W; is collected in T if and only if i = max I.

As a CW subcomplex of dimension 1, T' is contractible. Moreover,
a lifting T C p of T is given by T° = {s; | I C VertI'} and
EdgeT = {s;W; | I C VertI', i = maxI}.
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Orientation of Edges

e A general edge connecting [s;] and [s] is positively oriented
if it starts from [s;] and ends with [s;], where J C I.

e Since [Wp, Wr]| acts on X preserving the orientations, we lift
the orientations of edges from Xr/[Wr, Wr] to ¥r.

® Now we apply Theorem S from T as follows: s; € T is
connected to sys; € g(T') by a positively oriented edge iff
j € 1. We have

8185 = 9 SI\{j}>
namely g = slsj(sl\{j})_l.
o Finally we refine these generators by taking only one j from

each connected component of Kt ;, and drop those trivial
elements.



On relations
®000

Where do relations come from?

e Recall that RZg,. = (Z/2) x P/ ~, where P = Cone|K].|
with faces F; = [Star({i}, K[.)|, i =1,...,m.
o Let X = RZk,. be filtrated that

X.= |J Isi)P.

CartI<n

A new “handle” [s7]P C X, is attached to X,,_; along the
union of faces U, F; C OP.
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Observation

e When adding a "handle” [s;|P to X,,_; along U;crF; C OP,
if the union U;cr F; is contractible, then up to homotopy,

X, =[P | Xn-1~Xnoa.

Uier F;
e If U;crF; is a disjoint union of contractible spaces, then up to
homotopy, X/, _; is the union of X,,_; with 1-cells.

o If U;cF; contains a loop, then a relation appear after adding
[S[]P.
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Example

Figure: Homotopy types
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Figure: Looking for relations
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Something left

e Davis complex Yr can be defined in the language of [-set
(cubical set without degeneracy). Maybe there is a way to
find the relations using cubical sets parallel to the description
of homotopy groups using simplicial sets.

e Relations to moment-angle complexes.

® Relations to Bass-Serre Theory.
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attention.



