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Introduction

Hess(X , h) ⊂ F ℓ(Cn) Hessenberg variety(
X : Cn → Cn a linear map
h : [n] → [n] a Hessenberg function

)

We take a linear map X : Cn → Cn as

N =


0 1

. . .
. . .

0 1
0

 , S =


c1

. . .

cn

 (ci ̸= cj).

H∗(Hess(N , h)) Sn ↷ H∗(Hess(S , h))
logarithmic derivation module
in hyperplane arrangement

Stanley’s chromatic symmetric func.
in graph theory
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Hessenberg function

Definition of Hessenberg function

h : [n] → [n] Hessenberg ft.

([n] := {1, 2, . . . , n})
⇐⇒ h(1) ≤ h(2) ≤ . . . ≤ h(n)

h(i) ≥ i (i = 1, 2, . . . , n)

We denote h = (h(1), h(2), . . . , h(n)).

Ex. n = 5. h = ( 3, 3, 4, 5, 5 ) is a Hessenberg ft.
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Hessenberg variety

F ℓ(Cn) := {(V1 ⊂ V2 ⊂ · · · ⊂ Vn = Cn) | dimC Vi = i , 1 ≤ i ≤ n}
We denote V• := (V1 ⊂ V2 ⊂ · · · ⊂ Vn = Cn).

X : Cn → Cn a linear map.
h : [n] → [n] a Hessenberg ft.

Hess(X , h) := {V• ∈ F ℓ(Cn) | XVi ⊂ Vh(i) (i = 1, 2, . . . , n)}.

We consider Hess(N , h) and Hess(S , h).

N =


0 1

. . .
. . .

0 1
0

 , S =


c1

. . .

cn

 (ci ̸= cj).
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Properties of Hess(N , h) and Hess(S , h)

• h = (n, n, . . . , n) ⇒ Hess(N , h) = Hess(S , h) = F ℓ(Cn)

• h = (2, 3, 4, . . . , n, n) ⇒ Hess(N , h): Peterson variety
Hess(S , h): Permutohedral variety

• Hess(N , h) is singular (in general), but Hess(S , h) is smooth.

• dimC Hess(N , h) = dimC Hess(S , h) =
∑n

j=1(h(j)− j).

Ex. h = ( 3, 3, 4, 5, 5 ): a Hessenberg ft.

dimC Hess(N , h) = dimC Hess(S , h) = 5



Properties of Hess(N , h) and Hess(S , h)

• h = (n, n, . . . , n) ⇒ Hess(N , h) = Hess(S , h) = F ℓ(Cn)

• h = (2, 3, 4, . . . , n, n) ⇒ Hess(N , h): Peterson variety
Hess(S , h): Permutohedral variety

• Hess(N , h) is singular (in general), but Hess(S , h) is smooth.

• dimC Hess(N , h) = dimC Hess(S , h) =
∑n

j=1(h(j)− j).

Ex. h = ( 3, 3, 4, 5, 5 ): a Hessenberg ft.

dimC Hess(N , h) = dimC Hess(S , h) = 5



Properties of Hess(N , h) and Hess(S , h)

• h = (n, n, . . . , n) ⇒ Hess(N , h) = Hess(S , h) = F ℓ(Cn)

• h = (2, 3, 4, . . . , n, n) ⇒ Hess(N , h): Peterson variety
Hess(S , h): Permutohedral variety

• Hess(N , h) is singular (in general), but Hess(S , h) is smooth.

• dimC Hess(N , h) = dimC Hess(S , h) =
∑n

j=1(h(j)− j).

Ex. h = ( 3, 3, 4, 5, 5 ): a Hessenberg ft.

dimC Hess(N , h) = dimC Hess(S , h) = 5



Properties of Hess(N , h) and Hess(S , h)

• h = (n, n, . . . , n) ⇒ Hess(N , h) = Hess(S , h) = F ℓ(Cn)

• h = (2, 3, 4, . . . , n, n) ⇒ Hess(N , h): Peterson variety
Hess(S , h): Permutohedral variety

• Hess(N , h) is singular (in general), but Hess(S , h) is smooth.

• dimC Hess(N , h) = dimC Hess(S , h) =
∑n

j=1(h(j)− j).

Ex. h = ( 3, 3, 4, 5, 5 ): a Hessenberg ft.

dimC Hess(N , h) = dimC Hess(S , h) = 5



Properties of Hess(N , h) and Hess(S , h)

• h = (n, n, . . . , n) ⇒ Hess(N , h) = Hess(S , h) = F ℓ(Cn)

• h = (2, 3, 4, . . . , n, n) ⇒ Hess(N , h): Peterson variety
Hess(S , h): Permutohedral variety

• Hess(N , h) is singular (in general), but Hess(S , h) is smooth.

• dimC Hess(N , h) = dimC Hess(S , h) =
∑n

j=1(h(j)− j).

Ex. h = ( 3, 3, 4, 5, 5 ): a Hessenberg ft.

dimC Hess(N , h) = dimC Hess(S , h) = 5



Properties of Hess(N , h) and Hess(S , h)

• h = (n, n, . . . , n) ⇒ Hess(N , h) = Hess(S , h) = F ℓ(Cn)

• h = (2, 3, 4, . . . , n, n) ⇒ Hess(N , h): Peterson variety
Hess(S , h): Permutohedral variety

• Hess(N , h) is singular (in general), but Hess(S , h) is smooth.

• dimC Hess(N , h) = dimC Hess(S , h) =
∑n

j=1(h(j)− j).

Ex. h = ( 3, 3, 4, 5, 5 ): a Hessenberg ft.

dimC Hess(N , h) = dimC Hess(S , h) = 5



Hess(N , h) v.s. Hess(S , h)

Theorem [H.Abe-Harada-H-Masuda]

The following ring isomorphism holds:

H∗(Hess(N , h);Q) ∼= H∗(Hess(S , h);Q)Sn

where Sn ↷ H∗(Hess(S , h);Q) is Tymoczko’s dot action.

Pet X (P)

Flag Flag6

...
...

h
max

min

Hess(N , h) Hess(S , h)

Flag: flag var.

Pet: Peterson var.

X (P): Permutohedral var.

(P : Permutohedron)
Graph theoryHyperplane arr.

. . .

. . .

λ
-
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Regular Hessenberg varieties

Pet X (P)

Flag Flag

-

6

. . .

. . .
...

...

h

λ

max

min

Hess(N , h)
Hyperplane arr.

Hess(S , h)
Graph theory

Flag: flag var.

Pet: Peterson var.

X (P): Permutohedral var.

(P : Permutohedron)

Let λ = (λ1, . . . , λℓ) be a partition of n.

Rλ =


J1

J2
. . .

Jℓ

 , Ji =


ci 1

. . .
. . .

ci 1
ci

 (ci ̸= cj).

If λ = (n) ⇒ Hess(Rλ, h) = Hess(N , h)
If λ = (1, . . . , 1) ⇒ Hess(Rλ, h) = Hess(S , h)
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Regular Hessenberg varieties
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Invariants

Pet X (P)

Flag Flag

-
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...
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Hyperplane arr.

Hess(S , h)
Graph theory

Flag: flag var.

Pet: Peterson var.

X (P): Permutohedral var.

(P : Permutohedron)

Theorem [Brosnan-Chow, Balibanu-Crooks, Vilonen-Xue]

H∗(Hess(Rλ, h);Q) ∼= H∗(Hess(S , h);Q)Sλ

Here, Sλ := Sλ1 × Sλ2 × · · · × Sλℓ
.

Theorem [H-Masuda-Shareshian-Song]

H∗(X (P);Q)Sλ ∼= H∗(X (P/Sλ);Q)



Invariants
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Hessenberg varieties and Toric orbifolds

Corollary

H∗(Hess(Rλ, hmin);Q) ∼= H∗(X (P);Q)Sλ ∼= H∗(X (P/Sλ);Q)

x2

x3

x1

(3, 1, 2)

(2, 1, 3) (1, 2, 3)

(1, 3, 2)

(2, 3, 1)(3, 2, 1)
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