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orbifold

An n-orbifold is a singular space locally modelled on the quotient
of an open set of Rn by a finite group action.

X

V
∼

ψ = U ⊂ R2

(Z2)
2

↷

= U/(Z2)
2

ψ
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Right-angled Coxeter complexes (special q-CW complexes)

♣ A right-angled Coxeter n-orbifold (RACO) is an orbifold locally
modelled on Rn/(Z2)

k, where (Z2)
k-action is generated by standard

reflections (across the coordinate hyperplanes).

♣ Right-angled Coxeter cell: en/(Z2)
k.

If k > 0, en/(Z2)
k is singular cell, otherwise, regular cell.

♣ Right-angled Coxeter complexes(RACC): Every attaching map

ϕ : ∂en/(Z2)
k → Xn−1

preserves the local groups.

♣ Facial structure.
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An example

e2/Z2
A B

C DE

(⋆) E is not a RACC.
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Blow-up of RACC

p
p p

ppp

q
q q′ q

q q
qX0 X1

X2

X̃0 X̃1

Y

(⋆) X̃2 = Y/[p, q] ∼ [p, q′] ≃ T2.

4/14



Blow-up of RACC

p
p p

ppp

q
q q′ q

q q
qX0 X1

X2

X̃0 X̃1

Y

(⋆) X̃2 = Y/[p, q] ∼ [p, q′] ≃ T2.

4/14



Boundary map and orbifold homology groups

Boundary maps of RACC are defined by boundary maps of its blow-up:

d(en/W) =
∑

nβ
( |W|
|Wβ|

mod 2
)

en−1
β /Wβ

where Wβ is a subgroup of W.

Theorem (Lü-Wu-Yu)
Let X be an n-dimensional right-angled Coxeter complex, and T be the
face set of X. Then

Horb
i (X) =

⊕
f∈T

Hi−l(f)(XJ) (1)

where l(f) is the local codimension of f.
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Orbifold cohomology ring

The cup product of RACC is defined by its blow-up,

H∗
orb(X) := H∗(X̃).

Example (Simple polytope)
Let P be a simple polytope equipped with a right-angled Coxeter orbifold
structure. Then the standard cubical decomposition of P is a RACC. Then

Horb
i (P) = Zfn−i (2)

where fn−i is the number of (n − i)-faces of P.

H∗
orb(P;Z2) = Z2[v1, · · · , vm]/I + J

where I is the Stanley-Reisner ideal of P, J = (v2
i ,∀i).
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Orbifold vector bundle, Satake

E, X be two orbifolds with orbifold structures {U∗, ψ∗,G∗} and {U, ψ,G},
an orbifold vector bundle π : E → X satisfies:

E

��

EU/G

πH

��

U∗ ∼= U × RmψU∗oo

π̃

��

↶ G∗

X U/G U
ψU

oo ↶ G

Compatibility conditions.
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Orbifold line bundles over D1/Z2

E Ẽ

E = D1 × R/(x, y) ∼ (−x, y)
Ẽ = D1 × R/(x, y) ∼ (−x,−y)

H∗(D1/Z2;Z2) = Z2[s ]/(s2)

w(E) := 1 w(Ẽ) := 1 + s
(Orbifold verctor bundles over a RACC maybe not a RACC.)
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Orbifold SW classes on Dn/(Z2)
k

In general, for π : E → Dn/(Z2)k, there is a representation

ρ : (Z2)
k −→ GLm(R).

The image of ρ on the generator set of (Z2)k gives a m × k matrix with
elements ±1. ρ(s1) ρ(s2) · · · ρ(sk)

C =


x1

1 x2
1 · · · xk

1
x1

2 x2
2 · · · xk

2... ... . . . ...
x1

m x2
m · · · xk

m


m×k

H∗(Dn/(Z2)
k;Z2) ∼= Z2[s1, · · · , sk]/(s2

i ,∀i).
The total orbifold Stiefel-Whitney class of π : E −→ Dn/(Z2)k is defined:

w(E) =
m∏

i=1

(
1 +

k∑
j=1

1 − xj
i

2 sj
)
∈ H∗(Dn/(Z2)

k;Z2). (3)

9/14



Orbifold SW classes on Dn/(Z2)
k

In general, for π : E → Dn/(Z2)k, there is a representation

ρ : (Z2)
k −→ GLm(R).

The image of ρ on the generator set of (Z2)k gives a m × k matrix with
elements ±1. ρ(s1) ρ(s2) · · · ρ(sk)

C =


x1

1 x2
1 · · · xk

1
x1

2 x2
2 · · · xk

2... ... . . . ...
x1

m x2
m · · · xk

m


m×k

H∗(Dn/(Z2)
k;Z2) ∼= Z2[s1, · · · , sk]/(s2

i ,∀i).

The total orbifold Stiefel-Whitney class of π : E −→ Dn/(Z2)k is defined:

w(E) =
m∏

i=1

(
1 +

k∑
j=1

1 − xj
i

2 sj
)
∈ H∗(Dn/(Z2)

k;Z2). (3)

9/14



Orbifold SW classes on Dn/(Z2)
k

In general, for π : E → Dn/(Z2)k, there is a representation

ρ : (Z2)
k −→ GLm(R).

The image of ρ on the generator set of (Z2)k gives a m × k matrix with
elements ±1. ρ(s1) ρ(s2) · · · ρ(sk)

C =


x1

1 x2
1 · · · xk

1
x1

2 x2
2 · · · xk

2... ... . . . ...
x1

m x2
m · · · xk

m


m×k

H∗(Dn/(Z2)
k;Z2) ∼= Z2[s1, · · · , sk]/(s2

i ,∀i).
The total orbifold Stiefel-Whitney class of π : E −→ Dn/(Z2)k is defined:

w(E) =
m∏

i=1

(
1 +

k∑
j=1

1 − xj
i

2 sj
)
∈ H∗(Dn/(Z2)

k;Z2). (3)

9/14



Orbifold SW classes on RACC– An example

ve1

e2

f

Hi(X;Z2) =


Z2, i = 0
Z2 ⊕ Z2, i = 1
Z2, i = 2
0, otherwise.

Figure: X = S1 × [−1, 1]/Z2
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Orbifold SW classes on RACC

All regular cells in a RACC X give a subcomplex of X, denoted by Xreg,
then

X/Xreg =
∨
H

H.

For each H, we have a

RH = Z2[s1, · · · , sη]/(IH + JH) (4)

where IH is the Stanley-Reisner ideal determined by H, JH = (s2
i ,∀i).

RH < H∗(H;Z2) < H∗(X;Z2)
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Orbifold SW classes on RACC

π : E −→ X ⇒ πH : EH −→ H ⇒ matrix CH ⇒ π̃ : ECH −→ Dη/(Z2)η.

F1

F2

F3

F1

F2

F3 F1 F3

F2 D3/(Z2)3

EH //

πH

��

ECH

π̃

��
H j // Dη/(Z2)η
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Orbifold SW classes on RACC

In general, let j : N (H) → N (Dη/(Z2)η) = ∆η−1 be a simplicial map.

j∗ : Z2[s1, · · · , sη]/(s2
i ,∀i) −→ RH < H∗(X;Z2).

Total orbifold SW class of πH : EH −→ XH is defined:

w(EH) = j∗(w(ECH)) ∈ RH < H∗(X;Z2) (5)

Total orbifold SW class of π : E −→ X is defined:

w(E) = w(E(Xreg)) ·
∏
H

w(EH). (6)

where E(Xreg) = π|Xreg .
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Example

ve1

e2

f

Hi(X;Z2) =


Z2, i = 0, 2
Z2 ⊕ Z2, i = 1
0, otherwise.

w(TX) = w(TS1)(1 + s) = 1 + s.

Figure: X = S1 × [−1, 1]/Z2
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Thank You

Wu, Li-Su

Email: wulisuwulisu@qq.com
School of Mathematical Sciences, Fudan University

wulisuwulisu@qq.com
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