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orbifold

e An n-orbifold is a singular space locally modelled on the quotient
of an open set of R” by a finite group action.
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Right-angled Coxeter complexes (special g-CW complexes)

& A right-angled Coxeter n-orbifold (RACO) is an orbifold locally
modelled on R"/(Z,)¥, where (Z,)*-action is generated by standard
reflections (across the coordinate hyperplanes).
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Right-angled Coxeter complexes (special g-CW complexes)

& A right-angled Coxeter n-orbifold (RACO) is an orbifold locally

modelled on R"/(Z,)¥, where (Z,)*-action is generated by standard
reflections (across the coordinate hyperplanes).

& Right-angled Coxeter cell: €"/(Z)*.
If k>0, e"/(Zy)* is singular cell, otherwise, regular cell.

& Right-angled Coxeter complexes(RACC): Every attaching map

¢ 0€)(Zy)* — X"

preserves the local groups.

& Facial structure. 2/14



An example
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An example
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Blow-up of RACC
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Blow-up of RACC
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Boundary map and orbifold homology groups

Boundary maps of RACC are defined by boundary maps of its blow-up:

d(e" /W) = Zm(v‘\//‘ﬂ mod 2) egfl/l/m

where Wj is a subgroup of W.
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Boundary map and orbifold homology groups

Boundary maps of RACC are defined by boundary maps of its blow-up:

d(e"/W) = Z%(W mod 2>e L/ Ws
where Wj is a subgroup of W.
Theorem (Li-Wu-Yu)
Let X be an n-dimensional right-angled Coxeter complex, and T be the

face set of X. Then
H™(X) = @D Hizin (X)) (1)
feT

where I(f) is the local codimension of f.




Orbifold cohomology ring

The cup product of RACC is defined by its blow-up,

H:, (X) := H*(X).

]
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Orbifold cohomology ring

The cup product of RACC is defined by its blow-up,

Honn(X) := H(X).

Example (Simple polytope)

Let P be a simple polytope equipped with a right-angled Coxeter orbifold
structure. Then the standard cubical decomposition of P is a RACC. Then

HE(P) = 2 @
where f,_; is the number of (n — i)-faces of P.

Howp(P; Z2) = Zo[vi, - -+, Vi /14 J

where | is the Stanley-Reisner ideal of P, J = (2, V).




Orbifold vector bundle, Satake

E, X be two orbifolds with orbifold structures {U*, ¥*, G*} and {U, ¢, G},
an orbifold vector bundle 7 : E — X satisfies:

o
E Eyg~——Y U ZUXR" G
TH wl
X u/G U G
Yy

o Compatibility conditions.
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Orbifold line bundles over D*/Z,

E=D'xR/(xy) ~ (-x)
E=D'xR/(x,y) ~ (—x,—y)
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Orbifold line bundles over D*/Z,

E=D'xR/(xy) ~ (-x)
E=D'xR/(x,y) ~ (—x,—y)

H (D' /Z2; Z2) = Za[s ]/(5)

wW(E):=1 w(E):=1+s
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Orbifold line bundles over D*/Z,

E=D'xR/(xy) ~ (-x)
E=D'xR/(x,y) ~ (—x,—y)
H' (D" Z2; 7o) = Za[5]/()

w(E):=1 w(E):=1+s
(Orbifold verctor bundles over a RACC maybe not a RACC.) 8/14



Orbifold SW classes on D"/(Z;)*

In general, for 7w : E— D"/(Z2)¥, there is a representation

p: (Z2)* — GLn(R).

The image of p on the generator set of (Z,) gives a m x k matrix with

elements +1.

p(s1) p(s2) -+

1

X1

1

X5

X

1
m

Sorfo

3t

(k)
X

k
X2

3>

mxk
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Orbifold SW classes on D"/(Z;)*

In general, for 7 : E— D"/(Z,), there is a representation
p: (Z2)k — GLn(R).

The image of p on the generator set of (Z,)* gives a m x k matrix with

elements £1. p(s1) p(s2) -+ p(sk)
k
X ...
B | 2
X X i)k

H (D" /()" Z2) = Zolsy, -, il /(7 V).
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Orbifold SW classes on D"/(Z;)*

In general, for 7 : E— D"/(Z,), there is a representation
p: (Z2)k — GLn(R).

The image of p on the generator set of (Z,)* gives a m x k matrix with

elements £1. p(s1) p(s2) -+ p(sk)
k
X ...
I | 2
X:rln an .. Xf(n ok

H* (D" /(Z2)%; 7o) = Zo[sy, - - -, s]/(s2, V).
The total orbifold Stiefel-Whitney class of 7 : E — D”/(Zz)k is defined:

8 =10+ 1570 €m0 () 22). (3)
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Orbifold SW classes on RACC— An example

2o, i=0

; Zo ® 7o, i=1

H(X; Z,) = z i
0, otherwise.

Figure: X = St x [-1,1]/Z,
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Orbifold SW classes on RACC

All regular cells in a RACC X give a subcomplex of X, denoted by Xieg,
then

X/ Xyeg = \/ H.
H

11/14



Orbifold SW classes on RACC

All regular cells in a RACC X give a subcomplex of X, denoted by Xieg,
then

X/Xreg = \/ H.
H
For each H, we have a
Ry = Zo[s1,- -+ ,sy]/(In + JH) (4)

where Iy is the Stanley-Reisner ideal determined by H, Jy = (s7,Vi).
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Orbifold SW classes on RACC

All regular cells in a RACC X give a subcomplex of X, denoted by Xieg,
then

X/Xreg = \/ H.
H
For each H, we have a
Ru = ZLa[s1, -+, syl /(In + In) (4)

where Iy is the Stanley-Reisner ideal determined by H, Jy = (s7,Vi).

Ry < H (H: Zo) < H*(X: Zo)
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Orbifold SW classes on RACC

n:E— X= my: Ey — H= matrix Cy = 7 : Ec,, — D"/(Z)".
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Orbifold SW classes on RACC

n:E— X= 1y Ey— H= matrix Cy = 7 : Ec,, — D"/(Z)".
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Orbifold SW classes on RACC

n:E— X= 1y Ey— H= matrix Cy = 7 : Ec,, — D"/(Z)".

LJ h;
\/ s

Ey ——— E¢,

TH I

D" /(Z>)"
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Orbifold SW classes on RACC

In general, let j: N'(H) — N(D"/(Z2)") = A"~! be a simplicial map.

J Zalst, 8/ (52, Vi) — R < H (X Zy).
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Orbifold SW classes on RACC

In general, let j: N'(H) — N(D"/(Z2)") = A"~! be a simplicial map.
J i als1, /(55 Vi) — Ry < H (X Zo).
Total orbifold SW class of wp : Efy — Xy is defined:

w(Ep) = J" (WMEcy)) € Rn < H' (X Z2) (5)
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Orbifold SW classes on RACC

In general, let j: N'(H) — N(D"/(Z2)") = A"~! be a simplicial map.
J i als1, /(55 Vi) — Ry < H (X Zo).

Total orbifold SW class of my: Ey — Xy is defined:

wW(En) = j'(W(Ec,)) € Ry < H'(X, Z2) (5)
Total orbifold SW class of m: E— X is defined:
W(E) = W(E(Xreg)) - [ [ W(ER). (6)
H

where E(Xreg) = T|X,,-
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Example

Lo, i=0,2
Hi(X; Z2) = ZQ @ ZQ, i=1
0, otherwise.

w(TX) =w(TSH)(1+s)=1+s.

Figure: X = St x [~1,1]/Z,
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Thank You

Wu, Li-Su

Email: wulisuwulisu@qq.com

School of Mathematical Sciences, Fudan University
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