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Torus equivariant cohomology

• T i Compact torus of rank r ( T ミ (か )
「
as Lie

groups )

• X i た Space

△/
T- equivariant cohomology

爴 𡶡 (X ) i = HMETYXI.EE - coefficient
IS = 凹 ( s

'
s sと なっ -.- )

• X 、
i = { x EX 1 dimた 。 r - I }

equi variant
I - Skeleton



GKM theory
= 1

い Franz - Puppy Exact cohomology sequences with

Integral coefficient s for torus actions
(Transform

. Groups 1 2 12007 ) )
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Math . Acad . Sci - Soc . R .
Can

.
3 3

(20 1 1 1 )

If X is an equi variant ly formal GKM manifold
,

One Can describe the Image of
the Borel localization

𡶡 (X ) >一つ Hで心 )
、
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Franz - Pu p.pe
'
s condition

For
any
xe X 、

the Stabilizer T.ci s

Connected or T/た is a cyclic Group
of finite Order

.

eg 、

勵 (ぐ)
"

へ ( n - dim tonic Variety )

飇 ( S
'
l
"

N ( 2n - dim Sphere )

Equivariant formal iを
Hl) is Tree / 心 (BT )

e. g 、

• Spaces having T - invariant affine Paings



GKM localization / 2 z.coeffient

→
け、川 ( Gore Sky - kottwitz - Mac Plierson , Franz - Puppet
If a GKM manifold X satis.fies

① Franz - Puppets condition and

② Equi variant Formal ity

(the Image of the Borel localization )
2 11

1畑は lfe 吨が 傑無袋缶たな、 }
へ、

。
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Graph equi variant cohomology /



Abstract GKM graph I
Grillemin - Zara introduced the notion of

an abstract GKM graph .

INotation 1

・ G.
= ( V . EI : n - valent graph
T T Oriented Edgevertex mini

• E な げ (BT) t.am ap from Et。 げ (BT)
2 1 1

s.t.tlE ) = さん は ) z いい 、
一

、 つ( r]
T orientation - reversal degが 2



醺 = { I } eee : a Family of by actions
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1Def I
The pair ( な 、

L ) is called an

abstract GKM graph of Type ( r, n )

if them exist at least one s.tn

① た ( e ) = E

② みてい ) 一 人 ( e
'

) E 2 人 (et

( Ve
'
E Eid

T is called a Connection of ( な 、
メ)

、

11



III ( Franz - Y .

20 1 9 1

Two GKM graph s し た が 、
( ち ! メリ are

is o morph ic

哺 ヨ graph isomorphism
~ 1 1

4 。
: V → V

, 4 ,
i ENTE

st . d ( 4 、 (et ) = さん (e )
y

e.g.lv 、
n ) = ( 1 , 2 )

• y
・

な 鵢 恚 い た が
o

、



In the rest of th is t.lk . We assame that

the GC D of coefficient of d (e ) is I

for any EEE .

( Recall : H
*
(BT ) 三 区にいい っい )

• This assum ption reflects Franz - Puppets
condition on Stabilizer s

.



Equivariant rigidFly
Let は 、

人 ) and (だよ ) be GKM graph s
of Type ( r . n ) 、

Thm ( Franz - Y .
( 201911

H湉ノ 三 Hfば as graded は ( BT ) - algebras

⇐) は and S
'
are isomorphism .

y
飇 Mediated by Masuda

'

s rigid ity
result on Eric manifold s .



1 Sign ambiguityl
✓ In General , One cannot remove

the sign in the Equality
d ( 4 、 (e ) ) = さん (e )

e. g

な 鍼 & な 給
have the same graph equivariant cohomology 、



Question

How Can wereCover GKM graphs
from its graph equi variant cohomology ?



An answer I

The notion of

"

equi variant Total Chem classes
"

re solves the sign ambiguity 、



Construction I

Istep II
For each pEV.wegireanordering~nndp.li-_-

、 dp.in
of element s in INellie ) = p } 、

i

※
.

.
.

.
.
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Istep 21
Gn

• Let PE 2 は 、 、

-.-

, y n ] be a

symmetric polynomial with n - variables .

• P ( dpi . . . . . d p . n ) E げ ( BT )

is Independent of the Ordering
on { Nellie) = p }

、



lstep314eml ( Y .
)

Thema p

f
p

: U -》 HMBT )

p 、一つ P はp.liは pin)

provides an element of HYば、

y
• For its Proof , One Need s
the existence of a Connection

、



step 4

Def ( Y
.
1

The equivariant Total Chem class では )

of f is the map

V > HTBT)

Associated with the symmetric polynomial
P はいほり = 武 (けい

、

y



Key
・

• Some GKM graphs natura ll y arise

from non almost compile× manifold.mn
' で が自! is a in graph

'

|
of t.ir 、 4) which aris.es from !
• One Can define では ) for such
a GKM graph .



Main result I

画
Two GKM graph s (なか 、

しな ! メリ are

geometrically iso morph ic

特 ヨ graph isomorphism
,

4 。
: VAN

, 4 ,
i E し
ーっ

Est
. d ( 4 、 (et ) = メ (e )

、

y

(Recall : isomorphism の 1 4心 ) = さん (e ) )



Let は 、
人 ) and (G

' be GKM graph s
of typeir.in ) 、

'
M

-II ( Y . Im ( Y)
ヨ

Grade 」
-

graded HTM - algebra isomorphism

𡶡は 1 > ぼば
pre set

'

preserving d
く ば な and G

'

are geometricakyisomorphic.lt



Remark I

• One Can show more :

Such an isomorphism
Hill ) - HT ' 丿

is induced by a geometric isomorphism
( Strong rigidity )

l



t
• Thanks to the lemma

,
One Can define

a ringhomomor.ph ism

HTM [ y , i . y」
が
→ 性 は 1

.

• Since Zは 、 、
-.-

、 とプ "

is generated by
Elementary sym

nitric polynomials 、

ヨ 咋 (ち ) こ ぼば ) preserving E

ヨ
Hでは ) → トけば ) of

graded HTM [ y , i 、 いた algebra s
"



D igress.in

• Torus equivariant cohomology frequently
be have s Like a Space .

.
飋 Our theorem indicate s that if is

natura I to consider the pair

( Hi は 1
.
では 1 )

as a Space
with geometric structure

( Like a symplactic manifold ( X ,
W ) )

'

//



Torus graph s

Following Maeda - Masuda - Pana ( Adv .
2 0 0 7 )

We consider torus graph s :

1Defl
A GKM graph of typeln.nl is
called a torus graph if for each p EV

ない ile ) = p }

form s a 2 - basis of HTBT) 、
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• The GKM graph of a tonic manifold

is a torus graph 、

• In his restricted case , wereed Only
CI ( = degree 2 Part of じ ) 、



Let (T.tl and IT
'

,
d
'

丿 be fee graph s
of Type (nth )

は川 ( Y)
う
-

graded HTBT) - algebra isomorphism

H門→ 脳が
preserving CI

⇐) T and The geometricdlyisomorph.ie



Summery

① GKM graph s and its graph equivariant

cohomology
② Sign ambiguity in equi variant rigidity
③ Definition of torus equi variant

Chem classes
.

④ Resdving the sign ambiguity
via では


