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Crystallographic Groups and Bieberbach Groups

Charlap L. S., Bieberbach Groups and Flat Manifolds;
Dekimpe K., Almost-Bieberbach groups: Affine and Polynomial
Structures.
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Crystallographic Groups and Bieberbach Groups

Charlap L. S., Bieberbach Groups and Flat Manifolds;
Dekimpe K., Almost-Bieberbach groups: Affine and Polynomial
Structures.

Definition

Let G be a Hausdorff topological group. A subgroup H of G is
said to be uniform if G/H is compact.
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Crystallographic Groups and Bieberbach Groups

Charlap L. S., Bieberbach Groups and Flat Manifolds;
Dekimpe K., Almost-Bieberbach groups: Affine and Polynomial
Structures.

Let G be a Hausdorff topological group. A subgroup H of G is
said to be uniform if G/H is compact.

o
A discrete and uniform subgroup II of R™ x O(n,R) C Aff(R") is
said to be a crystallographic Group of dimension n. If in addition I1

is torsion free then 11 is called a Bieberbach group of dimension n. )
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Crystallographic Groups and Bieberbach Groups

If ® is a group, an integral representation of rank m of @ is
defined to be a homomorphism © : & — Aut(Z™). Two such
representations are said to be equivalent if their images are
conjugate in Aut(Z™). We say that © is a faithful representation
if it is injective.
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Crystallographic Groups and Bieberbach Groups

Let II be a group. Then 11 is a crystallographic group if and only if
there exists an integer n € IN and a short exact sequence

1—>Z”—>H£><I>—>1

such that:
@ @ is finite, and
@ the integral representation © : ® — Aut(Z"), induced by

conjugation on 7. and defined by ©(p)(z) = mxr !, for all
x €Z", ¢ € O, where w € 11 is such that {(m) = ¢, is faithful.
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Crystallographic Groups and Bieberbach Groups

Let II be a group. Then 11 is a crystallographic group if and only if
there exists an integer n € IN and a short exact sequence

1—>Z”—>H£><I>—>1

such that:
@ @ is finite, and
@ the integral representation © : ® — Aut(Z"), induced by

conjugation on 7. and defined by ©(p)(z) = mxr !, for all
x €Z", ¢ € O, where w € 11 is such that {(m) = ¢, is faithful.

The integer n is called the dimension of II. The finite group ® is
called the holonomy group of II. And the integral representation
© : & — Aut(Z") is called the holonomy representation of II.
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Crystallographic Groups and Bieberbach Groups

1—>Z”—>H£><I>—>1

Let II be a crystallographic group of dimension n and holonomy
group ®, and let H be a subgroup of ®. (~'(H) is a
crystallographic subgroup of 11 of dimension n with holonomy
group H.
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Crystallographic Groups and Bieberbach Groups

Definition

A Riemannian manifold M is called flat if it has zero curvature at
every point.
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Crystallographic Groups and Bieberbach Groups

Definition
A Riemannian manifold M is called flat if it has zero curvature at
every point.

Theorem (the first Bieberbach Theorem)

There is a correspondence between Bieberbach groups and
fundamental groups of closed flat Riemannian manifolds.
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Crystallographic Groups and Bieberbach Groups

Theorem (Wolf J.A.)

The holonomy group of the corresponding flat manifold M is
isomorphic to the group ®.

Theorem (Auslander and Kuranishi)

Any finite group is the holonomy group of some flat manifold.
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Crystallographic Groups and Bieberbach Groups

Let M be the flat manifold whose fundamental group is the
Bieberbach group I1. Then M is orientable if and only if the
integral representation © : & — Aut(Z") satisfies

Im(©) C SO(n, Z).
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Crystallographic Groups and Bieberbach Groups

Let M be the flat manifold whose fundamental group is the
Bieberbach group I1. Then M is orientable if and only if the
integral representation © : & — Aut(Z") satisfies

Im(©) C SO(n, Z).

Let M be the flat manifold whose fundamental group is the
Bieberbach group II. The holonomy group ® is generated by
Ui,---,Us. Then the first Betti number of M is:

b1 (M) = rankH; (M, Z) = rank—

[, 7]

=n—rank(©O(U;) —1,--- ,0(Us) —I).
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Crystallographic Groups and Bieberbach Groups

Let M be the flat manifold whose fundamental group is the
Bieberbach group 11. The holonomy group ® is cyclic. Suppose
that A = ©(1). Then M supports an Anosv diffeomorphism if and
only if A has none of the following numbers as simple eigenvalues:

+1, 44, tw, Tw?, where w> = 1.
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Crystallographic Groups and Bieberbach Groups

Let M be the flat manifold whose fundamental group is the
Bieberbach group 11. The holonomy group ® is cyclic. Suppose
that A = ©(1). Then M supports an Anosv diffeomorphism if and
only if A has none of the following numbers as simple eigenvalues:

+1, 44, tw, Tw?, where w> = 1. )
Let M be the flat manifold whose fundamental group is the
Bieberbach group 11. Then M is Kahler if and only if
@ the dimension of M is even, and

@ each R-irreducible summand of ¢ which is also C-irreducible
occurs with an even multiplicity.
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Conclusions related to a quotient of the Artin braid groups
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Conclusions related to a quotient of the Artin braid groups

Definition
The Artin braid group B,, on n strands is defined by the presentation:

* generators: 01, - ,0n—1,

%k relations: o
0,05 =00, |i—j|>2,

0i0i4+10; = 0i41030i+1 &= 1,--- ,n—2.

\

Definition
The Artin pure braid group P, is defined by the presentation:

%k generators: Sij,1<i<j<n;

K relations:

Sazio r<s<i<yj;
Sijs 1< r<s<j;
S,TslSiers = SrjSijSo; r<i=s<yj;
(8i58s5)8 1]( ”Ssj)*l, T=1<s<j;
(5138558 851085 (SrSsi Sy ST, r<i<s <.
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Conclusions related to a quotient of the Artin braid groups

Proposition (Gongalves, Guaschi, Ocampo)

Let n > 2. There is a short exact sequence:

n(n—1)

15 Z" 2 — B,/[Py, P 5%, > 1,

and the middle group B,,/|P,, P,] is a crystallographic group.
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Conclusions related to a quotient of the Artin braid groups

Proposition (Gongalves, Guaschi, Ocampo)

Let n > 2. There is a short exact sequence:

L B[P, Pa] 5 S0 1,

and the middle group B,,/|P,, P,] is a crystallographic group.

Letn > 3, and let H be a subgroup of 3,,. Then the group H
defined by

Hy = 571 (H)/[Pa, Pl (1)

is a crystallographic group of dimension
group H.

@ with holonomy
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Conclusions related to a quotient of the Artin braid groups

Theorem (Gongalves, Guaschi, Ocampo)

If n > 3 then the quotient group By, /[P,, P,] has no finite-order
element of even order.
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Conclusions related to a quotient of the Artin braid groups

Theorem (Gongalves, Guaschi, Ocampo)

If n > 3 then the quotient group By, /[P,, P,] has no finite-order
element of even order.

Letn > 3, and let H be a 2-subgroup of 3,,. Then the group fIn

. . . ) ) . (n—1)
given by equation (1) is a Bieberbach group of dimension ™“—*
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Conclusions related to a quotient of the Artin braid groups

Consider the cyclic subgroup Hya ), C ¥p:

Hya j, = (),
M:(gdy...’1)(2.2117...’1_’_2‘1)...(]{,...7k_(2d_1))

with k& = 2%m such that 2¢ < k < n and m is a positive integer.
Then ﬁ%k = s 1 (Hyay) /[P, Py is a Bieberbach group with

holonomy group Hja j, and holonomy representation

¢H2d,k : HQd,k’ - AUt(Pn/[PnaPn])-
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Conclusions related to a quotient of the Artin braid groups

Theorem (Ocampo, Rodriguez-Nieto)

Let k = 2%m. Let XH,, , be the flat manifold of dimension w

with
fundamental group fIQd,k and holonomy group Hya j; = Ziya. Then

@ Xxum,,  is orientable if and only if one of n or m is even.

@ The first homology group of the flat manifold xg,, , is

Hi(Xn, ,+Z) = Z7V @ Zya-, where T is the transversal of the

action by conjugation of Hya , on the basis {A; ;|1 <i < j<n}of
P, /[P, P,] satisying

k' k@2n—-k—-2) (n—kn-k-1)
|71 = od 9d+1 + 9 :

So, the first Betti number of the flat manifold XH,a , is

(29 — 1)k2 — 2kn(2¢ — 1) + 29n% — 29p
by (Xsz,k) = 2d+1

v

™7 = = =
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Conclusions related to a quotient of the Artin braid groups

Theorem (Ocampo, Rodriguez-Nieto)

@ The flat manifold x 2k with fundamental group I;@d’k
admits Anosov d/ffeomorph/sm if and only if
@ n >4 inthe cased =1,
@ n>05inthecased =2,
@ n>2%inthe cased > 3

@ Suppose that @ is even, son =4q orn =4q+ 1, for
some q. Let d =1, then the flat manifold XH,a, is Kahler if
and only if n = 4q and m is even. Let d2 then the flat
manifold XH,q , IS Kahler if and only if one of the following

conditions holds

@ n=4q
@ n=4qg+1 and m is even.
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Conclusions related to a quotient of the Artin braid groups

Theorem (Ocampo)
Let G be a finite abelian group.
@ There exists n and a Bieberbach subgroup I'c; of By, /[Py, Py]

n(n—1)
2

of dimension with holonomy group G.

@ The finite abelian group G is the holonomy group of a flat
manifold xr., of dimension "(n;l), where n is an integer for
which G embeds in the symmetric group ¥, and the
fundamental group of xr,, is isomorphic to a subgroup I' of

B,./[Pn, Pp].
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Conclusions related to a quotient of the Artin braid groups

Theorem (Ocampo)

71,72

Let g = p]'ps? - - - pi* be an odd number, where p; are distinct odd
primes and r; > 1 forall 1 <i <t. Let XT, be the flat manifold of
dimension ""=Y with fundamental group I'y C B,/[Py, P,] and
holonomy group Z,. Then
Q Xr, is orientable.

o 7
@ The first Betti number of xr, is bi(xr,) = ; % + w
@ The flat manifold xr, with fundamental group I'y admits Anosov

diffeomorphism if and only if q # 3.
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Conclusions related to a quotient of the Artin braid groups

Theorem (Ocampo)

71,72

Let g = p]'ps? - - - pi* be an odd number, where p; are distinct odd
primes and r; > 1 for all 1 <i < t. Let xr, be the flat manifold of
dimension ""=Y with fundamental group I'y C B,/[Py, P,] and

holonomy group Z,. Then
@ Xr, Is orientable.

. . . 71
@ The first Betti number of xr, is bi(xr,) = Z pifot 2 UGV

@ The flat manifold xr, with fundamental group Iy adm/ts Anosov
diffeomorphism if and only if g # 3.

Theorem (Ocampo)

Let p be an odd pr/me and letr > 1. Let xr,, be the flat manifold of

dimension 22 = g ) with fundamental group I')r C B,,/[P,, P,] and
holonomy group Z,-. Then the flat manifold xr . is Kahler if and only if
there is an integer u > 1 such that p" = 4u + 1.
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Conclusions related to a quotient of the Artin braid groups

Surface braid group

Proposition (Goncalves, Guaschi, Ocampo, Pereiro)

Let M be an orientable, compact connected surface of genus g > 1
without boundary, and let n > 2. Then there exists a split
extension of the form:

1 — Z*9 — Bp(M)/[Pa(M), Py(M)] > £, — 1.

The quotient B, (M)/[P,(M), P,(M)] is a crystallographic group
of dimension 2ng, whose holonomy group is %,,.
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Conclusions related to a quotient of the Artin braid groups

Surface braid group

Proposition (Goncalves, Guaschi, Ocampo, Pereiro)

Let M be an orientable, compact connected surface of genus g > 1
without boundary, and let n > 2. Then there exists a split
extension of the form:

1 — Z*9 — Bp(M)/[Pa(M), Py(M)] > £, — 1.

The quotient B, (M)/[P,(M), P,(M)] is a crystallographic group
of dimension 2ng, whose holonomy group is %,,.

Proposition (Goncalves, Guaschi, Ocampo, Pereiro)

Let M =S? or Ny, where g > 1. Then for all n > 1, the quotient
B, (M)/[P,(M), P,(M)] is not a crystallographic group.
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Conclusions related to a quotient of the Artin braid groups

Surface braid group

Proposition (Goncalves, Guaschi, Ocampo, Pereiro)

Let M be an orientable, compact connected surface of genus g > 1
without boundary, and let n > 1. The quotient
B, (M)/[P.(M), P,(M)] has the following presentation:
Generators: 01, ,0p—1,0ir,1 <1< n,1 <7 < 2g.
Relations:

© the Artin relations.

Q@o’=1 foralli=1,---,n—1

Q [air,a;s| =1, foralli,j=1,--- ,nandr,s=1,---,2g.

o Uiaj,rcr;l = ar,j),r forall1<i<n—1, 1 <jand

1<r<2g.
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Conclusions related to a quotient of the Artin braid groups

Surface braid group

Theorem (Goncalves, Guaschi, Ocampo, Pereiro)

Let n > 2, and let M be an orientable surface of genus g > 1
without boundary. Let G,, be the cyclic subgroup
((nym—1,---,2,1)) of ¥,,. Then there exists a subgroup C;’n,g of
oG /[Pu(M), Po(M)] C Bp(M)/[Py(M), P,(M)] that is a
Bieberbach group of dimension 2ng whose holonomy group is G,,.
Further, the centre Z(G\, ) of Gn. 4 is a free Abelian group of rank

2g.

v
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Conclusions related to a quotient of the Artin braid groups

Surface braid group

Theorem (Goncalves, Guaschi, Ocampo, Pereiro)

Let n > 2, and let M be an orientable surface of genus g > 1
without boundary. Let G,, be the cyclic subgroup
((nym—1,---,2,1)) of ¥,,. Then there exists a subgroup C;’n,g of
oG /[Pu(M), Po(M)] C Bp(M)/[Py(M), P,(M)] that is a
Bieberbach group of dimension 2ng whose holonomy group is G,,.
Further, the centre Z(G\, ) of Gn. 4 is a free Abelian group of rank

2g.

Theorem (Goncalves, Guaschi, Ocampo, Pereiro)

Let n > 2, and let x,, 4 be a 2ng-dimension flat manifold whose
fundamental group is the Bieberbach group én,g- Then xn.q is an
orientable Kahler manifold with first Betti number 2g that admits
Anosov diffeomorphisms.

= ™ - — =
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Conclusions related to a quotient of the Artin braid groups

complex braid groups

Theorem (Marin 1.)

For every complex reflection group W, the group B/[P, P] is
crystallographic with holonomy group W /Z (W) of dimension

N = |A|. The kernel of the projection map B/|P, P| — W/Z(W)
is the subgroup Py generated by P® and Zy(B). We have
Pyx7N.
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Conclusions related to a quotient of the Artin braid groups

complex braid groups

Theorem (Marin 1.)

For every complex reflection group W, the group B/[P, P] is
crystallographic with holonomy group W /Z (W) of dimension

N = |A|. The kernel of the projection map B/|P, P| — W/Z(W)
is the subgroup Py generated by P and Zy(B). We have
Pyx7N.

Theorem (Marin 1.)

For every complex reflection group W, the group B/[P, P] has no
element of order 2.
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Constructing Bieberbach Groups from B, rb /[Pn, Prn]

Orbit Braid Group
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Constructing Bieberbach Groups from B, rb /[Pn, Prn]

Orbit Braid Group

G M

Definition (orbit configuration space, Xicontencatle)

Fo(M,n) = {(x1,--- , %) € M"|G(x;)[|G(x;) =0 if i#j}
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Constructing Bieberbach Groups from B;”"h /[Pn, Pn]

Orbit Braid Group

G M

Definition (orbit configuration space, Xicontencatle)

Fo(M,n) = {(x1,--- , %) € M"|G(x;)[|G(x;) =0 if i#j}

Definition (Hao Li, Zhi Lii, Fengling Li) (orbit braid group)
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Constructing Bieberbach Groups from B, rb /[Pn, Prn]

ZQNC
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Constructing Bieberbach Groups from B, rb /[Pn, Pn]

ZQ ~ C
Theorem (Hao Li, Zhi Lii, Fengling Li)

B2 (C, Zy) admits the following presentation:

% generators: o;0;,t=1,--- ,n — 1.
% relations:

0.2 — 1,.

001001 = 010010,

00; = 0;,0,1=2,---,n—1;
0;0j = 004, |’L —j| > 1;
0i0i4+105 = 0i4+10405+1.-

00000
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Constructing Bieberbach Groups from B;”"h /[Pn, Pn]

ZQ % (D
Po™(C, Zs) admits the following presentation:
% generators: zp, k=1,--- ,n;5;;,1<i<j<n.
% relations:

8zz:1,k:1,--»,n;

Sijs k<i<j or 1<j<Kk;
S — 235868 k=1<3j;
e k2 S S Sz S e i<k < g
250k 52510 R 4515 kG 2 e 2 SRS 5

—1 —
8 2k Zs2k = 25SksZs Sy, 25 ik < s

Sijs r<s<i<j;

Sijs i<r<s<j;

—1 . .

S S Srs = SrjSijSy; s r<77=s<3.;
(Si5Ss5)8Si5(Sij Ss])_ r=1i<s<j;

(srjssjs;]ls )Sij(SyjSs; s*ls‘*l)*1 r<i<s<j.
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Constructing Bieberbach Groups from B, rb /[Pn, Prn]

Denote

B = PY(C,Zo); P = Pu(C, Zo);
Bﬁrb = Byo:b(c, Zs); By, = B,(C,Zs).
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Constructing Bieberbach Groups from B, rb /[Pn, Prn]

Denote

B = PY(C,Zo); P = Pu(C, Zo);
Bﬁrb = Byo:b(c, Zs); By, = B,(C,Zs).

Proposition

B2 /[Pt PO is not a crystallographic group.
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Constructing Bieberbach Groups from B, rb /[Pn, Prn]

B°/[P,, P,] is a crystallographic group?
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Constructing Bieberbach Groups from B, rb /[Pn, Prn]

B°/[P,, P,] is a crystallographic group?

1— P, = B 5 (Zy)" x5, — 1.
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Constructing Bieberbach Groups from B, rb /[Pn, Prn]

B°/[P,, P,] is a crystallographic group?

1— P, = B 5 (Zy)" x5, — 1.

We obtain

1= Po/[Pn, Pa] = BY/[Pa, Pa] 2 (7)™ % 5, — 1.

Shuya Cai @ Fudan University Constructing Bieberbach Groups



Constructing Bieberbach Groups from B, rb /[Pn, Prn]

B°/[P,, P,] is a crystallographic group?

1— P, = B 5 (Zy)" x5, — 1.

We obtain

1= Po/[Pn, Pa] = BY/[Pa, Pa] 2 (7)™ % 5, — 1.

O : 75 x %, — Aut(Z™"V) induced by the conjugation is not
faithful.
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Constructing Bieberbach Groups from B, rb /[Pn, Prn]

Let £ = 3*1((_1, .., =1),1). Then
(E\JP,)/ [P, P,] = 2" s a normal subgroup of
B2 /Py, P,] and it is generated by:

Sn—l,mSi,j>1 g ‘Z’ <n-— 1?1 < .7 < n, ‘Z’ < J
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Constructing Bieberbach Groups from

Let £ = 3*1((_1, .., =1),1). Then
(E\JP,)/ [P, P,] = 2" s a normal subgroup of
B2 /Py, P,] and it is generated by:

S’rL—l,n7Si,j>1 g ‘Z’ <n-— 1?1 < .7 < n, ‘Z’ < ]

Proposition

Letn>3 and F = Z((Z2)" x 2,,) = (((—1,--- ,—1),1)). Then

there is a short exact sequence:
1 — 2= 5 B[P, P S (Za)" x £p/F — 1,

and B2 /[Py, P,] is a crystallographic group.

= = =
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Constructing Bieberbach Groups from B

Let n > 3.And let 9 € Z3 x ¥,/ F satisfy the following conditions:
% 9 is of order 2
% 9 is not conjugate to ((—1,1,---,1),1).
Then for H =<1 >, H = o~ '(H) /[Py, P,] is a Bieberbach group
of dimension n(n — 1) with the holonomy group H.

v
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Constructing Bieberbach Groups from B, rb /[Pn, Prn]

Let n > 3.And let 9 € Z3 x ¥,/ F satisfy the following conditions:
% 9 is of order 2
% 9 is not conjugate to ((—1,1,---,1),1).
Then for H =<1 >, H = o~ '(H) /[Py, P,] is a Bieberbach group
of dimension n(n — 1) with the holonomy group H.

v

B2 /[Py, Py] has no elements of order 2k, k > 2.
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Constructing Bieberbach Groups from B;”"h /[Pn, Pn]

Let n > 3.And let 9 € Z3 x ¥,/ F satisfy the following conditions:
% 9 is of order 2
% 9 is not conjugate to ((—1,1,---,1),1).
Then for H =<1 >, H = o~ '(H) /[Py, P,] is a Bieberbach group
of dimension n(n — 1) with the holonomy group H.

v

B2 /[Py, Py,] has no elements of order 2k, k > 2.

Let n > 3 and let m be odd integers greater than or equal to 3.
Then B2 /[P, P,,] possesses infinitely many elements of order m.
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Constructing Bieberbach Groups from B, rb /[Pn, Prn]

Consider the cyclic subgroup G C (Z2)™ x X,/ F"

G=(u=_((e1,"",en),0)),
0=2% 1) (m2% - (m—1)27 + 1),

where d > 1,0 < m2¢ < n.
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Constructing Bieberbach Groups from B

Consider the cyclic subgroup G C (Z2)™ x X,/ F"

G=(u=_((e1,"",en),0)),
0=2% 1) (m2% - (m—1)27 + 1),

where d > 1,0 < m2¢ < n.
order p=2%u>1,

satisfying u = d or = 2d.
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Constructing Bieberbach Groups from B

Consider the cyclic subgroup G C (Z2)™ x X,/ F"

G=(u=_((e1,"",en),0)),
0=2% 1) (m2% - (m—1)27 + 1),

where d > 1,0 < m2¢ < n.
order p=2%u>1,

satisfying u = d or = 2d.
M is orientable?

M has an Ansov structure?
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Constructing Bieberbach Groups from B, rb /[Pn, Prn]

Constructing Bieberbach groups with non Abelian
holonomy groups
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Constructing Bieberbach groups with non Abelian
holonomy groups

2741

For the semi-direct product (Zs) X Yoryq,r > 2, we have

1 — Z@F+HHE+2) B/ [Pari1, Pory1] 5 (Z2)? T %8941 — 1.
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Constructing Bieberbach groups with non Abelian
holonomy groups

For the semi-direct product (Zz)2r+1 X Yoryq,r > 2, we have
1 — ZH0EHD) o BEY . /[Pyrr, Poria] = (Z2)? T %890 41 — 1.
Consider (Z2)?" x Zgr C (Z2)* T' x Xgr ;1 generated by

wi:((lvlv"'71a_1717"'31)71)7 1<i<2r7
:((1,---,1),(2,'--,2T—|—1)).

Ql
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Constructing Bieberbach groups with non Abelian
holonomy groups

2741

For the semi-direct product (Zs) X Yoryq,r > 2, we have

1 — ZH0EHD) o BEY . /[Pyrr, Poria] = (Z2)? T %890 41 — 1.
Consider (Z2)?" x Zgr C (Z2)* T' x Xgr ;1 generated by

wi:((lvlv"'71a_1717"'31)71)7 1<i<2r7
:((1,---,1),(2,'--,2T—|—1)).

Ql

Let F = {(((—=1,--+,—1),1)) C (Z2)* % Zar. (Z2)* x Zgy/F is
non Abelian.
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Constructing Bieberbach Groups from B, rb /[Pn, Prn]

The subgroup I' C Bgfil [Por 41, Pory1] is generated by X | Xo,
where

X, ={wi,1<i<2,a =09 03},

Xo={S125 12, S1,2r418-1,2r41, 55,2 < i <j < 2"+ 1}
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Constructing Bieberbach Groups from B, rb /[Pn, Prn]

The subgroup I' C Bgfil [Por 41, Pory1] is generated by X | Xo,
where

X, ={wi,1<i<2,a =09 03},
Xy = {51,25’71,2’ N ,Sl,2r+1571,2r+1,5i’j72 < |Z’ < ] < 2 4 1}

I" is a Bieberbach group. The holonomy group is the non Abelian
group (Zs)?" x Zyr /F.
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Further Research

Definition

An almost-crystallographic group is a discrete subgroup 11 of the
semi-direct product N x C' that acts properly and discontinuously
on N such that N/II is compact. If in addition 11 is torsion free
then 11 is called an almost-Bieberbach group.
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Further Research

Definition

An almost-crystallographic group is a discrete subgroup 11 of the
semi-direct product N x C' that acts properly and discontinuously
on N such that N/II is compact. If in addition 11 is torsion free
then 11 is called an almost-Bieberbach group.

Infra-nilmanifolds are determined completely by their fundamental
groups that are almost-Bieberbach groups.
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Further Research

Theorem (Gasior, Petrosyan, Szczepa)

Let M be an almost-flat manifold with holonomy group F'. Then
M is orientable if and only if det = 1. Suppose M is orientable
and a 2-Sylow subgroup of F' is cyclic, i.e. Cot = (q | ¢ = 1) for
somet > 0. Let m,, denote the abelianisation of the fundamental
group w of M.

Q@ Ifi(n— Trace[f(q)*']) # 2(mod 4), then M has a Spin
structure.

Q Ifi(n— Tracelf(q)2']) = 2(mod 4), then M has a Spin
structure if and only if the epimorphism qy : 7o, — Cot
resulting from projection q : 1 — Cyt factors through a cyclic
group of order 2111,
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Further Research

Theorem (Gonalves, Guaschi, Ocampo)

Let n,k > 3. B, /Tx(P,) is an almost-crystallographic group.
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Further Research

Theorem (Gonalves, Guaschi, Ocampo)

Let n,k > 3. B, /Tx(P,) is an almost-crystallographic group.

Theorem (Gonalves, Guaschi, Ocampo)

Forn,k > 3, B,,/Tk(P,) has no elements order 2 or 3.
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Further Research

Theorem (Gonalves, Guaschi, Ocampo)

Let n,k > 3. B, /Tx(P,) is an almost-crystallographic group.

Theorem (Gonalves, Guaschi, Ocampo)

Forn,k > 3, B,,/Tk(P,) has no elements order 2 or 3.

Bet /T (P,) is an almost-crystallographic group.
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Further Research

Thank you!
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