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Cohomology as invaraint

f: X->Y - [ X->Y = fT:H(Y) » H'(X)
differentiable continuous homomorphism

diffeomorphism homeomorphism isomorphism



Reverse direction

150
y e, =  x2UYy = =) —HX)

* Poincareé conjecture
* Borel conjecture



Hirzebruch surfaces

For a € 7Z, the Hirzebruch surface X, is defined as

. = P(CHy**) > CPL

where y*1 is the complex line bundle over CP?! satisfying

2
X1

c,(y*) = ax; € H*(CPY) =



Bott tower

B, =% Bl g — 5. 2y By By By T By— Ja point]

*B;,=PCDy“) » B4
« y% s the complex line bundle over B;_; s.t. c;(y%) = q;

* B, : Hirzebruch surface

e If all mr; are trivial, B, = CP! x --- x CP*.

B, : an n-stage Bott manifold



Classification of Hirzebruch surfaces

Note that H*(Z,) = = Z[ﬁl’xZ] (deg x; = 2). One can see that

H*(Z,) =H'(,) © a=b (mod 2).

Set b = a + 2k.

Za — [P’((C EB yaxl ) ~ P (ykxl ® ((C @ yaxl))

~ P(ykxl @ y(a+k)x1) ~ [P((C @ y(a+2k)x1) — Zb

( C()/kxl @ y(a+k)x1) — C((C @ y(a+2k)x1) — (Cl + 2k)x1 = H*((Cpl))



Classification

Theorem (Hirzebruch 1951)
H*(Z,) =H*' () © X, =3,

Theorem (Masuda-Panov 2008)
H*(By) = H*((CPY)") = B, = (CPHM)




Cohomological rigidity problem

Cohomological Rigidity Conjecture for Bott manifolds

?
H*(B,) =H*(B,)) — B, =B,

Strong CR Conjecture for Bott manifolds
@:H *(Bn)LH *(B,,) asgraded rings
? df
— 3f:B,— B, s.t. o= f"

\_




Toric manifolds

e A toric manifold is a complete non-singular toric variety.

* An n-stage Bott manifold B,, is known to be a toric manifold
over an n-cube I™.

CR Problem for Toric manifolds

HX)=zHY) = X=Y OPEN J

Strong CR Problem for Toric manifolds ~

¢ : H*(X)—>H*(Y) as graded rings
df

5 = ¥ —X st 9= [N




Cohomology of Bott manifolds

-H(B)—H(B‘ D% (degx; =2) B, = P(CPHy%) - By,

Zx1 ,.xn |

e H* (Bn) — Where a; = a;1X1 + o+ aji—1Xi—1

x —a;xi, i=1,..,n"'

0 0 - 0 a4
a 0 DR a
B4 = By s A= 0 o[
An1 Qn2 " 0 Un

Bott matrix



Stability
F.(4) = span{xq,..,x;} € H?(B,(4))

A graded ring isomorphism ¢ : H*(B,(A)) - H*(B,(B)) is called
k-stable if @(F(4)) c Fi(B).



Partial Results (for Bott manifolds)

CR holds for 3-stage Bott
SCR holds for Q-trivial Bott
SCR holds if ¢ is (n-1)-stable
Pontragtn class s preserved by ¢
CR holds for 4-stage Bott
CR holds for Fano Bott
SCR holds if ¢ is (n-2)-stable

Any (n — 2)-stable cohomology ring iso is realizable by a diffeo.



Main Results

Theorem (Choi-Hwang-Jang 2022+)
Strong Cohomological Rigidity holds for Bott manifolds.

¢ : H*(B,(4)) — H*(B,(B)) graded ring iso.

Then, 3 A" and B’ s.t. B,,(A) ?Bn(A’),Bn(B) ;Bn(B’) and
Y= (g opof*: H(B,(4)) - H*(B.(B"))

ls either (n — 1) or (n — 2) -stable.



We will use an induction.

@ : H*(B,(A)) - H*(B,(B)) graded ring iso.
Then, 3 A" and B’ s.t. B,,(4) ? B,(A"),B,,(B) Z B,(B") and
Y =(g D opof*: H(By(4)) — H*(B.(B))

is either (n — 1) or (n — 2) -stable.

@3 A',B" st. ¢y is k (> 0)-stable.

@ If ¢ : H*(B,(4)) — H*(B,(B)) is k-stable, then
3 A',B’ s.t. Y is either (k+ 1) or (k + 2)-stable.



Rank 2 decomposable vector bundles
over a Bott manifold are classified by
their Chern classes.

Two operations




Two operations

(Switching) Suppose a;,4 ; = 0.

P(C @y“+)->P(C ©y™) » Bj
||

P(C ©y*)->P(C Sy ) - Bj_4

A' is obtained from A by
jthrow «— (j + 1)th row
jth column «— (j + 1)th column



Q-trivial Bott manifold

* B, is Q-trivial if

H* (B, @) = H*( (CPYY™; @) = 2 = |
D

Theorem (Choi-Masuda 2012)

TFAE :

(1) B, is Q-trivial

(2)af =0 fori=1,..,n

(3) only n square zero elts in H?(B,,) up to scalar multiplication;
\ 2x; —a; fori=1,..,n

%




Observation

By Twistings and Switchings

We can make B,,(A) well-ordered; it implies that B,,(A) has a
flbration structure

Bok(d) > By (A) - Be(4d), _ (
where B,,_; (4) is Q-trivial.

The minimal number ky (> 0) is a ring invariant.



Proof of the main theorem

* Assume that B,,(4) and B,,(B) are well-ordered, and
¢ : H*(Bn(4)) » H* (B,(B))

* @ 1S ky(>0)-stable.
* ¢ = @luwy: H (Bu_x(A)) » H*(Bp_r(B)) is an isomorphism.

H*(Bk)

From now on, we will take Twisting and Switching only for
J = ko. Then, it does not break the well-ordered structure.
Hence, the fiber B,,_;, (4 ) is Q-trivial.

We assume that ¢ is k-stable.



* (2%, — @) = a( 2Y5(r) — Bo(ry). for some a and o € Sgi1,. ny.

Supposea(k +1) = .
Equivalently, ¢ (xy,1) = a( 2y, — By) + w for some w € F;(B)

eIfo(k+1) =k + 1,then ¢is (k + 1)-stable, as desired.



elfo(k+1)=¢>k+1,setfBp=pys_1+Y

e Case 1:if p=0(mod2), gy{)_l (ﬁ{) —gw—1)=0

Hence, we apply both Twisting and Switching to make
olk+1)=¢ —1.



elfo(lk+1)=¢>k+1,setfBp=pys,_1+Yy

*Case 2 :ifp=1(mod?2), ﬁ{);(ﬁ{, _,5’32—1)20

Hence, we apply both Twisting and Switching to make
olk+1)=¢ —1lorf—2



Complete of the proof

Consider ¢ : H*(B,(4)) - H*(B,(B)) and ¢~
Set the corresponding permutations o and 1 in g1, n-

We assumeo(k+1),n(k+1) <k + 3 by cases 1 and 2.

Since switching changes both o and n simultaneously, we have to
avold some cases in the case p = 1 (mod 2).



Q-trivial Bott manifold

* H,, = B,,(4,) with

Theorem (Choi-Masuda 2012)
B, is Q-trivial &= B, =H, X--XH,,

By Twistings and Switchings




Q-trivial Bott manifold

* B,(A) is Q-trivial
/Anl 0 - 0 \
0 A, =~
A - : L :

\ 0 0 - A,
By Twistings and Switchings

Each row of A corresponds to a component of (n4,n,,...,n,) + n.
Two rows are in the same block if they correspond the same component.



Q-trivial Bott manifold

* B,(A) is Q-trivial
/Anl 0 - 0 \
0 A, =~
A - : L :

\ 0 0 - Ay,
By Twistings and Switchings

Each row of A corresponds to a component of (n4,n,,...,n,) + n.
Two rows are in the same block if they correspond the same component.



Observation

 If (k+1)and (k+ 2)throws are in the same block in A4, then
soare o(k+1) and o(k + 2) In B.
 If p=1(mod?2), then £ and £+ 1 are in the same block in B.

These make some restrictions of o and n that enable us to avoid
the unexpected cases.

Hence, one can apply Switching and Twisting again to obtain

olk+1)=nk+1)=k+1ork+2



Main Results

Theorem (Choi-Hwang-Jang 2022+)
Strong Cohomological Rigidity holds for Bott manifolds. }

Hasui-Kuwata-Masuda-Park (2020) studied the CR of toric
manifolds over vc (I"™), assuming the CR for Bott manifolds.

Toric manifolds over vc (I"™) are cohomologically rigid. }




