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n — CP™ tautological line bundle. (77: complex conjugation )
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The twisted Milnor hypersurface H) , (d;.d,)

H:=H!

ni,ny

(d],dz) <Q> dyu + dyv, where I = (il, cee ,in2).
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I1=0, d, =1 (algebraic geometry models )(say n; < ny):
HY , (dy, 1) the zero locus of {x3'yo +x{'yi + - xy, =0}
It is the generalisation of the Milnor hypersurface.
H) ,.(d1,d): such algebraic geometry models do not exist.
I is negative[Grossberg and Karshon,1994]:
V=CP(n® &---@n®m= @ C) projective toric variety
complex structures on V = natural complex structures on the

projective bundles.

[Choi, Masuda and Suh, 2009]

V represents all two stage Bott towers (up to diffeomorphism)
I=(1,0,---,0), V=CP(n®C") = L(n;,n)[LG and Panov,2016]
Any generator in QU can always be found in Z(L(n;,n)).
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In view of Quasitoric manifolds: CP™ x CpP™

u = c1(71), ni: tautological line bundle of CP™.
v = ¢1(m2), mz: tautological line bundle of CP"2.

CP" x CP» — A™M x A™ as a Quasitoric manifold with characteristic
matrix:(Block diagonal matrix)

10 --- 0 —1 0]

01 - -1

0 1 -1 0
0 1 1

I 0 1 —1
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In view of Quasitoric manifolds: V

u=rci(n),v=c(7), where v — V tautological line bundle.
V=CP(n® @& - -®n®n=oC)— A" x A" as a Quasitoric manifold
with characteristic matrix: (not Block diagonal matrix)

10 -~ 0 —1 1

o1 - -1

0 1 -1 0
1 1 —1

L In, 1 _1_
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%k the Lefschetz hyperplane theorem

If I negative and d;, d, positive, then H, ,,1 1, (d1,d2) is the hyperplane
section of V.By the Lefschetz hyperplane theorem:
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. Hnl w(di,da): spin < ¢ (H), ,,(d1,d>)) =0 mod 2
H, nz(dl,dz) £, diu + dyv

:>3L—>Vs.tc1( ) = dyu+ drv, v(HE (dl,d2)<—> V) =i'L
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= cl( i (d1,d2)) = i*(c1(V) — dyu — dyv).
o (V)= (m +1—o)u+ (m+ Dvor = iij.) Based on:

=

Theorem (Borel and Hirzebruch ,1958)

p: CP(§) — X, let v be the tautological line bundle over CP(§). Then

TCP(E) © C= p*TX @ (7 @ p*E), H*(CP(§); Z) = H*(X)[V]/ca(y @ p*E),
wherev = ¢, (7).
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When would H!

ni,nyp

(dl, dz) be Spin?

e ci(V)=(m +1—0))u+ (np+ v
® (| (H,Imnz(d],dz)) = i*(Cl(V) — dlu — dgv).

Proposition
If there exists ki, k, € Z such that
di =2k +n +1—o01,dy =2ky + 1y + 1,
(dq,dy) is a spin manifold carrying the induced spin structure

then H!

ny,ny

from the spin® structure of V.

Convention Throughout this talk, H} , (d1,d>) spin means
d,,d,) carries the induced spin structure from the spin® structure

n1 nz(

of V.(V is a toric variety and of course complex manifidod)



Twisted Milnor hypersurfaces

Applying Lefschetz hyperplane theorem

%k If n; + no > 3, I negative and d,, d» positive

10/34



Twisted Milnor hypersurfaces

Applying Lefschetz hyperplane theorem

%k If n; + no > 3, I negative and d,, d» positive

H,I,h,,2 (dy,d,) a hyperplane section of V.

10/34



Twisted Milnor hypersurfaces

Applying Lefschetz hyperplane theorem

%k If n; + no > 3, I negative and d,, d» positive

H,{h,,z (dy,d,) a hyperplane section of V.
By the Lefschetz hyperplane theorem:
i*  H*(V,Z) — H*(H} , (di,d>),Z) for * < n; +ny — 1

ny,ny

10/34



Twisted Milnor hypersurfaces

Applying Lefschetz hyperplane theorem

%k If n; + no > 3, I negative and d,, d» positive

H,{h,,z (dy,d,) a hyperplane section of V.
By the Lefschetz hyperplane theorem:
i*  H*(V,Z) — H*(H} , (di,d>),Z) for * < n; +ny — 1

ny,ny

HX(V,Z) S HX(H! , (dy,d>),7)

ny,ny

10/34



Twisted Milnor hypersurfaces

Applying Lefschetz hyperplane theorem

%k If n; + no > 3, I negative and d,, d» positive

H) 1, (d1,d2) @ hyperplane section of V.

By the Lefschetz hyperplane theorem:
*LH*(V,Z) — H*(H , (d,dy),Z) for x < nj +ny — 1

ny,ny

H*(V,7) —>H2(HI (d1,dr),7)

ny,ny

ki, ko € Z such that d; = 2k; +ny + 1 —o1,dr =2ky + 1oy + 1

)

HY ., (di,d>) spin (strict meaning)

10/34
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Background

A genus

characteristic power series: Q(z) = %

say {+x;}#, the formal Chern roots of TM ® C.

~ - 2k xi/2

A = (T vty M)
[Lawson and Michelson,spin geometry, 1994].

& [Atiyah, F. Hirzebruch,1970] A compact connected Lie group acts
non-trivially on a compact spin manifold, then the equivariant index of

the spin Dirac operator vanishes. In particular, A=0.

& [Brooks 1983] He computed the X-genus of hypersurfaces and complete
intersections in complex projective spaces.

& [F. Hirzebruch, T. Berger & R. Jung 1992] They computed the A-genus
and the elliptic genus of Milnor hypersurfaces by using the universal

genus. 11/34
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e When dim = 4k, the a-invariant can be express by Z—genus;
e When dim = 8k + 3,5,6,7, a = 0;
e When dim = 8k + 1,2, the calculation of a-invariant still open.
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For any complete intersection Vi ..a C CP"", whenn = 4k +1 (i.e.

dimp Vc'lll,-~~,dr =2 mod 8),

4ty — @k+rtd £ td+d,)/2
aVatly) =) < Mo mod 2.

& [ Baraglia, 2020] recovered the a-invariant of any complete
intersections (which obtained in [Fang and Shao, 2009]) with a
different approach.
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(d],dz) Spin, ny+n, =2 mod 4,
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which matches with the result of Weiping Zhang in 1996.

Spin hypersurface of CP”

X% d.xe H2(CP"),n=2 mod 4, a(X) = (") mod 2.
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& Example(the Milnor hypersurface) I1=0,di=d,=1,H 1,1)

ni nz(

spin. k; = —7%, ko = —3 integers, i.e. ni, ny even.
N o2
OC(HI’H;I’Q:O(]? 1)) = (nlr—:kl) ("2;;](2) = (I’lzl)(nzz): O
& Example: 1#0,d, = 1,H), , (dy,1) spin,

a(Hy ny1(1,1)) = 0.

& More generally, n, even, d, = 1, «(H,, »,1(d1, 1)) = 0.

ny even, d, = 1, then H!

ny,ny

(dy, 1) always carries a Riemannian metric
of positive scalar curvature. In particular, Milnor hypersurfaces always
carries a Riemannian metric of positive scalar curvature.
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a-invariant: Positive Scalar Curvature

Corollary[The characterisation of PSC (n; = 1)]
n +n, =2 mod 4, HI

(dy, d>) spin, then there does not exist PSC iff one of

1n2

the following satisfied
o ky>0,kpb=0 mod 4,k =0 mod 2,Vi,a;([2]) +a:([2]) < 1.
e ky>0,kpb=1 mod 4,01 =1 mod 2,Vi,a([*2]) +a([%]) <1

e ky>0,ky =2 mod 4,k +0; =0 mod 2, Vi,a;([%

Nk
=
S
2
N
NS
=
AN
—

e ky<-m—1,kb=0 mod 4,k =0 mod 2, Vi,a;([2=1]) — a;([%2]) < 1.

ek <-nm—1,k=2 mod 4,k +0, =0
mod 2,Vi,a;([Z2=1]) — a;([2]) < L.

o kp < —n—1,k=3 mod 4,0y =1 mod 2,Vi,ai([_k2_']) —a([%]) < L
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Corollary[The characterisation of PSC (n; = 2)]
nm +n =2 mod 4, H;nz (d1,d>) spin, not exist PSC iff one of the following satisfied

¢ kp>0,kb=0 mod 4, ki =00r1 mod 4,Vi,a;([2]) +a:i(%) < 1.

¢ bh>0,k=1 mod 4, (n}?) 22 | Gatdor -
mod 2,Vi,a:([2]) +a(2) < 1.

n
4
¢ k2>0,kb=2 mod 4, ("F?) +0f -2 =1 mod 2,Vi,a:([2]) +a:(2) < 1.
o ka>0,kp =3 mod 4, (1}?) + 200 =1 mod 2,Vi,ai([2]) +ai(2) < 1.

1, (k1+1)2(k1+2) + 01(01722k1*3) =1 mod 2.

® kzI—nz—

o ko<-m—2,kb=0 mod 4, ki =00r1 mod 4,Vi,a;([~2~']) —a(2) < 1.
el <-m—2k=1 mod 4, (1}?) 4 2z — g

mod 2, Vi, a:([“2]) — a:(2) < 1.

4

e kh<-m—-2k=2mod 4, (") +oi—=1

mod 2, Vi, a;([“2=]) —ai(2) < L.

o kb <-m—2,kk=3 mod 4, (1% + 0 _ 5 =1
mod szvai([_ki_l]) _ai(%) <L 21/34
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Our Results

A-genus

;4\( nl ﬂz(dl’dz)) = '11 2,1 (dladZ) - Fnl,nz,l(—dl, —dz)-

Generalized A-genus: the linear sum of F,,, ,,,1(—, —).
dladZ)
A(M, TeM) = (A(V) - ch(TcM), [M])

=(A(V) - {(n. +1)e" +e' + i e — ed1“+"2V} , [M])

J=1

For example, let M = H} , (

ny
~

=(m + DAV)e", [M]) + AV)e", [M]) = (A(V)er =, [M]>+Z<X(V)-6V7”“,[M]>

ny

=(m + 1)Fu;,05,1(2,0) + Fuy s, 1(0,2) = Fy 121, 2d0) + Y Fuy iy 1(—2i5,2).

Jj=1
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(1, 1) Milnor hypersurfaces.

Corollary [Hirzebruch 1994]

AH® | (1,1))=0.

ny,ny

& Example: I1+#0, d, = 1,n; even,

;4\<H}!l1,n2(d17 1)) = O
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then there does not exist non-trivial S action on H: , (dy,d,).

ny,ny

& 1=0,assume H!  (d;,d>) spin,

ny,ny

AH? . (d1,d>)) #0 & ki < —n; ork; > 0,i = 1,2, and ny + n, 0dd.

& I:(]',O,-",O)#O,nlzz, di=1d=n+1.

AHIO D1y + 1)) #£0 <= j#0,-2.

2,}12

Note,Hg;g""’o)(l,nz + 1) spin for j even.
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& I1=0,d,=1,H®  (d,1)has a geometric interpretation:

1,12
Say n; < no,
xg‘yo +x€111y1 4. -)d}ynl =0,
where [xo :x; @ -+ 1 x,,] ,[Yo 1 y1 ¢ -+ ya,] hOMogeneous coordinates.

There always exists a natural circle action on HY (i 1).
Let A e S!':

Ao cxp s ixg ] = [x0 s Axp e Axy ]

ADoiyrsoiyn) = o Ay ATy,
Problem
Does there exist a non-trivial circle action on H! . (di,1) for1 #07?
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Compare H,, ,, and H,, , (d;,d,)

e If H, ,, is spin and dim > 5, a(H,, »,,) = 0.
= H,, », always admits PSC.
It H) , (d\,d,) is spin and dim > 5, a(H), , (dy,d>)) not always
0.
= H' (d,,d,) not always admits PSC.

ny,ny

e A(H, ,,) =0.
There exists non-trivial circle action on H,, ,,.
A(H! n.ny(d1,d)) not always 0.
= there does not exist non-trivial circle action on
di,dy).

i’l[ I’lz(
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Ifci(V)=diu+dyy mod 2; pi(V) = (dyu+dyv)?, ie.

nm+1l4+o0,=d mod 2;
m+1=d, mod 2;
m+ 1430 =di
n2+1=d%;

g1 +d1d2 :0

then H, , (d\,d,) string.

v

If ny > 3,np > 3, there does not exist string manifolds in H,{l’nz (dy,dp).

v
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& For given ny, ny, 1,

H(dy,dy; -+ sdyy, do) := Hy, . (dy,do) () [ HE, oy (doi—1, di).
call H(dy,dy; - - - ;dy—1, dox) TWisted complete intersections.
Proposition

m+l4+o,=d +ds+---+dy_; mod 2;
m+l=d+di+---+dy mod 2;
n1+1+Zij-2:df+d§+...+d%k_l; (1)
m+l=d+di+--+d3;

o1 +didy +dsdy + - - - + dog—1doy = 0.

then H(dl,dz; 000 ;de,hde) is string.

Convention

H(dy,dy;- - ;dy—1,da) string means it satisfies condition 1.
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Note If I negative, d;, d, positive, based on Lefschetz hyperplane
theorem, as long as n; + n, > 3 the two sufficient conditions mentioned
before are sufficient and necessary conditions.

Lemma

givenn; > 0,n, > 0,1,dy,dy, np =dp +1 mod 2, then

0, ’dz’ < ny,
d1+n1 1404
n1n2 d17d2 < ’ d2:n2+1, (2)
ditn—1—0
1 < . ), dzZ—(nz—}—l).
ni

H(dy,dy;- - ;dy—1,dy) string, then

A(H(dy,ds -+ 5 doiy, dok)) = 0.
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%k Binomial numbers

During the calculation, we found an interesting binomial numbers.

A(n,m), n,m € Z,
Recurrence: A(n,m) = (A

I,m)+A(n—1,m—1)).
( "M (n € Zy).
= 3 An,m)x"l.

m,n>0

Explicit formula: A(n,m) =

||Ms |

(n
D

Generating function: (¢~
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%k Binomial numbers

During the calculation, we found an interesting binomial numbers.

A(n,m), n,m € Z,

m)+An—1,m—1)).

Recurrence: A(n,m) = = (A(n — 1,
Explicit formula: A(n, m) = 2 Z( D (n € Zy).
N _

Generating function: ¢(¢'~ = 3 An,m)x"l.

m,n>0

| \

proposition

@ S(n,1) = 2A(n,1). (S(n,]) the Stirling number of the second kind.)
Q B,=3], %A(n,1).(B, is the Bell number.)

Q B.(0) =31 25A(n, ). (B,(1) the Bernoulli number )

Q P.,0,1,2,--- 1] = %A(n,I) (P,: I" difference for P,(x) = x".)
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Other results

%k Generalised Bott manifold

For any generalised Bott manifold M over A" x .. x A" with

10 -~ 0 -1 ]
o1 -0 -1
0 1 -1
al 1 —1
a,ll] 1 —1
a'_, a a1 -1
> nitl ST+l
i=1 i=2
i alznl azzni a, 1 -1




Other results

Let H be a spin submanifold of M, H <2 dyu + d>v. Letn = (no, -+ ,n,) and
the rest notations are the same.
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Let H be a spin submanifold of M, H <2 dyu + d>v. Letn = (ng,--- ,n,) and
the rest notations are the same.

A(H) = Fuy py1(dy,dy) — Fuy ny1(—dy, —d>) for any integers d, d».
a(H) = Fy n,1(d1,d>) mod 2 for H spinand >~/ _,n; =2 mod 4.

Where Fn’[(dl, dz) =
Z <l>( 1)lm(n0+k0+mlal> (n+k+ma> <}’lr+kr>
ey m ng n—+1 — \1r+ 1,
1<i,<n,
0<l;, <n,
0<m;, <I;,
andl= > Y L,m=Y 3" mp, ma’ = m;,a; ,
p=1 p=1 " i=1

n+l ni+1 ny—1+L—1

(n+k+ma) _ (n1+k|+Mza2) . (nr—]+kr—]+mr—]ar71)
r—1
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Ongoing works

%k Witten genus
% elliptic genus(real)

E S elliptic genus(complex)
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Thank you for your listening

Email: jflian18@fudan.edu.cn
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