
Real Lagrangians in symplectic toric del Pezzo
surfaces

Jiyeon Moon

Seoul National University

Toric Topology 2022 in Osaka

March 25, 2022

1 / 17



Symplectic manifolds

Definition

A symplectic manifold is a smooth manifold M equipped with a
closed nondegenerate 2-form ω called a symplectic form.

A symplectic form measures a signed area of surfaces in M.

Example

pCn,ωstd “ i
2

řn
j“1 dzj ^ dz̄jq

pS2, any area formq, surfaces with area form

pS2 ˆ S2,ω ‘ ωq, product of two symplectic manifolds.

Every symplectic manifold has even dimension.
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Lagrangian submanifolds

Let pM2n,ωq be a symplectic manifold.

Definition

A submanifold L of M is called Lagrangian if dim L “ n and
ω|TL ” 0.

Maximally degenerated submanifold.

How to find Lagrangian submanifolds?

Definition

An anti-symplectic involution R of M is a diffeomorphism of
M satisfying R2 “ idM , R˚ω “ ´ω.

The fixed point set of an antisymplectic involution is a
Lagrangian submanifold. We call such a Lagrangian is real.
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Examples

Consider pS2,ω “ dθ ^ dhq with Hpθ, hq “ h.

Figure: A height function on a symplectic sphere

H´1pcq – S1 : Lagrangian for each c P p´1, 1q

H´1p0q (equator) : real Lagrangian (7 Rpθ, hq “ pθ,´hq)
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Symplectic toric manifolds

We denote t by the Lie algebra of a torus T.

Definition (Hamiltonian T-action on pM,ωq)

A symplectic T-action on pM,ωq is Hamiltonian if there is a map
µ : M Ñ t˚ such that

ωpXξ, ¨q “ ´dxµ, ξy, Xξ : the induced vector field of ξ P t.

µ : invariant under the T-action.
We call µ a moment map of the Hamiltonian T-action.

Definition

A symplectic toric manifold is a (compact connected)
symplectic manifold pM2n,ωq equipped with an effective
Hamiltonian Tn-action and a moment map µ : M Ñ t˚.

The image µpMq of a moment map is called the moment
polytope.
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Examples of symplectic toric manifolds

0

µ

R2

LiepS1q˚ – R
(a) pR2, dx ^ dyq (b) pS2, dθ ^ dhq

Figure: Examples of symplectic toric manifolds and moment polytopes.
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Delzant theorem

Theorem (Delzant,’90)

The map
pM2n,ω, µq ÞÑ µpMq

gives a bijection from the set of symplectic toric manifolds onto
the set of polytopes satisfies following properties:

1 There are n edges meeting at each vertex.

2 Each edges meeting at vertex has rational slope.

3 The set of slopes of edges meeting at vertex is a Z-basis.
Such a polytope is called a Dezant polytope.

Meaning

Combinatorial perspective to the study of symplectic toric
manifolds.
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Equivariant antisymplectic involutions

pM,ω, µq : symplectic toric manifold with ∆ :“ µpMq.

Definition (Equivariant antisymplectic involution)

An antisymplectic involution R of pM,ω, µq is equivariant if there
is a group involution RT of a torus T such that

Rpt ¨ xq “ RTptq ¨ Rpxq

for all x P M and t P T.

Symmetry of ∆ : lattice preserving automorphism σ of t˚

satisfying σp∆q “ ∆.

An equvariant antisymplectic involution induces a symmetry σ
of ∆ such that σ2 “ id and µ ˝ R “ σ ˝ µ.
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Main theorem

Question

For a given involution σ of ∆,

Find an equivariant antisymplectic involution Rσ and Rσ
T .

Reconstruct the real Lagrangian FixpRσq from the data of the
Fixpσq Ă ∆.

Theorem (Brendel-Kim-M)

Let pM,ω, µq be a symplectic toric manifold and let σ be an
involution on moment polytope ∆ “ µpMq. Then

The antisymplectic involution Rσ is induced by complex
conjugation of pCk ,ωstdq and σ˚ “ ´pRσ

Tq´1.

Roughly, FixpRσq{FixpRσ
Tq “ Fixpσq.
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Real Lagrangians in a symplectic toric sphere

Consider pS2,ω, µ : S2 Ñ t˚q with real lagrangians.

(a) µpS2q “ µpL0q (b) µpS2q ‰ µpL1q

Figure: The fixed point set µpL1q “ t0u of the symmetry σ on r´1, 1s
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The main application

Theorem (Brendel-Kim-M)

Let M be a toric symplectic del Pezzo surface and let L be a real
Lagrangian of M. The diffeomorphism type of L is given as follows.

M L “ FixpRq

S2 ˆ S2 S2 T 2

X0 RP2

X1 RP2#RP2

X2 RP2 #3RP2

X3 S2 T 2 RP2#RP2 #4RP2
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Toric symplectic del Pezzo surfaces

Definition

A symplectic manifold pM,ωq is monotone if c1pMq “ κ ¨ rωs for
some κ ą 0.

Theorem (Li-Liu, Ohta-Ono, McDuff, Taubes)

Let pM,ωq be a monotone closed symplectic 4-manifold. Then

M – S2 ˆ S2 or Xk “ CP2#kCP2, 0 ď k ď 8.

The uniqueness of the monotone symplectic structure ω.

Such a pM,ωq is called a symplectic del Pezzo surface.

Theorem

A monotone toric structure exists only on S2 ˆ S2 and Xk for
k “ 0, 1, 2, 3, which are called toric symplectic del Pezzo
surfaces.
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Moment polytopes of toric symplectic del Pezzo surfaces

(a) S2 ˆ S2 (b) X0 (c) X1

(d) X2 (e) X3

Figure: Moment polytopes of toric symplectic del Pezzo surfaces
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Obstructions

Lemma

If L is an orientable Lagrangian of symplectic del Pezzo surfaces,
then L – S2 or T 2.

Theorem (Smith inequality, Euler characteristic relation, ’40)

Let I : X Ñ X be an involution on a manifold X . Then we have

dimH˚pX ;Z2q ě dimH˚pFixpI q;Z2q, χpX q ” χpFixpI qq mod 2.

where χ denotes the Euler characteristic.

Lemma (Arnold, ’71)

For an antisymplectic involution R on a symplectic manifold M4,

rFixpRqs ¨ R˚pαq “ α ¨ R˚pαq, for all α P H2pM;Z2q.
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Candidates of real Lagrangians

We have a table of the candidates of the diffeomorphism types of
real Lagrangians L of a toric symplectic del Pezzo surface M.

M L “ FixpRq

S2 ˆ S2 S2 T 2

X0 RP2

X1 RP2#RP2

X2 RP2 #3RP2

X3 S2 T 2 RP2#RP2 #4RP2

We do not know which one can be realized. Hence, we shall
construct antisymplectic involutions of M whose fixed set is what
we want.
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Existence of diffeomorphism types of real Lagrangians

(a) T 2 in Q (b) RP2 in X0 (c) #2RP2 in X1(d) #3RP2 in X2(e) #4RP2 in X3

(f) S2 in Q (g) K in X1 (h) S2 in X2 (i) K in X3 (j) T 2 in X3
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Thank you for attention
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