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Motivation

Motivation

Suyong Choi, Mikiya Masuda, and Dong Youp Suh, Quasitoric manifolds over
a product of simplices, Osaka J. Math. 47 (2010), no. 1, 109–129. MR
2666127

Sho Hasui, Hideya Kuwata, Mikiya Masuda, and Seonjeong Park,
Classification of toric manifolds over an n-cube with one vertex cut, Int.
Math. Res. Not. IMRN (2020), no. 16, 4890–4941. MR 4139029
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Quasitoric manifold and its cohomology

Quasitoric manifold and its cohomology

An n-dimensional simple polytope is an n-dimensional convex polytope such
that at each vertex (zero dimensional face) exactly n facets (codimension one
faces) intersect.

We denote the vertex set and facet set of a simple polytope Q by V pQq and
FpQq “ tF1,F2, . . . ,Fru respectively.

Let Q be an n-dimensional simple polytope and F a
d-dimensional face in Q. Then F “

Şn´d
j“1 Fij for some

unique facets Fi1 , . . . ,Fin´d of Q.

We call
Şs

j“1 Fij a minimal non-face of Q if

s
č

j“1

Fij “ ∅ and
s

č

j“1
j‰t

Fij ‰ ∅

for some 1 ď t ď s.

v1 v2

v3

v4 v5
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Quasitoric manifold and its cohomology

Let λ : FpQq Ñ Zn be a function such that

tλpFi1q, . . . , λpFik qu span a k ´ dimensional unimodular submodule in Zn

whenever
k

č

j“1

Fij ‰ ∅. (2.1)

Then λ is called a characteristic function on Q and the pair pQ, λq called a
characteristic pair.

Each λi determines a line in Rn, whose image under
exp : Rn Ñ T n “ pZn bZ Rq{Zn is a circle subgroup, denoted by Ti .

TF :“
〈
Ti1 , . . . ,Tin´d

〉
where F “

Şn´d
j“1 Fij .

Consider X pQ, λq :“ pT n ˆ Qq{ „,

pt, xq „ ps, yq if and only if x “ y P F and t´1s P TF . (2.2)

The quotient space X pQ, λq has a manifold structure with a natural T n

action. The orbit map is π : X pQ, λq Ñ Q.

Dr. Subhankar Sau (ISI Kolkata) Cohomology of (quasi)toric manifolds March 23, 2022 5 / 26



Quasitoric manifold and its cohomology

Let λ : FpQq Ñ Zn be a function such that

tλpFi1q, . . . , λpFik qu span a k ´ dimensional unimodular submodule in Zn

whenever
k

č

j“1

Fij ‰ ∅. (2.1)

Then λ is called a characteristic function on Q and the pair pQ, λq called a
characteristic pair.

Each λi determines a line in Rn, whose image under
exp : Rn Ñ T n “ pZn bZ Rq{Zn is a circle subgroup, denoted by Ti .

TF :“
〈
Ti1 , . . . ,Tin´d

〉
where F “

Şn´d
j“1 Fij .

Consider X pQ, λq :“ pT n ˆ Qq{ „,

pt, xq „ ps, yq if and only if x “ y P F and t´1s P TF . (2.2)

The quotient space X pQ, λq has a manifold structure with a natural T n

action. The orbit map is π : X pQ, λq Ñ Q.

Dr. Subhankar Sau (ISI Kolkata) Cohomology of (quasi)toric manifolds March 23, 2022 5 / 26



Quasitoric manifold and its cohomology

Let λ : FpQq Ñ Zn be a function such that

tλpFi1q, . . . , λpFik qu span a k ´ dimensional unimodular submodule in Zn

whenever
k

č

j“1

Fij ‰ ∅. (2.1)

Then λ is called a characteristic function on Q and the pair pQ, λq called a
characteristic pair.

Each λi determines a line in Rn, whose image under
exp : Rn Ñ T n “ pZn bZ Rq{Zn is a circle subgroup, denoted by Ti .

TF :“
〈
Ti1 , . . . ,Tin´d

〉
where F “

Şn´d
j“1 Fij .

Consider X pQ, λq :“ pT n ˆ Qq{ „,

pt, xq „ ps, yq if and only if x “ y P F and t´1s P TF . (2.2)

The quotient space X pQ, λq has a manifold structure with a natural T n

action. The orbit map is π : X pQ, λq Ñ Q.

Dr. Subhankar Sau (ISI Kolkata) Cohomology of (quasi)toric manifolds March 23, 2022 5 / 26



Quasitoric manifold and its cohomology

Let λ : FpQq Ñ Zn be a function such that

tλpFi1q, . . . , λpFik qu span a k ´ dimensional unimodular submodule in Zn

whenever
k

č

j“1

Fij ‰ ∅. (2.1)

Then λ is called a characteristic function on Q and the pair pQ, λq called a
characteristic pair.

Each λi determines a line in Rn, whose image under
exp : Rn Ñ T n “ pZn bZ Rq{Zn is a circle subgroup, denoted by Ti .

TF :“
〈
Ti1 , . . . ,Tin´d

〉
where F “

Şn´d
j“1 Fij .

Consider X pQ, λq :“ pT n ˆ Qq{ „,

pt, xq „ ps, yq if and only if x “ y P F and t´1s P TF . (2.2)

The quotient space X pQ, λq has a manifold structure with a natural T n

action. The orbit map is π : X pQ, λq Ñ Q.

Dr. Subhankar Sau (ISI Kolkata) Cohomology of (quasi)toric manifolds March 23, 2022 5 / 26



Quasitoric manifold and its cohomology

Let λ : FpQq Ñ Zn be a function such that

tλpFi1q, . . . , λpFik qu span a k ´ dimensional unimodular submodule in Zn

whenever
k

č

j“1

Fij ‰ ∅. (2.1)

Then λ is called a characteristic function on Q and the pair pQ, λq called a
characteristic pair.

Each λi determines a line in Rn, whose image under
exp : Rn Ñ T n “ pZn bZ Rq{Zn is a circle subgroup, denoted by Ti .

TF :“
〈
Ti1 , . . . ,Tin´d

〉
where F “

Şn´d
j“1 Fij .

Consider X pQ, λq :“ pT n ˆ Qq{ „,

pt, xq „ ps, yq if and only if x “ y P F and t´1s P TF . (2.2)

The quotient space X pQ, λq has a manifold structure with a natural T n

action. The orbit map is π : X pQ, λq Ñ Q.

Dr. Subhankar Sau (ISI Kolkata) Cohomology of (quasi)toric manifolds March 23, 2022 5 / 26



Quasitoric manifold and its cohomology

Let λ : FpQq Ñ Zn be a function such that

tλpFi1q, . . . , λpFik qu span a k ´ dimensional unimodular submodule in Zn

whenever
k

č

j“1

Fij ‰ ∅. (2.1)

Then λ is called a characteristic function on Q and the pair pQ, λq called a
characteristic pair.

Each λi determines a line in Rn, whose image under
exp : Rn Ñ T n “ pZn bZ Rq{Zn is a circle subgroup, denoted by Ti .

TF :“
〈
Ti1 , . . . ,Tin´d

〉
where F “

Şn´d
j“1 Fij .

Consider X pQ, λq :“ pT n ˆ Qq{ „,

pt, xq „ ps, yq if and only if x “ y P F and t´1s P TF . (2.2)

The quotient space X pQ, λq has a manifold structure with a natural T n

action.

The orbit map is π : X pQ, λq Ñ Q.

Dr. Subhankar Sau (ISI Kolkata) Cohomology of (quasi)toric manifolds March 23, 2022 5 / 26



Quasitoric manifold and its cohomology

Let λ : FpQq Ñ Zn be a function such that

tλpFi1q, . . . , λpFik qu span a k ´ dimensional unimodular submodule in Zn

whenever
k

č

j“1

Fij ‰ ∅. (2.1)

Then λ is called a characteristic function on Q and the pair pQ, λq called a
characteristic pair.

Each λi determines a line in Rn, whose image under
exp : Rn Ñ T n “ pZn bZ Rq{Zn is a circle subgroup, denoted by Ti .

TF :“
〈
Ti1 , . . . ,Tin´d

〉
where F “

Şn´d
j“1 Fij .

Consider X pQ, λq :“ pT n ˆ Qq{ „,

pt, xq „ ps, yq if and only if x “ y P F and t´1s P TF . (2.2)

The quotient space X pQ, λq has a manifold structure with a natural T n

action. The orbit map is π : X pQ, λq Ñ Q.

Dr. Subhankar Sau (ISI Kolkata) Cohomology of (quasi)toric manifolds March 23, 2022 5 / 26



Quasitoric manifold and its cohomology

Let pQ, λq be a characteristic pair over an n-dimensional simple polytope Q
with FpQq :“ tF1, . . . ,Fru.

We assign the indeterminate xi to the facet Fi

for i “ 1, . . . , r .

Then the integral cohomology ring of X pQ, λq following 1 is

H˚pX pQ, λq;Zq “ Zrx1, . . . , xr s{pI ` Jq. (2.3)

Here I is the Stanley-Reisner ideal of Q generated by all square-free
monomials asociated to the minimal non-faces of Q. That is
I “

〈
xi1 . . . xis |

Şs
j“1 Fij is a minimal non face

〉
.

Let

λJ “

r
ÿ

j“1

λjxj . (2.4)

The ideal J is generated by the n coordinates of λJ .

1M. W. Davis, and T. Januszkiewicz, Convex polytopes, Coxeter orbifolds and torus actions,
Duke Math. J. 62(1991)
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Quasitoric manifold and its cohomology

Example

H˚pX pP, λq;Zq “ Zrx1, . . . , x5s{pI ` Jq

where I “
〈
x1x2x3, x4x5

〉
and

λJ “

5
ÿ

j“1

λjxj

“ p´x1`x2`x4,´x1`x3`x5, 2x1´x4`x5q.

Thus J “〈
´x1`x2`x4,´x1`x3`x5, 2x1´x4`x5

〉
.

This implies

H˚pX pP, λq;Zq “ Zrx1, x4s{sI

where
sI “

〈
x1px1´x4qp3x1´x4q, x4p´2x1`x4q

〉
.

F1p´1,´1, 2q

F2p1, 0, 0q

p0, 1, 0qF3

F4p1, 0,´1q

F5p0, 0, 1q

P
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Quasitoric manifold over product of simplices

Quasitoric manifold over product of simplices

Let

P “

m
ź

j“1

∆nj (3.1)

and the dimension of P is n :“
řm

j“1 nj . Let us denote Ns :“
řs

j“1 nj for
s “ 1, . . . ,m. Also we assume N0 :“ 0.

Let V p∆nj q :“ tv j
0, . . . , v

j
nj u and Fp∆nj q :“ tf j0 , . . . f

j
nj u where the unique

facet f jkj does not contain the vertex v j
kj
in ∆nj for 0 ď kj ď nj for

j “ 1, . . . ,m.Then

V pPq “ tvℓ1ℓ2...ℓm :“ pv1
ℓ1 , v

2
ℓ2 , . . . , v

m
ℓmq | 0 ď ℓj ď nj , j “ 1, . . . ,mu (3.2)

FpPq “ tF j
kj

| 0 ď kj ď nj , 1 ď j ď mu

where F j
kj
:“ ∆n1 ˆ ¨ ¨ ¨ ˆ ∆nj´1 ˆ f jkj ˆ ∆nj`1 ˆ ¨ ¨ ¨ ˆ ∆nm .
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nj u where the unique

facet f jkj does not contain the vertex v j
kj
in ∆nj for 0 ď kj ď nj for

j “ 1, . . . ,m.Then

V pPq “ tvℓ1ℓ2...ℓm :“ pv1
ℓ1 , v

2
ℓ2 , . . . , v

m
ℓmq | 0 ď ℓj ď nj , j “ 1, . . . ,mu (3.2)

FpPq “ tF j
kj

| 0 ď kj ď nj , 1 ď j ď mu

where F j
kj
:“ ∆n1 ˆ ¨ ¨ ¨ ˆ ∆nj´1 ˆ f jkj ˆ ∆nj`1 ˆ ¨ ¨ ¨ ˆ ∆nm .
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Quasitoric manifold over product of simplices

Notice that
v0 :“ v0...0 “ F 1

1 X ¨ ¨ ¨ X F 1
n1 X ¨ ¨ ¨ X F j

1 X . . .F j
nj X ¨ ¨ ¨ X Fm

1 X ¨ ¨ ¨ X Fm
nm .

Let
λ : FpPq Ñ Zn (3.3)

be a characteristic function on P where

λpF 1
1 q “ e1, . . . , λpF 1

n1q “ en1 , (3.4)

...

λpF j
1q “ eNj´1`1, . . . , λpF j

nj q “ eNj ,

...

λpFm
1 q “ eNm´1`1, . . . , λpFm

nmq “ en.

For the remaining m facets F 1
0 , . . . ,F

m
0 , we denote

aj :“ λpF j
0q P Zn for j “ 1, . . . ,m. (3.5)
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Quasitoric manifold over product of simplices

Example

‚ ‚

‚

v0 v1

v2

F2

F0F1

‚

‚

v0 “ F1

v1 “ F0

v00 v10

v20

v01 v11

v21

F 1
0

a1

F 1
1

e1

F 1
2

e2

F 2
0

a2

F 2
1

e3
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Quasitoric manifold over product of simplices

Theorem 3.1 (2)

Let X pP, λq be a quasitoric manifold where P “
śm

j“1 ∆
nj is a product of

simplices as in (3.1) and λ is defined following (3.4) and (3.5). Then

H˚pX pP, λq;Zq – Zry1, . . . , yms{L, (3.6)

where the indeterminate yj is assigned to the facet F j
0 for j “ 1, . . . ,m and L is

the ideal generated by

yj

nj
ź

ℓ“1

paj1ℓy1 ` aj2ℓy2 ` ¨ ¨ ¨ ` ajmℓymq for j “ 1, . . . ,m.

2Suyong Choi, Mikiya Masuda, and Dong Youp Suh, Quasitoric manifolds over a product of
simplices, Osaka J. Math. 47 (2010), no. 1, 109–129. MR 2666127
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Toric manifold and Quasitoric manifold

Toric manifold and Quasitoric manifold

A simplicial complex K is a set of simplices that satisfies the following

Every face of a simplex from K is also in K.

The non-empty intersection of any two simplices σ1, σ2 P K is a face of both
σ1 and σ2.

Let K be an pn ´ 1q-dimensional simplicial complex with m vertices which we
denote by VpKq “ tv1, . . . , vmu. Define a map

λ : VpKq Ñ Zn.

We denote λpvi q “ λi for i “ 1, . . . ,m. For each I P K, one can define the
following cone

C pI q :“ t
ÿ

viPI

tiλi P Rn | ti P Rě0 for all vi P I u.
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Toric manifold and Quasitoric manifold

Definition 4.1

The pair pK, λq is called a (simplicial) fan of dimension n over K if it satisfies:

1 For I “ tvi1 , . . . , vik u P K, the vectors λi1 , . . . , λik are linearly independent
over R.

2 C pI q X C pJq “ C pI X Jq for I , J P K.

If
Ť

IPK C pI q “ Rn, then the fan pK, λq is called complete.If tλi : vi P I u forms a
part of a basis of Zn for any I P K, then the fan is called non-singular.

Definition 4.2

A complete, non-singular toric variety is called a toric manifold.

Proposition 4.3 (3)

There exists a one to one correspondence between the toric varities of complex
dimension n and rational fans of dimension n.

3William Fulton, Introduction to toric varieties, Annals of Mathematics Studies, vol. 131,
Princeton University Press, Princeton, NJ, 1993, The William H. Roever Lectures in Geometry
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Toric manifold and Quasitoric manifold

Definition 4.4 (Distance function)

Let P be a polytope and v1, v2 two different vertices in P. A path between v1 and
v2 is a sequence of edges ξ1, ξ2, . . . , ξd such that v1 P ξ1, v2 P ξd and ξi X ξi`1 is a
vertex of both for i “ 1, . . . , pd ´ 1q. The distance between two vertices v1 and v2
is the minimum d and it is denoted by Dpv1, v2q.

v1

v2v3

Dpv1, v2q “ 1

Dpv1, v3q “ 3

Dpv3, v2q “ 2

Dpvi , vi q “ 0 @ i

Figure: A distance function on the vertices of a polytope.
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Toric manifold and Quasitoric manifold

Let pP, λq be a characteristic pair where P is a product of m simplices and λ
a characteristic function on P as defined following (3.4) and (3.5).

Let v be a vertex in P. So, v “
Şn

j“1 Fj for some unique facets Fj ’s of P.

We fix the order of colums at v0 :“ v0...0

Av0 : “
`

λpF 1
1 q . . . λpF 1

n1q . . . λpFm
1 q . . . . . . λpFm

nmq
˘

(4.1)

“
`

e1 . . . en1 . . . . . . eNm´1`1 . . . en
˘

.

v00 v10

v20

v01 v11

v21

F 1
0

a1

F 1
1

e1

F 1
2

e2

F 2
0

a2

F 2
1

e3
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Toric manifold and Quasitoric manifold

Let Dpv, v0q “ d ą 0. Then we may consider a path of length d from v0 to v.

That is if ξ1, . . . , ξd is the sequence of edges joining v0 to v such that v0 P ξ1,
v P ξd and ξi X ξi`1 “ vi then the matrix Avi`1 is formed by a replacement of
exactly one standard basis vector in the columns of Avi for i “ 1, . . . , d ´ 1.

Let v P V pPq. Then v “ vℓ1ℓ2...ℓm for some 0 ď ℓj ď nj , j “ 1, . . . ,m and

v “

m
č

j“1
kj‰ℓj

F j
kj
.

If ℓj ‰ 0 for j P t1, . . . ,mu, then eNj´1`ℓj is replaced by aj by keeping the
order of other columns of Av0 intact.

Note that the matrix Av does not alter by the choice of the path if we choose
any other shortest path of length d .

If v is a vertex such that Dpv, v0q “ m, i.e., ℓj ‰ 0 for all j “ 1, . . . ,m. Then
the matrix Av is given by

Av “
`

e1 . . . eℓ1´1 a1 eℓ1`1 . . . eN1 eN1`1 . . . eN1`ℓ2´1 a2 eN1`ℓ2`1 . . .

eN2 . . . eNm´1`1 . . . eNm´1`ℓm´1 am eNm´1`ℓm`1 . . . eNm

˘

.
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any other shortest path of length d .
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the matrix Av is given by
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`

e1 . . . eℓ1´1 a1 eℓ1`1 . . . eN1 eN1`1 . . . eN1`ℓ2´1 a2 eN1`ℓ2`1 . . .

eN2 . . . eNm´1`1 . . . eNm´1`ℓm´1 am eNm´1`ℓm`1 . . . eNm

˘

.
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Toric manifold and Quasitoric manifold

Let σ be an n-dimensional nonsingular cone in Rn. Then σ is generated by n
linearly independent vectors tξ1, . . . , ξnu in Rn. Let M :“ pξ1, . . . , ξnq be the
nonsingular n ˆ n matrix. By detpσq we denote the determinant of the matrix M.

Lemma 4.5

Let σ1 and σ2 be two nonsingular cones in Rn of dimension n. If σ1 X σ2 is a face
of dimension n ´ 1 then detpσ1q and detpσ2q have differnt signs.

Theorem 4.6

Let P be a finite product of simplices as (3.1) and λ a characteristic function on
P as in (3.3). If X pP, λq is a toric manifold then

detAv “

#

´1 if Dpv, v0q “ odd

`1 if Dpv, v0q “ even
(4.2)

where v0 denotes the vertex v0...0.
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Toric manifold and Quasitoric manifold

Theorem 4.7

Let P be a product of two simplices and λ a characteristic function defined on P
as in (3.3) such that for any vertex v P V pPq the following holds:

detAv “

#

´1 if Dpv, v0q “ odd

`1 if Dpv, v0q “ even
(4.3)

Then X pP, λq is a toric manifold.
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Quasitoric manifold over vertex of product of simplices

Quasitoric manifold over vertex of product of simplices
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Figure: A vertex cut of a prism where the facets and vertices are induced from ∆2 and I .

Let sP be a vertex cut of P at the vertex ṽ :“ vn1n2...nm . Then the vertex set and
the facet set of sP are respectively

V p sPq :“ pV pPqztṽuq Y V p sF q, (5.1)

Fp sPq :“ t sF j
kj
:“ F j

kj
X sP | F j

kj
P FpPqu Y t sF u.
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Quasitoric manifold over vertex of product of simplices

Let
sλ : Fp sPq Ñ Zn (5.2)

be a characteristic function defined as follows

sλp sF 1
j q :“ ej for j “ 1, . . . , n1, (5.3)

...

sλp sFm
j q :“ eNm´1`j for j “ 1, . . . , nm,

sλp sF j
0q :“ aj P Zn for j “ 1, . . . ,m,

sλp sF q :“ b P Zn.

where e1, . . . , en are the standard basis vectors of Zn.

The characteristic pair p sP, sλq induces a map λ : FpPq Ñ Zn defined by

λpF j
kj

q :“ sλp sF j
kj

q (5.4)

for j “ 1, . . . ,m and 1 ď kj ď nj .
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Quasitoric manifold over vertex of product of simplices

Note that, ṽ “ F 1
1 X ¨ ¨ ¨ X F 1

n1´1 X F 1
0 X . . .Fm

1 X ¨ ¨ ¨ X Fm
nm´1 X Fm

0 .

The following matrix

Aṽ :“ Avn1...nm
“ pe1 . . . eN1´1 a1 eN1`1 . . . am´1 eNpm´1q`1 . . . eNm´1 amq

(5.5)

is associated to the vertex ṽ P V pPq.

Lemma 5.1 (Sarkar, Sau)

Let X p sP, sλq be a (quasi)toric manifold where sP is vertex cut at ṽ “ vn1...nm of the
polytope P “

śm
j“1 ∆

nj and sλ is defined as in (5.2) satisfying

detAu “

#

´1 if Dpu,u0q “ odd

`1 if Dpu,u0q “ even
(5.6)

for u P V p sPq. Then the matrix Aṽ can be characterized based on the determinant
of the matrix.

Dr. Subhankar Sau (ISI Kolkata) Cohomology of (quasi)toric manifolds March 23, 2022 21 / 26



Quasitoric manifold over vertex of product of simplices

Note that, ṽ “ F 1
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Lemma 5.1 (Sarkar, Sau)

Let X p sP, sλq be a (quasi)toric manifold where sP is vertex cut at ṽ “ vn1...nm of the
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Lemma 5.1 (Sarkar, Sau)

Let X p sP, sλq be a (quasi)toric manifold where sP is vertex cut at ṽ “ vn1...nm of the
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Quasitoric manifold over vertex of product of simplices

Theorem 5.2 (Sarkar, Sau)

Let X p sP, sλq be a (quasi)toric manifold where sP is the vertex cut at ṽ “ vn1...nm of
the polytope P “

śm
j“1 ∆

nj and sλ is defined as in (5.2) satisfying

detAu “

#

´1 if Dpu,u0q “ odd

`1 if Dpu,u0q “ even
(5.7)

for any u P V p sPq and u0 :“ u0,...,0.Then we can determine b according to the
values of detAṽ as follows
Case 1: If detAṽ “ 0, then

m
ÿ

j“1

bNj “ ´1

and bi can be arbitrary if i R tN1, . . . ,Nmu.
Case 2: If detAṽ ‰ 0, then

bi “
p´1qm

detAṽ

n
ÿ

q“1

Api,qq

for i “ 1, . . . , n where Api,qq is the pi , qq-th entry of the matrix Aṽ.
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m
ÿ

j“1

bNj “ ´1

and bi can be arbitrary if i R tN1, . . . ,Nmu.
Case 2: If detAṽ ‰ 0, then
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n
ÿ

q“1

Api,qq

for i “ 1, . . . , n where Api,qq is the pi , qq-th entry of the matrix Aṽ.
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the polytope P “

śm
j“1 ∆

nj and sλ is defined as in (5.2) satisfying

detAu “

#

´1 if Dpu,u0q “ odd

`1 if Dpu,u0q “ even
(5.7)

for any u P V p sPq and u0 :“ u0,...,0.Then we can determine b according to the
values of detAṽ as follows
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m
ÿ

j“1

bNj “ ´1

and bi can be arbitrary if i R tN1, . . . ,Nmu.
Case 2: If detAṽ ‰ 0, then
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Quasitoric manifold over vertex of product of simplices

A cohomology calculation following 4 leads us to

H˚pX p sP, sλqq – Zry1, . . . , ym, y s{sI (5.8)

where the homogeneous ideal sI changes depending on the determinant of Aṽ while
the generators remains same for all the cases.

Theorem 5.3 (Sarkar, Sau)

The elements y1, . . . , ym, y belong to H2pX p sP, sλqq and satisfy the following:

1 yy1 “ yy2 “ ¨ ¨ ¨ “ yym, and

2 y2 “ p´1qm`1pdetAṽ qyyj for any j “ 1, . . . ,m.

Theorem 5.4 (Sarkar, Sau)

Let P “
śm

j“1 ∆
nj be a product of simplices as in (3.1) and sP is a vertex cut of P

along a vertex ṽ “ vn1...nm such that detAṽ “ 0. Then the cohomology rings
H˚pX p sP, sλqq are isomorphic to each other if bi “ 0 for i ‰ Nj and j “ 1, . . . ,m in
the vector b assigned to the new facet sF .

4M. W. Davis, and T. Januszkiewicz, Convex polytopes, Coxeter orbifolds and torus actions,
Duke Math. J. 62(1991).
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2 y2 “ p´1qm`1pdetAṽ qyyj for any j “ 1, . . . ,m.

Theorem 5.4 (Sarkar, Sau)

Let P “
śm

j“1 ∆
nj be a product of simplices as in (3.1) and sP is a vertex cut of P
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2 y2 “ p´1qm`1pdetAṽ qyyj for any j “ 1, . . . ,m.

Theorem 5.4 (Sarkar, Sau)

Let P “
śm

j“1 ∆
nj be a product of simplices as in (3.1) and sP is a vertex cut of P

along a vertex ṽ “ vn1...nm such that detAṽ “ 0. Then the cohomology rings
H˚pX p sP, sλqq are isomorphic to each other if bi “ 0 for i ‰ Nj and j “ 1, . . . ,m in
the vector b assigned to the new facet sF .

4M. W. Davis, and T. Januszkiewicz, Convex polytopes, Coxeter orbifolds and torus actions,
Duke Math. J. 62(1991).
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Quasitoric manifold over vertex of product of simplices

For an element z P H2pX p sP, sλqq, the annihilator of z is defined by

Annpzq “ tw P H2pX p sP, sλqq | zw “ 0 in H4pX p sP, sλqqu.

Since t sF , sF j
nj u for j “ 1, . . . ,m are non-faces of sP, then Annpcyq is of rank m for

a nonzero constant c . The following lemma discusses about the converse.

Theorem 5.5 (Sarkar, Sau)

Let P “
śm

j“1 ∆
nj be a finite product of simplices as in (3.1) with m ě 2 and

n ě 3 and X p sP, sλq is a (quasi)toric manifold over the vertex cut at ṽ “ vn1...nm of
P. If Annpzq is of rank m for a z P H2pX p sP, sλqq and detAṽ “ p´1qm, then z is a
constant multiple of y .

Theorem 5.6 (Sarkar, Sau)

Let P “
śm

j“1 ∆
nj be a product of simplices as in (3.1) with m ě 2, n ě 3 and sP

is a vertex cut of P along a vertex ṽ such that detAṽ “ p´1qm.Then H˚pX p sP, sλqq

and H˚pX p sP, sλ1qq are isomorphic as graded rings if and only if H˚pX pP, λqq and
H˚pX pP, λ1qq are isomorphic as graded rings.
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and H˚pX p sP, sλ1qq are isomorphic as graded rings if and only if H˚pX pP, λqq and
H˚pX pP, λ1qq are isomorphic as graded rings.

Dr. Subhankar Sau (ISI Kolkata) Cohomology of (quasi)toric manifolds March 23, 2022 24 / 26



Quasitoric manifold over vertex of product of simplices

For an element z P H2pX p sP, sλqq, the annihilator of z is defined by

Annpzq “ tw P H2pX p sP, sλqq | zw “ 0 in H4pX p sP, sλqqu.

Since t sF , sF j
nj u for j “ 1, . . . ,m are non-faces of sP, then Annpcyq is of rank m for

a nonzero constant c . The following lemma discusses about the converse.

Theorem 5.5 (Sarkar, Sau)

Let P “
śm

j“1 ∆
nj be a finite product of simplices as in (3.1) with m ě 2 and

n ě 3 and X p sP, sλq is a (quasi)toric manifold over the vertex cut at ṽ “ vn1...nm of
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constant multiple of y .

Theorem 5.6 (Sarkar, Sau)

Let P “
śm

j“1 ∆
nj be a product of simplices as in (3.1) with m ě 2, n ě 3 and sP
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