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Combinatorial pair (P, A)

Definition ( simple polytope and flag polytope )

A polytope is called simple if each codimension-k face is the
intersection of exactly k facets.

A simple polytope is called flag if each family of pairwise
intersecting facets has non-empty common intersection.
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Combinatorial pair (P, A)

Definition ( f-vector and h-vector )

Given an n-dimensional polytope P, let f; denote the number of
its i-dimensional faces and determine h; by

n n
D s = fils — 1)
i=0 i=0

f(P) = (f(),fl, ce ,fn,l, 1) and h(P) = (hg,hl, e ,hnfl,hn) are
called f-vector and h-vector of P respectively.
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Combinatorial pair (P, A)

Definition ( f-vector and h-vector )

Given an n-dimensional polytope P, let f; denote the number of
its i-dimensional faces and determine h; by

n n
D s = fils — 1)
i=0 i=0

f(P) = (fo,fl, ce ,fn,l, 1) and h(P) = (hg,hl, e ,hnfl,hn) are
called f-vector and h-vector of P respectively.

¢ (Dehn-Sommerville relation)
If P" is simple, then h; = h,,_; for 0 <i < n.

Qifan Shen @ Fudan Univ s Toric Topology 2022 March 2
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Combinatorial pair (P, A)

Definition ( characteristic matrix )

For an n-dimensional simple polytope P with facets {F;}!" ,,
A= (A1, -, Am) € Mat,xu(Z) is a corresponding characteristic
matrix if the following nonsingular condition holds:

k
Vp = ﬂPji = det(AP) - det(A]'lf o 7A'") ==L
i=1
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Combinatorial pair (P, A)

Definition ( characteristic matrix )

For an n-dimensional simple polytope P with facets {F;}!" ,,
A= (A1, -, Am) € Mat,xu(Z) is a corresponding characteristic
matrix if the following nonsingular condition holds:

k
Vp=(F;, = det(A,) = det(\;,, -, A;
i=1

j =il

n

Example

1 0 &

P = Cy(3) i.e., triangle = A = (O 1 6

) with 61,9, = £1.
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Quasitoric manifold M(P, A)

Canonical Construction: (P, A) ~> M(P, A)

For each p € P, there exists a unique face f (p) = ﬂle Fj st pisin
the relative interior of f (p).

ric Topology 2022 March aka City U
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Quasitoric manifold M(P, A)

Canonical Construction: (P, A) ~> M(P, A)

For each p € P, there exists a unique face f (p) = ﬂle Fj st pisin
the relative interior of f (p).

Regard (Njy, -+, Nj) = (Nij) € Mat,y(Z) as a map from Tk to T",

. A Ani
sending (t1,. .., 1) to ([T, £, ... T, £).
Let G(p) denote the image.
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Quasitoric manifold M(P, A)

Canonical Construction: (P, A) ~> M(P, A)

For each p € P, there exists a unique face f (p) = ﬂle Fj st pisin
the relative interior of f (p).

Regard (Njy, -+, Nj) = (Nij) € Mat,y(Z) as a map from Tk to T",
. A Ani

sending (t1,. .., 1) to ([T, £, ... T, £).

Let G(p) denote the image.

M(P,A) = (P x T")/ ~ with (p, t1) ~ (p, t2) < t] 't2 € G(p).

Qifan Shen @ Fudan U y Toric Topology 2022 March 23-25, Osaka City University
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Quasitoric manifold M(P, A)

Canonical Construction: (P, A) ~> M(P, A)

For each p € P, there exists a unique face f (p) = ﬂle Fj st pisin
the relative interior of f (p).

Regard (Njy, -+, Nj) = (Nij) € Mat,y(Z) as a map from Tk to T",

. A Ani
sending (t1,. .., 1) to ([T, £, ... T, £).
Let G(p) denote the image.

M(P,A) = (P x T")/ ~ with (p, t1) ~ (p, t2) < t] 't2 € G(p).

Example

P = A" = M(P,A) = CP".

hen @ Fudan University Toric Topology 2022 March 23-25, Osaka City University
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Quasitoric manifold M(P, A)

1. Characteristic matrix corresponding to P may NOT exist ~»
Buchstaber invariant s(P).

opology 2022 March 2!
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Quasitoric manifold M(P, A)

Remark
1. Characteristic matrix corresponding to P may NOT exist ~»
Buchstaber invariant s(P).

Example: n-dimensional dual cyclic polytope with more than
2" — 1 facets when n > 4.
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(o] Jelelele]e]

Quasitoric manifold M(P, A)

Remark
1. Characteristic matrix corresponding to P may NOT exist ~»
Buchstaber invariant s(P).

Example: n-dimensional dual cyclic polytope with more than
2" — 1 facets when n > 4.

2. Canonical Construction method can be applied to the case of
moment-angle manifold.

ric Topology 2022 March aka City U
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Quasitoric manifold M(P, A)

e T"-action on M(P, A): free when p lies in the interior of P;
trivial when p is the vertex of P.
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Quasitoric manifold M(P, A)

e T"-action on M(P, A): free when p lies in the interior of P;
trivial when p is the vertex of P.

¢ Quotient of moment-angle manifold = smooth, orientable
and unitary structure on M(P, A).
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Quasitoric manifold M(P, A)

e T"-action on M(P, A): free when p lies in the interior of P;
trivial when p is the vertex of P.

¢ Quotient of moment-angle manifold = smooth, orientable
and unitary structure on M(P, A).

e Cell decomposition induced from star neighborhood of
vertices = explicit expression of 3'(—), H;(—), H*(—) and

¢i(—),pi(—)-

ric Topology 2022 March aka City U
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Quasitoric manifold M(P, A)

Proposition ( Davis-Januszkiewicz 1991 )

The integral cohomology groups of M(P, A) vanish in odd dimensions
and therefore are free abelian in even dimensions. The Betti numbers
are given by

BEM(P,A) =h(P) 0<i<nm

where {h;(P)}!"_, are components of h-vector of P.
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Quasitoric manifold M(P, A)

Proposition ( Davis-Januszkiewicz 1991 )

The integral cohomology groups of M(P, A) vanish in odd dimensions
and therefore are free abelian in even dimensions. The Betti numbers
are given by

BEM(P,A) =h(P) 0<i<nm

where {h;(P)}!"_, are components of h-vector of P.

¢ Dehn-Sommerville relation <+ Poincaré Duality.

Qifan Shen @ Fudan Univ s Toric Topology 2022 March 2
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Quasitoric manifold M(P, A)

Proposition ( Davis-Januszkiewicz 1991 )

Write A = (\;j) € Matyxm(Z), then the integral cohomology ring of
M(P, A) is given by

H*(M(P,\)) = Zlvy,...,0m|/(Z+ T)

where face ring ideal T is generated by [-_, vj, for N, F;, = 0 and
linear ideal J is generated by % ;" 4 A0 for 1 <1< n.
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Quasitoric manifold M(P, A)

Proposition ( Davis-Januszkiewicz 1991 )

Write A = (\;j) € Matyxm(Z), then the integral cohomology ring of
M(P, A) is given by

H*(M(P,\)) = Zlvy,...,0m|/(Z+ T)

where face ring ideal T is generated by [-_, vj, for N, F;, = 0 and
linear ideal J is generated by % ;" 4 A0 for 1 <1< n.

e For each facet Fj, M; = n~(F) is called a characteristic
submanifold, where = : M(P, A) — P is the natural
projection. Generator v; is the Poincaré dual of M;.

Toric Topology 2022 March 23-25, Osaka City Uni
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Quasitoric manifold M(P, A)

Proposition ( Davis-Januszkiewicz 1991 )

Chern classes and Pontryagin classes are given by:

cM(P,A) =[[A+7)  p@(P,A) =]]A+3)).
j=1 j=1
In particular, wy(M(P,A)) = c1(M(P,A)) = Z;”:l vj (mod 2) and
pr(M(P, A)) = Y1, 22

Qifan Shen @ Fudan Univ s Toric Topology 2022 March 2
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Quasitoric manifold M(P, A)

Proposition ( Davis-Januszkiewicz 1991 )

Chern classes and Pontryagin classes are given by:

cM(P,A) =[[A+7)  p@(P,A) =]]A+3)).
j=1 j=1
In particular, wy(M(P,A)) = c1(M(P,A)) = Z;”:l vj (mod 2) and
pr(M(P, A)) = Y1, 22

Example

H*(M(C2(3), A)) = Z[v]/(°).
wy(M(C2(3),A)) = (61 + 02 + 1)v = v; p1(M(C2(3), A)) = 302,

Qifan Shen @ Fudan University Toric Topology 2022 March 23-25, Osaka City University
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Quasitoric manifold M(P, A)

Definition ( weakly equivariant homeomorphism )

Two T"-manifolds M, N are weakly equivariantly homeomorphic
(w.e.h.) if 3 ¢ € AutT"” and h € Homeo(M, N) s.t. Vt € T" and
m e M, h(t-m) = ¢(t) - h(m).

Toric Topology 2! aka City U
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Quasitoric manifold M(P, A)

Definition ( weakly equivariant homeomorphism )

Two T"-manifolds M, N are weakly equivariantly homeomorphic
(w.e.h.) if 3 ¢ € AutT"” and h € Homeo(M, N) s.t. Vt € T" and
m e M, h(t-m) = ¢(t) - h(m).

Three types of group actions on (P, A) inducing equivalence:
(1) column permutation by Aut(0P*);

(2) sign permutation of columns by Z7';

(3) left multiplication by GL,(Z).

Toric Topology 2022 March 23-25, Osaka City University
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Quasitoric manifold M(P, A)

Definition ( weakly equivariant homeomorphism )

Two T"-manifolds M, N are weakly equivariantly homeomorphic
(w.e.h.) if 3 ¢ € AutT"” and h € Homeo(M, N) s.t. Vt € T" and
m e M, h(t-m) = ¢(t) - h(m).

Three types of group actions on (P, A) inducing equivalence:
(1) column permutation by Aut(0P*);

(2) sign permutation of columns by Z7';

(3) left multiplication by GL,(Z).

Fact

There is a one-to-one correspondence between w.e.h. classes of
quasitoric manifolds and equivalent classes of characteristic pairs.

Qifan Shen @ Fudan Uni ity Toric Topology 2022 March 23-25, Osaka City University
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String property

Let V be a real vector bundle of rank #n over a manifold M.
Additional structures lead to liftings in Whitehead tower:
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Let V be a real vector bundle of rank #n over a manifold M.
Additional structures lead to liftings in Whitehead tower:

BString(n)
/1
e . BSpin(n)
f3 e 7 _ - 7
R _BSO(n)
s // -7 f/l _ - -
2T
M BO(n)
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String property

Let V be a real vector bundle of rank #n over a manifold M.
Additional structures lead to liftings in Whitehead tower:

BString(n)
/1
e . BSpin(n)
f3 e g _ 7 7
R _BSO(n)
s // -7 f/l _ - -
e
M BO(n)

M is string < wq (M) = wy(M) = p1(M)/2 = 0.

ric Topology 2022 March aka City U
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Target and straightforward approach

M(—, —): combinatorial data ~ topological objects
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e Natural target: topological properties expressed in a
combinatorial way.
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combination of certain H*(M(P, A)) basis.
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Main results
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Target and straightforward approach

M(—, —): combinatorial data ~ topological objects
e Natural target: topological properties expressed in a
combinatorial way.

e Straightforward approach: express p; as a Q-linear
combination of certain H*(M(P, A)) basis.

e w; and p; remain invariant under equivalence ~ refined
characteristic pair (P,A): N?_F; # 0 and A = [I, | A,].

ric Topology 2022 March aka City U
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Target and straightforward approach

Easy task: wo =0 >/ Ajj =1 (mod 2) for 1 <j <m.
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Target and straightforward approach

Easy task: wo =0 >/ Ajj =1 (mod 2) for 1 <j <m.

Hard problem: p; = 0 is a non-linear restriction.

° {Ui};'ﬂ:n+l form a Z-basis of H2(M(P7 A));
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Target and straightforward approach

Easy task: wo =0 >/ Ajj =1 (mod 2) for 1 <j <m.

Hard problem: p; = 0 is a non-linear restriction.
e {0}, form a Z-basis of H*(M(P, A));
* {00j}ny1<ij<m are Q-generators of H*M(P, MA));
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Main results
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Target and straightforward approach

Easy task: wo =0 >/ Ajj =1 (mod 2) for 1 <j <m.

Hard problem: p; = 0 is a non-linear restriction.
e {0}, form a Z-basis of H*(M(P, A));
* {00j}ny1<ij<m are Q-generators of HYM(P, A));
o Independency of relations in H*(M(P, A)):

Qifan Shen @ Fudan Univ y Toric Topology 2022 March 23-25, Osaka City
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Low dimensional case

(Orlik-Raymond 1970) 4-dimensional quasitoric manifolds are

homeomorphic to the equivariant connected sum of CP?, CP2
and CP' x CP.
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Low dimensional case

(Orlik-Raymond 1970) 4-dimensional quasitoric manifolds are

homeomorphic to the equivariant connected sum of CP?, CP2
and CP' x CP.

e Cy(m) can be realized as the orbit polytope of a string
quasitoric manifold < m =0 (mod 2).

ric Topology 2022 March aka City U




Main results
®000000

Low dimensional case

(Orlik-Raymond 1970) 4-dimensional quasitoric manifolds are

homeomorphic to the equivariant connected sum of CP?, CP2
and CP' x CP.

e Cy(m) can be realized as the orbit polytope of a string
quasitoric manifold < m =0 (mod 2).

¢ There exists exactly one homeomorphism class of string
quasitoric manifold over C(2my) for each my > 2. While
up to w.e.h,, there are countably many equivalent classes.

ric Topology 2022 March aka City U
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Low dimensional case

Theorem A ( S. 2022)

A 3-dimensional simple polytope can be realized as the orbit polytope
of a string quasitoric manifold iff it is 3-colorable.
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Low dimensional case

Theorem A ( S. 2022)

A 3-dimensional simple polytope can be realized as the orbit polytope
of a string quasitoric manifold iff it is 3-colorable.

e (Davis-Januszkiewicz 1991) “If” part is guaranteed by
pullback of the linear model.
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Low dimensional case

Theorem A ( S. 2022)

A 3-dimensional simple polytope can be realized as the orbit polytope
of a string quasitoric manifold iff it is 3-colorable.

e (Davis-Januszkiewicz 1991) “If” part is guaranteed by
pullback of the linear model.

¢ (Joswig 2001) An n-dimensional simple polytope is
n-colorable iff all of its 2-faces are polygons with even
number of edges.
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Low dimensional case

Theorem A ( S. 2022)

A 3-dimensional simple polytope can be realized as the orbit polytope
of a string quasitoric manifold iff it is 3-colorable.

e (Davis-Januszkiewicz 1991) “If” part is guaranteed by
pullback of the linear model.

¢ (Joswig 2001) An n-dimensional simple polytope is
n-colorable iff all of its 2-faces are polygons with even
number of edges.

e Parallel results are NOT valid in dimension > 3.

Qifan Shen @ Fudan Univ s Toric Topology 2022 March 23-25, Osaka City
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Low dimensional case

M(Cz(4) x C2(5), A) is string if A is equivalent to

1 00 0|1 0|0 1 O
0 1{0 0|0 1|2 2 2
0 0|1 0[O0 0|1 1 O
0 0|0 1|0 0|0 1 1

Toric Topology 2022 March 23 saka City U




Main results
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Low dimensional case

M(Cz(4) x C2(5), A) is string if A is equivalent to

1 00 0|1 0|0 1 O
0 1{0 0|0 1|2 2 2
0 0|1 0[O0 0|1 1 O
0 0|0 1|0 0|0 1 1

Proposition ( S. 2022)

Ca(mq) x Co(my) can be realized as the orbit polytope of a string
quasitoric manifold < my,my > 4 and mymy =0 (mod 2).

hen @ Fudan University Toric Topology 2022 March 23-25, Osaka City University
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Low dimensional case

Let Ly, = C2(2k) x I denote the prism with 2k side facets.
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Low dimensional case

Let Ly, = C2(2k) x I denote the prism with 2k side facets.

Fa
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Low dimensional case

Example ( string but NOT bundle type )
1/0 0[/1 0 0 0]1

M(Le,AN)withA=[0[1 0[1 0 1 0]0
0/0 1|1 10 1/2
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Example ( string but NOT bundle type )
1/0 0/1 00 01

M(Le,AN)withA=[0[1 0[1 0 1 0]0
0/0 1|1 10 1/2
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Low dimensional case

Example ( string but NOT bundle type )
1/0 0[/1 0 0 0]1
M(Lg,A)withA=| 0[1 0[1 0 1 0]0

0|0 1|1 1 0 1|2

Theorem B ( S. 2022)

If M(Log, A) is string, then there exist {M(Lox., Aj)};_; s-t.

(1) M(Loy,, A;) is of bundle type and string for 1 < i <'s;

(2) M(Lok, A) = M(Lok,, A1) #° - - #M(Lok., As) up to w.e.h..

Qifan Shen @ Fudan University Toric Topology 2022 March 23-25, Osaka City University
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Low dimensional case

|
v v | 1

I

1 Fr] 1 1

: Ha dpd +----) = ! -

-1 "l -
[} H [} ’f’
+---9 . r-
’ w w 4
7 7
4 v

Figure: L = L4#°Ly
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Low dimensional case

1
v X X

]

! ] ! 1

ol R e S i

-1 "l -
1 ~ -
+---9 . r-
v’ w w v’
7 7
4 v

Figure: L = L4#°Ly

Edge connected sum #° together with compatible coloring ~»

equivariant edge connected sum #¢.
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Low dimensional case

Example (decomposition via #°)

1/0 0/1 00 0]1
A=|0[1 0]/1 010
0/0 1|1 1 0 1|2

opology 2022 March 2!
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Low dimensional case

Example (decomposition via #°)

1/]0 0]1 0 0 0]1
A=|0f1 0[1 01 0]0
0/0 1|1 10 1|2
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Low dimensional case

Example (decomposition via #°)

1/]0 0]1 00 0]1
A=|0[1 01 010
0/0 1|1 10 1|2
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Low dimensional case

Example (decomposition via #°)

1/0 0/1 00 0]1
A=|0f1 0[1 01 0]0
0/0 1|1 1 0 1|2

M(Lg, A) = M(Ly4, Al)%EM(LL;, Ap) with Aj, A equivalent to
1/0 02 1]1
0|1 0[1 1|0
0/0 1/0 1|0

Qifan Shen @ Fudan Univ
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Few facets case

Key Observation

Given an n-dimensional simple polytope P, if there exist facets F and
{E; Yy st Nieq F, #0and FNF;, # 0 for 1 <i <n, then P can
NOT be realized as the orbit polytope of a string quasitoric manifold.
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Few facets case

Key Observation

Given an n-dimensional simple polytope P, if there exist facets F and
{Fj Yy s.t. iy Fj, # 0and FOFj, # 0 for 1 <i < n, then P can
NOT be realized as the orbit polytope of a string quasitoric manifold.

Example

1.P= Hle P; with some P} 2-neighborly;
2. P with a triangular 2-face.

Toric Topology 2! aka City U
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Few facets case

Proposition ( Blind-Blind 1992 )

If an n-dimensional simple polytope P is triangle-free, then the
number of facets f,_1(P) > 2n. Moreover,

(1) fu—1(P)=2n=P=1%

(2) fa1(P) =2n+1= P = Cy(5) x [""2;

(3) fu_1(P) =2n+2 =P =Cy(6) x "2 0orQ x ["3 or
Ca(5) x Ca(5) x I"* where Q is an edge cut of C>(5) x .

hen @ Fudan University Toric Topology 2022 March 23-25, Osaka City University
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Few facets case

Proposition ( Blind-Blind 1992 )

If an n-dimensional simple polytope P is triangle-free, then the
number of facets f,_1(P) > 2n. Moreover,

(1) fu—1(P)=2n=P=1%

(2) fa1(P) =2n+1= P = Cy(5) x [""2;

(3) fu_1(P) =2n+2 =P =Cy(6) x "2 0orQ x ["3 or
Ca(5) x Ca(5) x I"* where Q is an edge cut of C>(5) x .

e label facets and choose basis appropriately ~ explicit
formula for p; =} ¢;jv;v;.

Qifan Shen @ Fudan Uni

Toric Topology 2022 March 23-25, Osaka City University
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Few facets case
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Few facets case

Label the facets of I" s.t. F; N F,; = () for 1 <i < n. Choose the
basis of H*(M(I", A)) as {v;0;}n1<icj<on-

opology 2022 March 2.
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Few facets case

Label the facets of I" s.t. F; N F,; = () for 1 <i < n. Choose the
basis of H*(M(I", A)) as {00} nt1<icj<on-

Notation

Given A = (Ast)nxm, write p; = Y AZ-ZJ- +1forl <j<mand
Pirjs = Pinji = 22 i1 Ain iy for 1 <ji < jo <m.
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Few facets case

Label the facets of I" s.t. F; N F,; = () for 1 <i < n. Choose the
basis of H*(M(I", A)) as {00} nt1<icj<on-

Notation

Given A = (Ast)nxm, write p; = Y AZ-ZJ- +1forl <j<mand
Pirjs = Pinji = 22 i1 Ain iy for 1 <ji < jo <m.

Proposition ( S. 2022 )

M(I",A) is string < > 1 i =1 (mod 2) forn+1 <i<2n
and Ni_p iNi—njpi + N—njAj—nipj = pijforn+1<i<j<2n.

Toric Topology 2022 March 23-25, Osaka City
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Few facets case

Definition ( Bott manifold )

Given a CP!-bundle tower:

o CP! CP' o CP!

g2 EF, pon- B

pt,

the total space B*" is called a Bott manifold.
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Few facets case

Definition ( Bott manifold )

Given a CP!-bundle tower:

Pl - Pl Pl 1
g2n CF, pn2 CP°,  CP° g CP

pt,

the total space B*" is called a Bott manifold.

¢ (Dobrinskaya 2001) M(I", A) is w.e.h. to a Bott manifold iff
A, is equivalent to a unipotent upper triangular matrix.
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Main results
0000@00000

Few facets case

Definition ( Bott manifold )

Given a CP!-bundle tower:

P! _p CP! P! P!
g2n CF, pn2 CP°,  CP o C

pt,
the total space B*" is called a Bott manifold.
¢ (Dobrinskaya 2001) M(I", A) is w.e.h. to a Bott manifold iff

A, is equivalent to a unipotent upper triangular matrix.

e Bott manifold may not be spin or string.

Qifan Shen @ Fudan Univ y Toric Topology 2022 March 23-25, Osaka City
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Few facets case

Theorem C (S. 2022 )

Every string quasitoric manifold over I"* is w.e.h. to a Bott manifold.




Main results
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Few facets case

Theorem C (S. 2022 )

Every string quasitoric manifold over I"* is w.e.h. to a Bott manifold.

¢ More generalized version: If M(P x I", A) is string, then
M'(I", \') is a Bott manifold, where A’ is the restricted
characteristic matrix.

Caution: M'(I", A') is not string in general.

Toric Topology 2|
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Few facets case

Theorem D (S. 2022)

M(I"#P", A) is string iff it is w.e.h. to M(I", Ap)#M(P", AR) with
both M(I", AL) and M(P", AR) string.
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Few facets case

Theorem D (S. 2022)

M(I"#P", A) is string iff it is w.e.h. to M(I", Ap)#M(P", AR) with
both M(I", AL) and M(P", AR) string.

e Connected sum # ~» equivariant connected sum #.
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Few facets case

Theorem D (S. 2022)

M(I"#P", A) is string iff it is w.e.h. to M(I", Ap)#M(P", AR) with
both M(I", AL) and M(P", AR) string.

e Connected sum # ~» equivariant connected sum #.

e “It” part follows from definition and “only if” part follows
from decomposition guaranteed by string property.

Qifan Shen @ Fudan Univ s Toric Topology 2022 March 23-25, Osaka City
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Few facets case

Proposition ( Dobrinskaya 2001 )

Suppose A € Maty,,(Z) and every proper principal minor of A is
equal to 1. If detA = 1, then A is conjugate to a unipotent upper
triangular matrix. If detA = —1, then A is conjugate to

1 b 0 -+ 0
0O 1 b --- 0
0O 0 -+ 1 by
b, 0 --- 0 1

where [, bi = (—=1)" - 2.

Toric Topology 2022 March 23-25, Osaka City
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Few facets case

Label the facets of Co(5) x I"2 s.t. {F;}?_, correspond to five
facets of Cy(5) and F;NF, 5, =0for6 <i<mn+3.

Choose the basis of H*(M(P, A)) as v4vs, {0V fnta<icji<ont1,
{vivj}3<i<5 nt4<j<ont+1 and write coefficients as ¢, C;,j and ¢y 5
respectively.
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Few facets case

Label the facets of Co(5) x I"2 s.t. {F;}?_, correspond to five
facets of Cy(5) and F;NF, 5, =0for6 <i<mn+3.

Choose the basis of H*(M(P, A)) as v4vs, {0V fnta<icji<ont1,
{00} 3<i<5 nta<j<on41 and write coefficients as c;, c; ; and ¢y 5

respectively.
. . A AL
Given A = (Xs¢)uxm, Write A ;, = det( L 1’]2) for
A2ji A2y

1< jl < j2 <m and [; = A]'*Lf : AjJJrl : A]‘Jrl’]‘,l for 1 §] <5
with subscripts taken modulo 5.

Toric Topology 2022 March 23-25, Osaka City University




Main results
0000000008

Few facets case

® Cij = —Ximn—1,Pi = Aj—n—1,iPj + Pij;
3 = —M,ip3 — Aj—n-130) T P3,;
C5; = —A2jp5 = Aj—n-150j + P5,j-
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Main results
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Few facets case

® Cij = —Ai—n—1,Pi — Ai—n—1,iPj + Pij;
3 = —M,ip3 — Aj—n-130) T P3,;
C5; = —A2jp5 = Aj—n-150j + P5,j-

)= D345 ps—Nin-14pj+paj+83404(I3p3+A34p34).

Qifan Shen @ Fudan Univ
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Main results

0000000008
Few facets case

® Cij = —Ain-1jpi = Aj-n-1ipj T Pij;
ij
€3 = —ALP3 — Aj-n-130j T P3,;
C5; = —N2,jP5 — N—n—15pj + p5.
)= D345 ps—Nin-14pj+paj+83404(I3p3+A34p34).

® (45 = Z;-:l(l/pj + Ajj+1pjj+1) with subscripts modulo 5.
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Main results

0000000008
Few facets case

® Cij = —Ain-1jpi = Aj-n-1ipj T Pij;
ij
€3 = —ALP3 — Aj-n-130j T P3,;
C5; = —N2,jP5 — N—n—15pj + p5.
)= D345 ps—Nin-14pj+paj+83404(I3p3+A34p34).

® (45 = Zle(ljpj + Ajjy1pjj+1) with subscripts modulo 5.

Qifan Shen @ Fudan Univ y Toric Topology 2022 March 23-25, Osaka City
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Few facets case

® Cij = —Ai—n—1,Pi — Ai—n—1,iPj + Pij;
C/37j = —A1jp3 — ANjn-13P; + P3;
C5; = —A2jp5 = Aj—n-150j + P5,j-

° Cf4,j = _A374A3,]'p4_)‘j—n—1,4pj+104,]'+A3,4A4J(13p3+A374p3’4).

® (45 = Z;—:l(l/pj + Ajj11pj,j+1) with subscripts modulo 5.

Proposition ( S. 2022 )

M(Cy(5) x I"™2, A) is string < > p_1 A = 1 (mod 2) for
3<i<5n+4<i<2n+1and all coefficients listed above vanish.

ifan Shen @ Fudan University

Toric Topology 2022 March 23-25, Osaka City Univ
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Real analogue

Replace T" by Zj in Canonical Construction: real characteristic
pair (P, A) ~ small cover Mg(P, A).
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Real analogue

Replace T" by Zj in Canonical Construction: real characteristic
pair (P, A) ~ small cover Mg(P, A).

o H*(Mg(P,A); Zs) = Zolvn, . .., 0m] /(T + T).
o w(Mg(P,A)) =[iL, (1 +v:); p(Mr(P, A)) = 1.
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Replace T" by Zj in Canonical Construction: real characteristic
pair (P, A) ~ small cover Mg(P, A).

o H*(Mg(P,A); Zs) = Zolvn, . .., 0m] /(T + T).
o w(Mg(P,A)) =[iL, (1 +v:); p(Mr(P, A)) = 1.

e Real analogue: different results via simpler arguments.
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Main results

Real analogue

Replace T" by Zj in Canonical Construction: real characteristic
pair (P, A) ~ small cover Mg(P, A).

o H*(Mg(P,A); Z2) = Zovs, ..., 0m] /(T + T).

© w(Mg(P,A)) = [[iZ; (1 + 0:); p(Me (P, A)) = 1.

e Real analogue: different results via simpler arguments.

e Partial results in certain cases can be found in the work of
Choi-Masuda-Oum, Dsouza-Uma and Huang.

Qifan Shen @ Fudan Univ y Toric Topology 2022 March 23-25, Osaka City




Real analogue

e 2-dimensional string small covers are just equivariant
connected sum of RP! x RP!.
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Real analogue

e 2-dimensional string small covers are just equivariant
connected sum of RP! x RP!.

e Every 3-dimensional simple polytope can be realized as

the orbit polytope of a string small cover. In particular,
every string small cover over prism is of bundle type.
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Real analogue

e 2-dimensional string small covers are just equivariant
connected sum of RP! x RP!.

e Every 3-dimensional simple polytope can be realized as
the orbit polytope of a string small cover. In particular,
every string small cover over prism is of bundle type.

e Cy(mq) x Cy(my) can be realized as the orbit polytope of a
string small cover < mym; =0 (mod 2).
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Main results

Real analogue

e 2-dimensional string small covers are just equivariant
connected sum of RP! x RP!.

e Every 3-dimensional simple polytope can be realized as
the orbit polytope of a string small cover. In particular,
every string small cover over prism is of bundle type.

e Cy(mq) x Cy(my) can be realized as the orbit polytope of a
string small cover < mym; =0 (mod 2).

. Hle A" with n; > 2 can be realized as the orbit polytope
of a string small cover < n; =1 (mod 2) for1 <i < kand
Jigs.t. nj, =3 (mod 4).

Qifan Shen @ Fudan Univ y Toric Topology 2022 March 23-25, Osaka City




Further disc

Can we find some necessary and/or sufficient conditions in
combinatorial language for orbit polytopes of string quasitoric
manifolds ?
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Further disc

Can we find some necessary and/or sufficient conditions in
combinatorial language for orbit polytopes of string quasitoric
manifolds ?

In particular, if P" can be realized as the orbit polytope of a
string quasitoric manifold, is there an upper bound for the
chromatic number ~(P") ?

ric Topology 2022 March aka City U




Further d

e (Buchstaber-Panov-Ray 2007) Every element in QY has a
quasitoric representative;
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Further disc

e (Buchstaber-Panov-Ray 2007) Every element in QY has a
quasitoric representative;

¢ (Limonchenko-Lii-Panov 2018) Polynomial generators of
AU Z[%] can be chosen as Calabi-Yau hypersurfaces in
certain quasitoric manifolds.
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Further dis

e (Buchstaber-Panov-Ray 2007) Every element in QY has a
quasitoric representative;

¢ (Limonchenko-Lii-Panov 2018) Polynomial generators of
AU Z[%] can be chosen as Calabi-Yau hypersurfaces in
certain quasitoric manifolds.

Search for nontrivial string manifolds with the help of M(P, A)
String bordism & Stolz Conjecture

Qifan Shen @ Fudan Univ y Toric Topology 2022 March 23-25, Osaka City
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