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Factorial G P Functions

Factorial GP functions are special functions that represent the Schubert classes in torus
equivariant K theory on maximal orthogonal Grassmanninan
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Definition of the Factorial G P Functions

Strict Partitions and Shifted Young Diagrams

Definition  Strict Partition

A= (A1, -+, Ag) is strict partition:strictly decreasing sequence of positive integers .
£ is length of .

() is a strict partition of length 0.

SP: a set of strict partittions of length < n.

SP(n):a set of strict partitions such that the first entry < n.

example

(4,2),(5,3,2),(5,4,3),(6) € SPs.
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Definition of the Factorial G P Functions

Definition  Shifted Young Diagram

Let X\ be a strict partition.
D) ={(G,j) €ZxZli <j<A+i—1,1<{(\)}: shifted Young diagram of A

Example

(5,3,2) =

Ol ; (5,4,3,2):>‘ |
\ \

We identify a strict partition and its shifted Young diagram.
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Definition of the Factorial G P Functions

Definithion  Inclusion of strict partitions

Let be strict partitons A, .

(2,1) € (3,2,1),(1) C (2),(3,1) C (3,2),- -
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Definition of the Factorial G P Functions

Factorial G P functions (tableaux representation)

Factorial GP functons (lkeda—Naruse)
A e SP,

GPy(21, + ,xn|b) = Z BITI=IN (z|p)T
TET(N)
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Definition of the Factorial G P Functions

Set Valued Tableaux (7()\))

Definition (Set-Valued Tableaux)

AeSP,. A:={1I"<1<2 <2<---<n <n}: orderd alphabet. A set-valued tableau T
of shape ) is a assignment 7' : D(\) — 24

(1) maxT(i,j) <minT(i,j+ 1), maxT(i,j) < minT (i + 1, j),

(2) Each a (non prime number) appeaers at most once in each column,

(3) Each @’ (prime number) appears at most once in each row,

(4) If i is odd number, then T'(i,4) C {1,2',3,4’---} and if i is even number
T(i,i) C {1',2,3,4,---}.

We denote by 7 (\) the set of all set-valued tableaux of shape A.
Sugimoto Shogo (Waseda University)

A Chevalley formula for the Factorial GP functions March 23rd, 2022 8 /33



Definition of the Factorial G P Functions

Example

If n =2,\=(2,1), then T(\) consist of the following three tableaux.

1

2

These tableaux are not elements of 7 ().

1/

2/
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Definition of the Factorial G P Functions
T
([b)

r—y

rdy=1z+y+ By, x@y:m.

For each (i,j) € Zso X Z~p and a € A, we define

.. L xa@b—i-l—j-l-l a:1727”' y TV
wl,g;a) = { T ©boipj1 a=1,2',-..n".

For T' € T(\), we define

@p)"= I  wija)

(4,5)ENa€T (4,5)
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Definition of the Factorial G P Functions

Factorial G P functions (tableaux representation)

Factorial GP function(lkeda—Naruse)
For A € SP,

GP)\(xb"'7$n|b17b25”'): Z 5‘T|_|/\|($|b)T
TeT(N)

Sugimoto Shogo (Waseda University) A Chevalley formula for the Factorial GP functions March 23rd, 2022 11 / 33



Definition of the Factorial G P Functions
Example

Let n =2 and A = (2,1), then T(\) = {11, 1%, T3}.

11 12 1 12

15 T3

2 2 2

11

(z[b) = (21 @ b1)(z1 @ ba)(x2 ® b1)
D)2 = (z1®b1)(x2 S ba)(z2 ® by)
(x\b)T?’ = ($1 @bl)(:m @52)(352 @bg)(xg@bl)
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Definition of the Factorial G P Functions

GP_(x1,x]by,by,--) = Z BITI=I@DI ()T
i TeT(2,1)
= (2[b)™ + (z[b)™ + B(x[b)™
= (21 @ b1)(z1 @ b2)(z2 @ b1) + (21 D b1) (22 © b2) (22 D b1)
+B(z1 ® b1)(x1 ® b2) (w2 © ba) (22 © b1)
(21 ® by) (2 ® b1){(x1 D b2) + (22 © b2) + B(x1 B b2)(z2 © ba)}
= (@1®b1)(z20b1)((x1 D b2) ® (z2 ©b2))
(1 @ b1)(z2 ® b1) (21 B x2)
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Fctorial GP functions (Hall-Littlewood-type formula)

_ _ Tt~y
r®y=z+y+ Py, x@y_l—i—ﬁy
For A = (A1, A, -+, A\¢) € SP,,, we set
A1 A2 Ae
2o = JJ@io0) H:@@b S EZEIOE
j=1 j=1 Jj=1

Factorial GP function(lkeda—Naruse)

T; D xy

GPy(z1,+ ,Tplb1, b2, ) = =2y Z [fo]* H T; © T{
1 J

€Sy 1<i<j<n,i<é

where o € S, acts on the variables z1,--- , z,.
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Definition of the Factorial G P Functions
Example

1 D T2
T © T9

(21 ®b1)(x1 © bo)(x2 ® b1)

GPEE(m,xz\bhbz,”') = 2721 Z
oESy

x1 D 2

1 © T2

o D 21

T9 © T

(z1 ®b2) © (22 ® b2>}

xr1 © T2

= (ml D bl)(lj D b2)($2 S bl)

+(z2 @ b1)(z2 @ b2) (21 B b1)

= (ml@bl)(l'g@bl)(xl@x2){
= (x1®Db1)(x2®b1)(x1 D x2)
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Definition of the Factorial G P Functions

Properties of Factorial GP Functions

e GP\(x1, -+ ,x,|b) is a symmetric polynomial z1, - , x,.
e The coefficients of GPy(z1,- -+ ,zy|b) as a polynomial are non negative integers.

e GPy(x1, -+ ,x,|b) is a homogeneous polynomial of degree |\|.
(deg(wi) = deg(b;) = 1,deg(B) = —1)
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Factorial G P functions and orthogonal Grassmannian variety

Contens

@ Factorial GP functions and orthogonal Grassmannian variety
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Factorial G P functions and orthogonal Grassmannian variety

Maximal orthogonal Grassmannian variety and Schubert variety

{er 1, -, €l e1, -+ ,ens1}: orderd basis of C2+2
(—,—): symmetric bilinear form which satisfies
(eirej) = (e7,€5) =0, (e, e5) = dij
X =0G(n+1,2n+2)={V c C**2|dim(V) =n + 1,(V,V) = 0}: maximal orthogonal
Grassmannian variety
Fi={(eny, enia i)
Fo:0CF CF,C-- C Fyy1 C CP2dim(F;) =4, (F, F;) = 0 (called isotropic flag).
O\ (Fo) ={V € X|dim(V N Fy41-y,) > 1,1 <i < {(X)}: Schubert variety
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Factorial G P functions and orthogonal Grassmannian variety

Torus Equivariant K-theory of Maximal Orthogonal Grassmannian Variety

K7 (X):Grothendieck group of the abilian category of torus equivariant coerent sheaves on X
Oq,: structur sheaf of €2

Oy = [Oq,] € Kr(X): Schubert class. {O|\ € SP} form a basis in K7(X) as Kr(pt)
module.

The Fundamental Problem of Schubert Calculus ]

Or-0p=> &,0,

14
Compute cf .
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Factorial G P functions and orthogonal Grassmannian variety

Schubert classes and Factorial G P functions

Theorem(lkeda—Naruse)

There exsists a surjective homomorphism.

W, & R(T) ®Z[m G, — KT(X)

GDy(z]1 —et, -+ 1 —elnt1,0,--+) Oy AeSP(n)
0 XgSP(n)

GPy(z1,- - ,xp|b1, b2, ) n: even number
GPy(z1,- - ,2pn,0lb1,ba,--+) n:odd number
R(T) = ZleTh, .-  ettnt1] GT,, = Z[B][GPr(x1, - ,Tn)|X € SP,].

Where GD)(z|b) =
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Factorial G P functions and orthogonal Grassmannian variety

Structure constants of non factorial G P functions ,factorial Schur P
functions and Schur P Functions

X =0G(n+1,2n+2)={V cC"*2|dim(V) =n+1,(V,V) = 0}

_ Kr(X) — K(X)
GPy(zlt) =% GPy(2) T(
6=0J 6=0J B=0 B=0
Wb; =0
Py(z[b) Py(z) N Vb; =0

Hp(X) —— H*(X)

Schur P functions=Littlewood—Richardson rule(Stembrige, 1989)
Factorial P functions= Pieri rule(Cho—lkeda, 2011)
Non factorial GP functions=> Littlewood—Richardson rule(Clifford-Thomas-Yong, 2014)
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Chevalley formula of Factorial G P functions

Contens

© Chevalley formula of Factorial GP functions
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Chevalley formula of Factorial G P functions

GPy(x|b) - GP,(z|b) = Z%GP (z|b)

We want to calculate the cofficents c§ u

The case of = (1,0,0,---) =]
= Chevalley formula (2018, Buch—Chaput—Mihalcea—Perrin)
The case of = (p41,0,0,---)
=—>Pieri formula is an open problem.
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Definithion Rook Strip

For A C pu (N < i, Vi)
p/ A:collection of boxes that belong to the diagram of u but not to that of A

. . def .
[t/ X is rook strip. <=1/ has at most one box in all rows and all columns.

Example

A = (2), p/Xrook strip =-p = (2),(2,1),(3),(3,1)
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Chevalley formula of Factorial GP functions
Example

A= (4,1), p/A:rook strip
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Chevalley formula of Factorial GP functions

example

A= (4,2),u/Xrook strip = u = (4,2),(5,2),(4,3), (4,2,1),(5,3),(5,2,1),(4,3,1),(5,3,1)

| | | X | | |

| | X | |
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Chevalley formula of Factorial GP functions

Chevalley Formula (Buch—Chaput—Mihalcea—Perrin)

n :even number, A € SP,,, £ : length of A, r.s: rook strip.

GP(xb) - GRy(x|b) = BYII(by) — 13GPx(x[b) +TI(by) Y BN 'GP, (xlb)

HESPy
w/Ar.s,
HFEX
( = H(b)\) Z Bl'u/M_lGPu(ﬂb) _ ,B_IGPA(:v]b)>

HESPy
w/\ir.s

T(by) = [Ti—1 (1 + Bbr1) : even

’ (1+ Bb1)~" Hf:1(1 + Bby,+1)"t £:odd .
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Chevalley formula of Factorial G P functions

A =(2), p/Arook strip =1 = (2),(2,1),(3),(3,1)

GP_(alt)- GR(lp) = A1) - }GP, («])
I ){GE, (alb) + GP_(x]t) + BGP_(x]b)}

Where

(b )= (1+8bs) "' (1+pb1) " .
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Chevalley formula of Factorial G P functions

A= (4,1),p/Xirook strip u = (4,1), (4,2),(5,1),(5,2)

_ -1 _ T
GP__(eh)- GR(alp) = A7IG_) - 1)CP_ ()
+H(b:53:){GPz533(x|b) <= GPEBE(Q:M) S ﬂGPEBSE(x]b)}
Where

me__) =1+ Bbs) (1 + Bb) .
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Chevalley formula of Factorial G P functions

Example

A= (4,2), p/A: rook strip
= U= (47 2)7 (5’ 2)7 (4a 3)7 (47 2, 1)7 (57 3)a (57 2, 1)7 (47 3, 1)7 (55 3, 1)
If © = (21, 22), then

GP__ (z|b) - GPy(x|b)
-
_ -1 _ .
= 57, ) - 1IGP_(h)

+ H(b%j){GPEBHE(x\b) 4 GPEBE(Q:\()) 4 Gpﬁj(x\b) + BGPEBE](JU\b)}
Where

H(bEEF) = (14 8bs)" (14 Bbs) " .
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Chevalley formula of Factorial G P functions
Proof

Define coefficients ¢ = ¢\ (8,b)

GPy(z[b)(1 4+ BGR(x]b))
I1(by)

= > pHNAGP, (xlb)
HESPn

1 ¢4 is a rational functions of 3b1, Bba, - - -
2 ¢\ is a polynomial 3,b1,bg, - - -.
3 deggcy <0
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Chevalley formula of Factorial G P functions

Proof

By claim 1,2, and 3, ¢4 is an integer. =>¢\(8,b) = ¢4(8,0)

Use the Chevalley formula of "NON" factorial GP functions (Buch—Ravikumar 2014,
Clifford=Thomas—Yong, 2014).
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Chevalley formula of Factorial G P functions

Thank you for your time and attention.
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