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Polyhedral products

e K : an abstract simplicial complex with vertex set [m] = {1,2,...m}
o (X,A):={(X;,A)}", : acollection of based CW-pairs
e The polyhedral product of (X, A) associated with K defined as
Z(K (X, A)) = Uy (X, A)7 < [T X,
where
(Ka A)a = H:il Yio
such that

Yo =X, forico, Y7 :=Afori¢o.
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NS
Polyhedral products

Example
o Let Ko = {1,2}, then
Z(Ko; (D%, SY)) = (D? x SY) U (S x D?) = §2.

Z(Kp; (82%,%)) = (8% x %) U (x x 8§?) = §2 v §2.

e If K=LoxLi:={ocUT|o € Lo, T € L1}, then

Z(K; (D2, 8%)) = 2(Lo; (D2, 81)) x Z(Ly; (D%, 8Y)).
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Problem

o Zx(X):= Z2(K;(CX, X)), DI (X) := Z2(K; (X, %)).
e (CX,X)— (¥X,x%) induces the natural map wy
wr : Zg(X) » DI (2 X).
e For example, when K = {1,2} and X = S?,
Zr(Sh) = 8% 25 52 v §2 = DI (S?)
is Whitehead product.

~ For which simplicial complex K is the map wx described by

Whitehead product ?

Ryusei Yoshise March 23, 2022 4 /18



Totally fillable complex

e Aset ois a minimal non-face of K if o ¢ K and do C K.

K.lriye and D.Kishimoto defined “fillable complexes” .

o K is fillable
< There exist a set of minimal non-faces {o1,...,0,} =: F(K)

such that |[K Uoj U...U o, is contractible.

e K is totally fillable & K7 is fillable for any I C [m].
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Whitehead products in polyhedral products

Theorem [Iriye-Kishimoto 2]

Suppose that X = XY, and K is totally fillable. Then,

* Wk(X):= V@;ﬁ[c[m]{(vre}'(xl) S‘Tlil) AKAI} ~ Zr(X) and
o ST A XM & Wi (X) = Zx(X) —5 DIk (S X)
is an iterated Whitehead product [[- - -[was, @i, ], - - -], @i, ]|,

where iy < - -+ < iy is a ordering of I \ o and

ai, : 2 X, — DIg (T X).

® wy, is a higher Whitehead product.
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Totally fillable complex relative to £ = {L(I)}

Let L be a subcomplex of K,

and £ = {L(I)} be a system of subcomplexes of K.

e Definition (K, L) is fillable if

there exist a set of minimal non-faces {o1,...,0,} =: F(K)

such that (|K U {o1,09,...,0.}|,|L|) is a DR-pair.

e Definition K is totally fillable relative to L if
(K1, L(I)) is fillable and ¢y, j) =~ * for all I C [m)].

e The maps ¢ ;) are defined later in the slide.
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Whitehead products in polyhedral products

If X =3Y, and K is totally fillable relative to £ = {L(I)}, then

¢ Wk(X):= V {ELOV V STHAXN} > Zk(X) and
0£IC[m] TEF(Ky)

o |SLI)IAXN < Wk(X) = Zx(X) —5 DIk (S X)
is the iterated Whitehead product [[- - -[wp,r), ai ], - - -], @i, ], where
i1 < --- <1y is a ordering of I \ vert(L(I)), and
ai, : £ X;, — DJIK(SX).

* wr,r) may be not a higher Whitehead product.
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Cone decomposition of Z (X)) by Iriye-Kishimoto

e a real moment-angle complex RZg := Zx({0,1}).
o RZy":=RZx N[[,{0,1},
where H;Ln{%} is the i-th fat wedge of {0, 1} with a base point 0.

o i : |SA(K)| = |K| = RZkEI=! to satiyfy

1, ido.

¢ Theorem[lriye-Kishimoto 1]

RZx' =RZK"™ Uy, o, (1] CIELD).
|1|=i
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Cone decomposition of Z (X)) by Iriye-Kishimoto

Example

o Let K = {1,2} * {3,4}. Then RZx = S' x S!

K, )

RZp

K, .
/ \
NS

€

RZy
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Cone decomposition of Z (X)) by Iriye-Kishimoto

* o ~ Pr (see [lriye-Kishimoto 2])

e Theorem|lriye-Kishimoto 2]

Zr'(X) = 2k X) Ugy, (T CUKT +Y).
=i

Moreover, o >~ x = P =~ *.

o If i, =~ * for any I C [m], then

Z(X)~ \/ IDE|AxM
0£IC[m]
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Totally fillable complex relative to £ = {L(I)}

e Let L be a subcomplex of K,
and £ = {L(I)} be a system of subcomplexes of K.

e Definition (K, L) is fillable if
there exist a set of minimal non-faces {o1,...,0,} =: F(K)
such that (|K U {o1,09,...,0.}|,|L|) is a DR-pair.

e Definition K is totally fillable relative to L if

(K1, L(I)) is fillable and ¢y, j) =~ * for all I C [m)].
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Which K satisfies pr ~ % 7

e Proposition[lriye-Kishimoto 2] If K is totally fillable, then

K, ~ * for any I C [m].
e Proposition If K is totally fillable relative to £, then

wr,; =~ * for any I C [m].
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Which K satisfies pr ~ % 7

e d(K) :=max{hodim K7 |,0) # I C [m]}, where hodim K7 is the

homology dimension of |K7|.

e K is n-neighborly if any subset I C [m] with |[I|=n+1>1isa
simplex of K.

e Proposition|lriye-Kishimoto 1] If K is [d(K)/2]-neighborly, then

v, =~ * for any I C [m].
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Example

o Let L :=




Example of decompositon of Z(S1)

o Let K := LUOA where I := {7,8,9,10,11}.
» K is NOT totally fillable.
» K is NOT [d(K)/2]-neighborly.
» 3 L such that K is totally fillable relative to L.

e From the main theorem, Zx (S!) is homotopy equivalent to

I I
\/Iocl M(Za, 1| +2) v \/Ilcl SHHy VlomeA s+ y VIOmImI;s(z) s/ I+17
where

A:={(1,2,3),(1,2,6),(1,3,4),(2,3,5)} U{J € P(Ly) ; |J| =4,5}.
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Example of decompositon of Z(S1)

e For X2 RP? = M(Z,, 13) corresponding to the case of
I =1{1,2,...11}, the composition

YERP? Wi (SY) = Zx 25 DIk

is, up to homotopy, [[- - -[[wr, ar], ag], - - -], a11], where

a; : Si2 — DJf is the inclusion.
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